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Abstract

Classical emission line stars are known fast rotators hosting a decretion disc in which emission lines
are formed. Since their discovery in 1866, the formation mechanism of this class of stars has proved
difficult to identify. A robust understanding of how emission line stars ultimately came to be would
constrain both the stars’ previous and future evolution. Classical emission line stars make up a significant
proportion of massive stars, with recent observations showing that around one third of massive stars
display emission lines, thus knowledge of these stars is important for the study of massive stars in general.

To explain the rapid rotation, two formation channels exist; single and binary star evolution respectively.
The single star formation channel is whereby a star with a given amount of seed angular momentum
undergoes structural changes during its evolution that cause the centrifugal force at the equator to
approach the gravitational force, causing the star to effectively spins up. A fast rotating star is formed
through binary evolution via mass-transfer, whereby an accreting star gains angular momentum as well
as mass, and thus can attain large rotational velocities.

This thesis investigates the contributions of both the single and binary star evolution channels to the
observed population of emission line stars. Numerical models of single rotating stars were used to predict
the rotational velocities of a stellar population. The failure of the models to explain the large number of
emission line stars found in open clusters suggests that binary evolution to be the dominant formation
mechanism.

As the outcome of binary star evolution is sensitive to uncertain physics, a simple and flexible analytic
model of binary evolution was developed. Comparison of the model with an observed population found a
good match between the two, but only when the model contains certain specific assumptions, which may
or may not be realised in nature, such as very inefficient mass-transfer.

Both formation mechanisms suffer from distinct uncertainties. For the single star channel, stellar
winds, which govern rotational evolution, are affected by rapid rotation in ways which are often ignored.
A self-consistent description of the wind of a fast rotator revealed however the effects to be minimal
and the spin evolution was not expected to differ significantly from previous models. In the binary
channel, mass-transfer efficiency was constrained using stripped-star binaries. It was found that around
half of the mass removed from the donor star is accreted by its companion, challenging the validity of the
assumptions required for the binary channel to dominate.

Based on the theoretical arguments set out in each of the four chapters, this thesis cannot fully endorse
one formation channel over the other, with the most probable situation being that both channels co-exist
to produce emission line stars.
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CHAPTER 1

Introduction

If there is one common experience that binds all cultures, then surely it is to gaze upon the stars, to see
them twinkle and dance. Even the modern city dweller, despite their protestations, can taste this joy.
The night sky has served as inspiration for countless endeavours, from visual arts to music to the focus
of this work: science. For centuries the positions and brightness of the stars have been measured with
remarkable ingenuity and dedication. Ancient astronomers, most notably the Greeks, are credited with
the observation that the "wandering stars" (planētēs in ancient Greek) trace a curious pattern with their
motion across the night sky, as shown in Fig. 1.1. Mars for example moves from west to east most of
the time, but for 72 out of every 780 days, Mars moves in the opposite direction across the sky. This is
known as retrograde motion. Every planet exhibits such behaviour, which can be explained by placing
the Earth and other planets on orbits around the Sun. When the Earth on its orbit moves past another
planet, the motion of the planet appears to change direction on the sky. It was thus deduced by the ancient
Greeks that the Earth and all other planets orbit around the Sun. Hence through this simple, yet powerful
observation we can determine the structure of our local environment.

Instead of focusing on the apparent positions of stars, we may study how bright they are. For this
one must have a keen eye, as ancient Arab astronomers did to notice the regular periodic flickering of a
certain "daemon star". Every 2.9 days the second brightest star in the constellation Perseus dims suddenly
and dramatically, after which it quickly recovers to its original brightness, as shown in Fig. 1.2. Against
a company of seemingly immovable and dependably steady stars, this behaviour did not sit well with
those who witnessed it. The three thousand year old Cairo Calendar predicts whether a day should be
lucky or unlucky, with the unlucky periods matching seamlessly to the times of minimum brightness of
the star (Jetsu et al., 2013). With period just less than 3 days, the unlucky days are depressingly common.
It was named the daemon’s head, or ra’s al-ghūl in Arabic (interestingly this is where the English word
ghoul comes from). The star’s modern name, Algol is taken from this Arabic name and is the eponym for
a class of stars which show similar variations. Although Algol’s brightness varies by a factor of three, it
is a testament to the skill of ancient astronomers that the next variable star to be discovered was not until
1596 1. Algol kept its secrets until the 1880s, when the fundamental nature of the star’s variability was
determined (the impatient may skip to Section 1.6.1).

These two examples highlight how astronomy was practised from the beginnings of civilisation until
the middle of the 19th century: by studying the movements of objects upon the sky or charting their
brightness. Sometimes, in the case of comets for example, both can be done simultaneously. Indeed from
only these two simple measurements, we have learnt about novae and supernovae, the laws of gravity,

1 Some evidence suggests unconvincingly that Mira was known to Chinese and Korean astronomers. However the first proven
discovery was that by Fabricius in 1596 (Hoffleit, 1997)
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Chapter 1 Introduction

Figure 1.1: The motion of Mars across the sky from late April to November 2018 with the retrograde loop visible.
Separate images were taken on the dates indicated (note American date format) and stacked. Constellations are
marked. Image credit: Tunç Tezel
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Figure 1.2: The lightcurve of Algol as observed by the Transiting Exoplanet Survey Satellite (TESS) in November
2019, showing 3 minima. The y-axis shows the flux normalised to the maximum over the displayed period of time.
Plotted with publicly available data from the TESS archive.
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1.1 Stellar spectroscopy

Figure 1.3: The solar spectrum with Fraunhofer lines as drawn by Joseph von Fraunhofer. Image credit: Deutsches
Museum, Archiv, BN 43952

discovered planets and comets and have come to firmly understand our Solar System.
In the mid 1800s, scientists had discovered a new and powerful way to analyse starlight that would

shape the future of astronomy and revolutionise our understanding of the stars. This method is spectro-
scopy and its development shall be charted in the next section.

1.1 Stellar spectroscopy

Around two centuries ago astronomers gained a new and exceedingly powerful tool to explore the sky
with; the spectroscope. Even more importantly, they also understood how to interpret the device’s
measurements in order to gain new insights into the motions, properties and even chemical make-up of
the stars. Spectroscopy hailed the modern era of astrophysics. Ultimately a spectroscope allows us to
measure the colours of an object in an incredibly fine and quantitative way. Take for example a rosy red
apple and the red breast of a robin. Both are of course red, but how red? Is one more red than the other?
Is red the only colour that one sees? To the human eye, these questions are almost impossible to answer,
or even for two people to agree upon the same answer. However if we could split up the light from each
object into its principal components, we would be able to analyse the colour in great detail. This is what
spectroscopy is. Light from a source is split using either a prism or diffraction grating such that intensity
can be mapped according to the light’s wavelength.

Initial understanding of the components of light came from Isaac Newton, who realised that white
light is in fact a combination of a multitude of colours. As technology improved, scientists were able to
study light in greater detail. In 1802 William Hyde Wollaston was the first to notice that when sunlight
is split up, several dark gaps can be observed in the spectrum. That is to say that sunlight is missing
several very specific colours. These gaps appear as lines when the spectrum is projected onto a screen
and as such they are known as Fraunhofer lines after glass-maker Joseph von Fraunhofer who observed
and studied them in great detail from 1814. Fraunhofer painstakingly charted over 500 lines in the solar
spectrum (see Fig. 1.3) and also worked on starlight from other stars.

By the 1820s, after significant progress had been made on improving the instruments, the fainter light
of stars aside from the sun could be studied spectroscopically. It was noted that not all stars display the
same lines. This lead Fraunhofer to conclude that the lines are not produced by the Earth’s atmosphere

3



Chapter 1 Introduction

Secchi class Description Example stars
I White and blue stars with only a few broad lines Vega, Altair
II Yellow stars with several metallic lines Sun, Capella
III Orange-red stars with very complex spectra Betelgeuse, Antares

Table 1.1: The original three spectral classes proposed by Angelo Secchi in the mid 1860s.

but are, at least in part, an inherent property of the starlight itself. Sadly Fraunhofer would never find out
what caused these dark lines, as he died in 1826 aged 39 from tuberculosis.

Gradually, a frustration grew within the astronomical community, as without knowing the physical
origin of spectral lines, their existence remains a mere novelty. Fraunhofer himself hinted at broad
classifications based on a star’s colour. White stars (e.g. Vega, Sirius) seem to show very few spectral
features, whereas red stars (e.g. Betelgeuse) possess a dense forest of lines. However enthusiasm for
collecting and comparing spectra seems to have been lacking until as late as the 1860s.

This changed dramatically when physicists Robert Bunsen and Gustav Kirchhoff were able to determine
what produces the Fraunhofer lines. Utilising the now commonplace Bunsen-burner, they established a
link between a chemical element and the spectrum emitted when that element is burnt. They concluded
that each element has a unique fingerprint that is apparent in the light it gives off when burnt (Kirchhoff

and Bunsen, 1860). This meant that by comparing spectra from the stars to the results of burning elements
in a laboratory, the chemical compositions of the stars could be determined. Armed with this crucial
knowledge, the race was now on to discover what the stars are made of.

One of the pioneers of early stellar spectroscopy was Father Angelo Secchi, a catholic priest working
in the observatory of the Roman College. He was the first to formally declare a classification scheme
of stars based upon their spectra. Initially he proposed three distinct classes, tabulated in Table 1.1,
according to the spectral morphology. Secchi’s scheme shows us how different spectra can be from one
another, ranging from being almost featureless to containing dense patches of lines. It was also noticed
that the star’s colour seemed to be directly related to the spectrum, with red stars displaying the most
complex spectra and blue-white stars the simplest.

The spectral classification system that modern astronomers use is descended not from Secchi’s
classes but from the Draper system. The Draper Catalogue of stellar spectra (Pickering, 1890) was an
ambitious project to photograph and classify the spectra of over 10,000 stars from Harvard, USA. A
new classification system was devised based upon the strength of hydrogen lines in the spectra, running
alphabetically from A to M. Those stars with the most apparent hydrogen lines were designated "A", and
those with no hydrogen lines at all were "M". The Secchi class I corresponds to Draper classes A-D,
class II is equivalent to Draper classes E-L and Secchi class III is Draper class M. The Draper Catalogue
is the fruit of the enormous efforts made mostly by Williamina Fleming, Annie Jump Cannon and a group
of women known as the Harvard computers who quantitatively assessed many thousands of spectra to
assign classifications.

The modern classification scheme is known as the Harvard system and retains only the classes
O,B,A,F,G,K,M. After the development of quantum and statistical mechanics that gave scientists an
understanding of the basic physical processes in atoms and ions that produce spectral lines, the ordering
of the classes was changed to O,B,A,F,G,K,M. Thus the need to reclassify of tens of thousands of stars
was avoided. In her visionary doctoral thesis, Cecilia Payne showed that the classes can be arranged into
a temperature sequence where O class stars are the hottest and M the coolest.

The spectral lines are the result of electronic transitions between energy levels in ions or atoms. In the
very hottest stars, the O stars, all species except helium are fully ionised, thus it is only helium that can

4



1.2 A historical introduction to classical emission line stars

Figure 1.4: The optical spectra of stars in classes of the Harvard stellar classification system. Features arising from
various species are marked. The right axis shows the dominating species which forms each spectrum’s lines. Image
credit: National Optical Astronomy Observatory

offer any strong spectral features. Going to cooler stars, neutral hydrogen can form in the atmosphere
in substantial quantities, so that it can be recognized in a spectrum - these are the A class stars, with
the strongest hydrogen features as can be seen in the third spectrum from the top of Fig. 1.4. In even
cooler stars, the temperatures are not sufficient enough to facilitate electronic transitions in hydrogen
atoms, however photons in the stellar atmospheres can excite metals such as calcium and titanium oxide.
Thus in the K and M stars, hydrogen lines are not seen but the spectrum does contain many features
resulting from metals. Fig. 1.4 shows stellar spectra arranged from top to bottom in order of decreasing
temperature, where one can see first the prevalence of helium lines in the hottest stars, then hydrogen
lines dominating and lastly a forest of metal lines in the coolest stars.

The fundamental parameter that determines a star’s surface temperature is the star’s mass. More
massive stars must battle with a larger gravitational force trying to compress the star. This results in a
higher central temperature, increasing thermonuclear reaction rates which in turn increases the star’s
luminosity and thus produces a higher surface temperature. Hence the spectral sequence can also be
interpreted as an approximate sequence of mass. This thesis focuses on B-type stars, which have masses
of between 2 and 16 M� and effective temperatures in the range 10,000 - 30,000K (the Sun for comparison
has an effective temperature of around 5000K).

1.2 A historical introduction to classical emission line stars

It must be noted that there are several classes of stars which exhibit emission lines (Wolf-Rayet stars,
interacting binaries such as β Lyrae and Herbig Ae stars). Classical emission line stars are formally
classified as main-sequence stars displaying emission (i.e. bright) features in the spectra. These features
are most often observed in hydrogen lines. Classical emission line stars are set apart from other types

5



Chapter 1 Introduction

Figure 1.5: The publication announcing the discovery of the first Be star from Secchi (1866)

of stars with emission lines by the facts that they are hydrogen-burning and host a decretion disc that is
maintained at least partly by rapid rotation.

The emission line phenomenon is concentrated mostly on stars of spectral class B, and hence emission
line stars are also known as Be stars. In this section, an overview is given of the two most significant
findings related to Be stars: their discovery and the inference of the decretion disc.

1.2.1 Discovery

In 1866 Angelo Secchi pointed his new high quality spectroscope at the star γ Cassiopeiae and noticed
that, in the opposite fashion to every other star previously observed, γ Cassiopeiae displayed bright lines
instead of dark ones. Secchi immediately understood the gravity of his observation and wrote to the
German journal Astronomische Nachrichten (Astronomical News), albeit in French. This publication is
given in its entirety in Fig. 1.5. A complete translation reads:

In my last correspondence I told you how easy it is to observe stellar spectra with the new
spectroscope that I have managed to construct. Soon I hope to be able to send you a list
of the objects examined, but for the moment I could not delay any longer in pointing out
to you a curious peculiarity of the star γ Cassiopeiae, which remains unique. This is that
while the vast majority of the white stars show the very clear and broad f-line, such as α
Lyrae, Sirius etc., γ Cassiopeiae has in its place a very beautiful bright line much brighter
than the rest of the spectrum. This line is, as far as I have been able to measure, exactly
coincident with that of f, and one can very well make the comparison with the neighbouring
star β Cassiopeiae. I took the measurement by placing a point of reference in the finder and
covering the line in the large telescope with the micrometer point of the spectroscope: if the
telescope is moved from the star γ to the star β, the position of the bright line of the first
corresponds to the dark line of the second. I hope to be able to repeat these measurements in
a more exact manner. By comparing with β Pegasi, the f line is found to fall on a dark region
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of the bands which this star presents. Of the rest, the bright band that Cassiopeiae displays
is not unique, there are several others, but quite smaller, and I have not overlooked them.
This star therefore presents an inverse spectrum to that of the ordinary type of white stars.
To give you a practical idea of the effect of this line I will tell you that this line shines on
the rest of the spectrum as the magnesium line shines when this metal is burned. In another
letter I will expand on the details of other stars. - Mr. Respighi verified these results and saw
the same with his 5-inch telescope several beautiful spectra with the use of my spectrograph.

Rome, 1866 August 23. A Secchi

But why do "normal" stars display only dark spectral lines? Dark spectral lines, known as absorption
lines result from the fact that the outer atmospheres of stars are fairly transparent to radiation. Photons
of all wavelengths radiate from the stellar interior outwards, passing through the atmosphere. Atomic
species (atoms, ions and molecules) have distinctly defined electronic transitions. Electrons can be moved
between energy levels by either absorbing or emitting a photon of equal energy to the transition energy.
In the stellar atmosphere, species are absorbing photons of a specific wavelength in order to enter an
excited state. The excited species is unstable and so decays back to the ground state and in the process
emitting a photon. This photon is emitted in a random direction in space, meaning that it almost never
makes it along the line of sight of the observer, instead it is scattered away. Photons whose energy does
not correspond to an electronic transition are able to pass freely through the stellar atmosphere. Thus the
stellar spectrum exhibits a lack of photons corresponding to a given transition energy, which produces an
absorption line.

The opposite to an absorption line is an emission line. Secchi later found more stars with emission
lines and added a fourth class to his stellar classification scheme for them. Today we denote the presence
of emission lines with the letter "e" in the spectral class. Thus Be stars are simply stars of spectral class
B with emission features. However Secchi did not understand the fundamental physical origins of the
bright lines - this would be known to science 70 years after his discovery.

1.2.2 Decretion disc model

Throughout the late 19th and early 20th centuries an astonishing amount of progress had been made
in science and technology. Astronomy was no exception with scientists like, among others, Arthur
Eddington and Edwin Hubble enlightening our understanding of what makes the stars shine and revealing
the nature of our Universe as a whole. Stellar spectroscopy underwent several advancements in both the
instrumental and scientific sides. Improvements in photography and optics allowed for more detailed
spectra to be recorded with less difficulty. Spectra were also being analysed in fine detail. Spectra yielded
information about star’s detailed chemical composition, their temperatures, their surface gravities and
crucially for the study of Be stars, their rotation.

Doppler shift is a phenomenon by which the wavelength of light can be elongated if the emitting body
is travelling away from the observer. Conversely, when the body moves towards the observer, wavelength
decreases. This effect leaves an imprint on the spectral lines of rotating stars, because when we observe a
rotating star, one edge constantly turns away from us and the other towards us. This leads to a spectral
line becoming broadened, as light emitted from one side of the star is blueshifted while that from the
other is redshifted. The width of the spectral line then represents the rotation velocity of the star, with
fast rotators having very broad spectral features.

Otto Struve noticed in 1931 that the spectral lines of Be stars are indeed often "extremely flat and
broad", suggesting "rapid axial rotation". He proposed that Be stars rotate so rapidly that they become
"lens-shaped bodies which eject matter at the equator, thus forming a nebulous ring which revolves
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Figure 1.6: The variation of emission line morphology in a Be star according to viewing angle. The star with
decretion disc produces line profiles labelled A,B and C when viewed by an observer from directions A,B and C
respectively. Figure taken from Slettebak (1979)

around the star and gives rise to emission lines" (Struve, 1931). At the equator of a rotating star, there is a
balance of forces - gravity pulls material towards the centre, whereas the centrifugal force attempts to lift
material off of the star. There exists a certain rotation velocity, known as the critical rotation velocity, at
which the gravitational and centrifugal forces are equal, meaning that nothing is holding matter onto the
star. When a star rotates at the critical velocity therefore, gas is free to leave the star and form a decretion
disc.

Struve’s idea was that a decretion disc is responsible for the emission features. The central B star emits
a large number of ionising photons (photons energetic enough to strip a hydrogen atom of its electron).
When a decretion disc is present, these high energy photons interact with atoms in the disc, ionising them.
Within the disc, electrons and ions are reuniting with the electron cascading through the various energy
levels and in the process emitting photons of very distinct wavelengths. As these photons do not posses
enough energy to ionise the gas, they are able to escape the disc and are apparent in a bright spectral line.

Struve cited the varying morphology of emission lines in Be stars as evidence for the disc scenario. He
argued that because the disc itself also spins around the star, when an observer views a star-disc system
edge-on, Doppler shift will cause a splitting of the emission line, as shown in sketch C of Fig. 1.6. When
the system is observed instead pole-on, there is no rotational motion along the line of sight, hence a
single-peaked emission line results like in sketch A of Fig. 1.6. Fig. 1.7 shows the variation of emission
line shapes in the spectacular Pleiades star cluster where four of the seven brightest stars display emission
features.

1.3 Properties of Be stars

Since the ideas of Struve, many scientists have worked on understanding Be stars, enhancing greatly
our knowledge of the phenomenon. Here several basic properties of Be stars are discussed. For a more
detailed review see Porter and Rivinius (2003) and Rivinius, Carciofi and Martayan (2013).

Rotation The most obvious property of the Be stars is that they rotate, on average, faster than normal
B stars. This fast rotation has several effects which are detailed in Sec. 1.5.3. Fast rotating stars are
expected to have an oblate shape and spatially variable surface properties (such as surface brightness) as
shown in the interferometric image of the Be star Achernar in Fig. 1.8.
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Figure 1.7: The Pleiades star cluster with Hα line profiles the seven brightest stars. Names and spectral types are
given beside spectra. Image credit: Christian Buil, astrosurf.com

Transient nature For at least some stars, the presence of emission lines is only temporary. Examples
of stars whose Be status flickers are χ Persei (Telting et al., 1998), ω Canis Majoris (Ghoreyshi et al.,
2018), EM Cephus (Kjurkchieva et al., 2016), Achernar (Kervella et al., 2022) and 66 Ophiuchi (Marr
et al., 2021). Fig. 1.9 shows the Hα line profiles of Achernar at times 15 months apart. During this
inteval the star transitioned from showing a deep and broad absorption line to a strong double peaked
emission line. Disc build-up and decay events occur on timescales ranging from a few years to 20 years,
so characterising this behaviour demands patience and dedication. It is important to note that in this
domain, every kind of behaviour is observed from regular transitions between disc and discless states (ω
Canis Majoris) to the sudden appearance followed by decay of a disc never to return again (µ Centaurus
(Rivinius, Baade, Stefl, Stahl et al., 1998)). Many Be stars however do not show a transient behaviour,
serving to further complicate efforts to determine the cause of the transience, which remains unknown.

Disc Being the source of the observed emission, the disc has been widely studied. Interferometric
observations have confirmed that circumstellar material around Be stars is indeed disc-like (Quirrenbach,
Buscher et al., 1994; Porter and Rivinius, 2003). Further efforts using polarimetry (a spherically
asymmetric distribution of gas, such as a disc, will scatter light along a preferred direction, introducing a
polarimetric signal) have demonstrated that the disc is thin (Quirrenbach, K. S. Bjorkman et al., 1997).
The disc has a sizeable extent, with diameters of infrared emitting regions measuring some 10-15 stellar
radii (Rivinius, Carciofi and Martayan, 2013). Material in this thin disc is believed to rotate in a Keplerian
manner (Meilland, Stee et al., 2007; Meilland, Millour et al., 2012; Wheelwright, J. E. Bjorkman et al.,
2012), meaning that everywhere in the disc the force of gravity from the central star balances with the
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Figure 1.8: Reconstructed interferometric image of the fast spinning star Achernar showing the star’s oblateness
and varying surface intensity. Figure taken from Domiciano de Souza et al. (2014)

centrifugal force. The analysis of absorption lines formed within the disc suggests that there are no
significant radial outflows occurring (Hanuschik, 2000). In order for a Keplerian disc to form, angular
momentum must be transported from the inner to the outer disc. The most popular model for this
process is known as the viscous decretion disc model (Lee, Osaki and Saio, 1991), where viscous stresses
transport angular momentum.

Binarity Given that the majority of massive stars are believed to reside in binaries (Sana, de Mink et al.,
2012), it is reasonable to assume that many Be stars should too. Indeed Be stars are observed with a
variety of companions. This is important because the nature of the companion can help to determine the
system’s previous evolution, assess whether a given star was significantly effected by binary interaction
and pinpoint the likely formation mechanism of the Be star.

The most observed companion is a neutron star, seen in Be-Xray binaries. The neutron star, after being
subject to a birth kick orbits the Be star in an eccentric orbit. During part of the orbit the neutron star
passes through the Be disc, emitting Xrays in the process. There are more than 100 known Be-Xray
binaries (Raguzova and Popov, 2005). Also seen are subdwarf, or stripped star, companions, which are
direct result of a star having lost its envelope through binary interactions. Such companions are difficult to
detect because they have low masses compared to the Be star and are dim at visible wavelengths (owing
to their hot temperatures), however dedicated searches are being carried out (e.g. L. Wang, Gies, Peters
et al. 2021) and more of these systems are revealing themselves. White dwarves - the end stage in the life
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Figure 1.9: Spectra of the Be star Achernar, centred on the Hα line at two different epochs, 13th November 2012
(blue line) and 31st Januray 2014 (red line). Plotted with data from the BeSOS catalogue (Arcos et al., 2018)

of a low mass (< 8M�) star are also found to orbit Be stars. Although detection represents a significant
challenge, a handful of Be-white dwarf systems have been found (K. L. Li et al., 2012; Coe et al., 2020).
A single Be-black hole binary has been detected in the Milkyway: MCW 656 (Casares et al., 2014).
However recently several candidate Be-black hole systems were found to contain in fact no black hole
due to the inherent difficulties in interpreting spectra from binary stars (Shenar et al., 2020; Bodensteiner,
Shenar, Mahy et al., 2020; El-Badry and Quataert, 2020; El-Badry and Burdge, 2022) The only type of
companion that Be stars do not apparently have is main-sequence stars (Bodensteiner, Shenar and Sana,
2020). This view is being challenged by claims of several Be stars hosting main-sequence companions.
These are Achernar (Kervella et al., 2022), ν Geminorum (Klement, Hadrava et al., 2021) and β Cephei
(Wheelwright, Oudmaijer and Schnerr, 2009). To confirm their nature, they require further study but
could well be a new class of Be binary stars.

1.4 Open questions relating to Be stars

The simple picture of a Be star presented by Struve is not a perfect description of the phenomenon and
there are still many unanswered questions relating to Be stars which shall be briefly discussed here.

How fast do Be stars rotate? The rotation of Be stars can be characterised using the concept of
critical rotation. The critical rotation rate is that at which the centrifugal force and that of gravity balance
at the equator which reads

3crit =

√
GM
Re

, (1.1)
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where M is the stellar mass an Re the equatorial radius. Formally, one only expects material to become
unbound from the equator and to form a disc when the critical velocity is exceeded. Many studies have
found that Be stars are typically rotating at 70% of the critical velocity (Porter, 1996; Rivinius, Stefl
and Baade, 2006; McSwain, Huang et al., 2008; Meilland, Millour et al., 2012; Rivinius, Carciofi and
Martayan, 2013; Zorec, Frémat, Domiciano de Souza et al., 2016; Dufton, Lennon et al., 2022), albeit
with a broad range of rotation rates stretching from 40% to 100% of critical. Several authors have
however refuted these measurements (Collins and Truax, 1995; Townsend, Owocki and Howarth, 2004).
Rotation rates are typically determined by measuring the broadening of spectral lines (see Sec. 1.2.2).

When rotation is fast, deformation occurs which can alter the flux profile of the stellar surface according
to the von Zeipel theorem (von Zeipel, 1924), dimming the equatorial regions of the stellar photosphere
which exhibit the largest Doppler shifts. It has thus been argued that the relationship between line-
width and rotation is a complex affair, with rotation velocities of Be stars having been underestimated
(Townsend, Owocki and Howarth, 2004). On the other hand, the most recent works do take these effects
into account (Zorec, Frémat, Domiciano de Souza et al., 2016; Dufton, Lennon et al., 2022) and still find
that Be stars rotate sub-critically. Care must also be taken to avoid contamination of the starlight with
light originating form the disc, known as the veiling effect (Ballereau, Chauville and Zorec, 1995; Zorec,
Cidale et al., 2009).

Cranmer (2005) report the average rotation rate of Be stars to be a strong function of spectral type, with
the earliest (hottest, most massive) types rotating at 40% of critical, and the latest (cooler, less massive)
types at 60-80%. A similar trend is found by Huang, Gies and McSwain (2010). This may point either
to measurement or interpretation errors or to different physics driving the Be phenomenon in different
spectral types.

Is rotation the only prerequisite? If Be stars rotate at around 70% of the critical velocity, material is
expected to be firmly bound to the equator and no opportunity for a disc to form will arise. There are
several very fast rotating stars which do not show emission lines (Huang, Gies and McSwain, 2010) - a
well known example is Regulus (Cotton et al., 2017). It would thus follow that some further property is
required to drive the Be phenomenon.

Pulsation, where material is shaken off of the stellar surface (Cranmer, 2009), is a popular candidate.
Pulsational outbursts have been linked in several stars to the appearance of emission features (Rivinius,
Baade, Stefl, Stahl et al., 1998; Stefl, Baade et al., 2003) however there is no clear link between
pulsation and the Be phenomenon in general. Be stars exhibit a zoo of different pulsation modes and
frequencies (Rivinius, Carciofi and Martayan, 2013; Labadie-Bartz, Carciofi et al., 2022) which suggests
that pulsation may not be the necessary agent. Normal B stars are also given to pulsate and a comparison
of the general pulsational properties of B and Be stars has not yet been made. The most promising avenue
to determine the role of pulsation in the Be phenomenon would be to compare pulsations of the fast
rotating B stars to the Be stars. The study of pulsations is complicated by fast rotation which can mimic
pulsational signals (Porter and Rivinius, 2003) and drive and interact with pulsational instabilities.

The δ Scorpii system is a very eccentric binary (e=0.94) with a 10 year period (Meilland, Delaa et al.,
2011). The curiosity of this system lies in that during the periastron of the year 2000, the Be phenomenon
was awoken in the primary star (Miroshnichenko et al., 2001). Also, during the previous periastron, in
1990, emission lines were also present in the spectrum (Cote and van Kerkwijk, 1993). Although only a
single object, δ Scorpii provides evidence that in some Be stars, the presence of a close binary companion
might have a causal role in producing emission lines.

Several mechanisms based upon magnetism have been proposed, although they have found neither
widespread support nor confirmation, a fact perhaps owing to the complexity and our lack of understanding
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of stellar magnetic fields. One of which is the magnetically confined wind model, whereby stellar winds
are funnelled into an equatorial disc by magnetic fields (Cassinelli et al., 2002). An appropriate magnetic
field has been observed in the Be star β Cephei (Donati et al., 2001). Balona and Ozuyar (2020) have
suggested that Be discs are fed by outbursts driven by small-scale magnetic fields. Similar to coronal
mass ejections in the Sun, small magnetically active regions on the stellar photosphere can occasionally
produce outbursts, ejecting mass from the star and building a disc. One advantage of magnetic models is
that in general, they predict an unstable decretion disc, and hence explain why the emission feature is
often transient.

What causes the duty cycle? The emission feature is not permanent - there are many examples of
Be stars whose emission turns off and on, typically on a timescale of years to decades. However, not all
Be stars display this behaviour. The basic physical principle driving the duty cycle remains unknown.

Why is the phenomenon restricted to B stars? Oe and Ae stars do exist, although they are ex-
tremely rare. It may be that very massive stars are not able to host a decretion disc because they have
strong stellar winds and emit large amounts of radiation which simply blows any disc away. Furthermore,
strong stellar winds may cause an aggressive spin down due to angular momentum loss, making O stars
unlikely to host decretion discs. Lower mass stars may not radiate enough ionising photons to cause
any existing disc to produce emission lines, which might explain the lack of Ae stars. Alternatively,
the emission phenomenon may be restricted to B stars owing to the underlying formation mechanism
preferring stars in this mass range.

Do the star and disc interact? It may be imagined that a circumstellar disc has some impact upon its
host. This may be in the form of contributing to the star’s angular momentum budget by draining angular
momentum from the central star via viscous coupling (Krtička, Owocki and Meynet, 2011). Furthermore,
magnetic processes are predicted to operate inside the disc (Krtička, Kurfürst and Krtičková, 2015),
hence magnetic interactions between the star and disc could take place, possibly affecting the star’s
spin. Lastly, the disc’s presence may effect the star’s basic surface properties, such as mass density and
temperature. This may impact the radiative acceleration at the surface, which could provide an important
contribution in launching a disc. The stellar wind may also thus be affected.

What is the origin of the Be stars? The question is the focus of this thesis. In fundamental terms, it
is not well understood what causes any given star to display the emission line phenomenon. Rotation
may or may not underpin the building up of a disc. How emission line stars came to rotate faster than
average is unknown, although several mechanisms have been proposed (see Section 1.7).

1.5 Single star evolution

1.5.1 Stellar models

Currently almost all 2 of the information that we have about any given star comes from electromagnetic
radiation, otherwise known as starlight. As starlight is emitted from near to the stellar surface, stars reveal
the secrets of their inner structures very unwillingly. The main tool that we have for understanding the
structure and evolution of stars is theoretical modelling. This involves formulating and solving equations
to describe the behaviour and structure of stars, always under simplifying assumptions.

2 Some stars such as the Sun and Supernova 1986A (Hirata et al., 1987) have been observed in neutrinos. In the future,
gravitational wave observations can also be expected to provide insights.
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One of the first quantitative stellar models is the polytropic model, where the pressure and mass-density
throughout the star follow a specific assumed relation. With this relation and Newton’s law of gravity
enforcing hydrostatic equilibrium, the density and pressure structure throughout the star can be found.
This model was independently proposed by Lane (1870) and Emden (1907), after whom the Lane-Emden
equation is named. However to describe a star in more detail, one needs more than just gravity and an
equation of state.

Modern stellar evolution models cover five concepts:

• hydrostatic equilibrium

• mass conservation

• energy generation

• energy transport

• chemical structure

Hydrostatic equilibrium demands that (on short timescales at least) a star is neither collapsing or
expanding - it is stable. This is enforced by demanding that the force of gravity is counteracted by an
opposing force originating from a pressure gradient. The pressure source may be ideal gas pressure,
radiation pressure, electron degeneracy pressure or a mixture of all three.

That matter can never be created or destroyed in encapsulated in mass conservation. Certain sinks or
sources of mass however are possible, for example massive stars lose significant amounts of mass to
stellar winds or stars in binary systems may accrete material from a companion (see Sec. 1.6). These
variations need to be properly accounted for.

Deep in the central regions of a star, temperatures become hot enough for certain nuclear reactions to
occur. As the products of such reactions are less massive than the sum of their constituent parts, energy is
released in the form of photons. The most important of these reactions is known as hydrogen burning -
that is where four hydrogen nuclei are combined to produce one helium nucleus (the exact mechanics of
the reaction vary according to the conditions in the star, but the net result is always the same). A detailed
stellar model must predict the energy generated by these reactions.

Furthermore once energy is produced by a nuclear reaction, that energy may be transported throughout
the star. In stars there are two main mechanisms by which this can occur: radiation and convection.
Radiative energy transport is where electromagnetic radiation is the carrier of energy. In contrast to our
everyday perception of radiation (or light) which freely streams across large distances, a stellar interior
is very opaque, meaning that radiation does not pass easily through the material. Instead, matter and
radiation interact, bouncing off of each other like snooker balls. In fact these interactions are so common
that a photon typically travels 1cm before being scattered by another particle, meaning that on average it
takes ten thousand years for a photon produced in the centre of the Sun to reach the photosphere 3.

In some cases, radiative energy transport cannot transport enough energy to maintain thermal equilib-
rium, here convection takes over the strain. Convection is a cyclic macroscopic motion of material which
can transport energy very efficiently. The conditions under which convection occur where first outlined
quantitatively by Karl Schwarzschild in the early 20th century. Convection occurs in regions with either
large opacity or high luminosity. This can be understood intuitively as high opacity blocks the flow

3 The mean free path of a photon, l, is given by l = 1/κρ, where κ and ρ are the opacity and mass density. Taking the average
density of the sun and assuming electron scattering opacity gives l ≈ 1cm. The problem can then be thought of as a random
walk with step size 1cm. Approximately, one can expect a photon to "walk" from the centre to the photosphere of the Sun in
around 104 years.
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of radiation and regions with high luminosities demand efficient energy transport. The Schwarzschild
criterion predicts therefore that convection occurs in the centre of massive stars (more massive than 2 M�)
where the luminosity is large, and in the envelopes of low mass stars, where the opacity is high. Lastly
conduction may also occur in stars composed of degenerate material, such as white-dwarves.

In a given region of a star various processes may cause a change in the chemical composition. Examples
of these processes are nuclear reactions, convection and rotational mixing. These changes in chemical
composition must be followed throughout the interior of the star as they affect the subsequent evolution.
A pertinent example of this is when the central hydrogen burning regions have exhausted their supply of
hydrogen - the stellar structure must react to this.

The five listed concepts are described mathematically by time-independent differential equations which
are solved by a computer to predict the structure of a star. Once a solution is found at a particular time,
the clock is run forward by one "timestep" and a new solution is calculated using the updated equations
at the new time.

Stellar evolution models are precisely that: they are simplifications of the real world. Just as a dolls’
house is a model of a real house that captures the features required for a child’s play, a stellar evolution
model attempts to encompass all of the processes relevant to the life of a star. A stellar model is only as
good as what is put in to it and the input physics is never comprehensive or complete, so naturally all
models suffer shortcomings. There are several processes that occur in massive stars that are generally not
included in stellar models, either due to lack of physical understanding (e.g. turbulence) or the belief
that the processes have a small effect (e.g. magnetic fields). Furthermore, what is included is almost
always dealt with as a stand alone process. For example, in a real massive star, the central convective
zone interacts with the zone where rotation drives circulation currents, however in a model, these two
processes are considered separately and are completely blind to each other.

Perhaps the largest simplification made in modelling efforts is the one-dimensional approximation.
Stellar models assume spherical symmetry, meaning that the structure equations only need to be solved in
one dimension thus reducing the computational requirements for such models. Three-dimensional models
of non-rotating stars show however that this approximation can easily break down due to turbulence
(Jiang et al., 2015). More over, a rotating star is a two-dimensional object, so any attempt to describe it in
one dimension must result in a loss of accuracy. In one-dimensional models of rotating stars, the structure
is typically computed by performing an average over the two-dimensional structure. This method works
well when the resulting average does not deviate much from the actual structure. However when rotation
is fast, the stellar structure can vary significantly from pole to equator, for example due to the onset on
convection at the equator only, or a strong variation in local opacity from the recombination of a certain
species. This means that the computed and actual structures of a rotating star could differ significantly.
The difficulties in stellar modelling are well summarised by the following line from Heger, Langer and
Woosley (2000):

The instabilities discussed in the previous section are not a complete list of all rotationally
induced instabilities for massive stellar evolution. However, they appear to be the most
relevant ones, or at least the best understood.

1.5.2 The life of a star

Before a star can shine, it must form from its parent molecular cloud. Star formation is a topic in itself
which presents many problems and challenges to the curious scientist and it is unfortunate that the
intricacies must be ignored here. Let us follow the trials and tribulations of a star that has formed from a
collapsing molecular cloud.
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Initially a cloud consisting mostly of molecular hydrogen cools and collapses. This process continues
until a central object is formed in which temperatures are hot enough for nuclear reactions to produce
helium nuclei from hydrogen. This phase is known as the main-sequence or the hydrogen burning phase
and the moment at which hydrogen is "ignited" in the core of a young star marks the very beginning of
the star’s life (this point in time is named the zero-age main-sequence).

The main-sequence is the longest lived period of a star’s life during which the central supply of
hydrogen is steadily converted into helium. The exact mechanism by which this occurs depends on the
central temperature, which is ultimately determined by the star’s mass. For stars less massive than around
2 M�, burning is achieved by the proton-proton chain reactions which combines protons (i.e. hydrogen
nuclei) together in a stepwise fashion until a helium nucleus is formed. The three steps are

1
1H +

1
1H −−−→ 2

1D + e+
+ νe

2
1D +

1
1H −−−→ 3

2He + γ

3
2He +

3
2He −−−→ 4

2He + 21
1H + γ

To create one helium nucleus, the first and second reactions are needed twice. The net result is that
four hydrogen nuclei react to give one helium nucleus, two electron neutrinos and 26.7Mev 4 released
as photons. As the proton-proton chain combines nuclei with low charge numbers, the electrostatic
repulsion (or Coulomb barrier) between the particles is not so strong, so the reactions can occur at the
relatively low temperatures found in lower mass stars.

Stars more massive than 2 M� in contrast have higher central temperatures, meaning that protons
have faster kinetic velocities, which enables them to more easily overcome the large Coulomb barrier
necessary to react with heavier nuclei. In such stars, hydrogen burning proceeds via the CNO cycle,
whereby seed nuclei act as catalysts either absorbing a proton or decaying to produce the next nucleus in
the cycle. The CNO cycle produces a larger energy output than the proton-proton chain at temperatures
found in stars more massive than 2 M�, and hence dominates in these stars. The dominant cycle is

1. 12
6C +

1
1H −−−→ 13

7N + γ

2. 13
7N −−−→ 13

6C + e+
+ νe

3. 13
6C +

1
1H −−−→ 14

7N + γ

4. 14
7N +

1
1H −−−→ 15

8O + γ

5. 15
8O −−−→ 15

7N + e+
+ νe

6. 15
7N +

1
1H −−−→ 12

6C +
4
2He.

In common with the proton-proton chain, the CNO cycle also has the net result of fusing four hydrogen
nuclei into one helium nucleus. During the cycle, the seed nuclei build up their mass and proton numbers
by absorbing a proton until an unstable nucleus results. This unstable nucleus then undergoes β+ decay,
where a proton decays into a neutron, a position and an electron neutrino. The pattern of absorption
and decay continues until the final reaction produces a helium nucleus and 12

6C nucleus to end the cycle.
The seed carbon nucleus is regenerated in the last reaction. Although during one cycle, CNO nuclei are
neither created or destroyed, the fact that the different reactions occur at differing rates means that there
are bottlenecks in the cycle. For example reactions 2 and 5 typically occur on a timescale of minutes,
whereas reaction 4 typically needs several hundred thousand years to complete as 14

7N is a very stable

4 this includes the annihilation of the two positrons produced by the first reaction
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nucleus. This results in 14
7N becoming the most abundant CNO species in regions where the CNO cycle

occurs.
As this thesis is focused on massive stars, we shall now consider the structure and evolution of stars

burning hydrogen via the CNO cycle. These stars consist of a central convective core surrounded by
a radiative envelope. Convection occurs in the centre because the CNO cycle is extremely sensitive
to temperature, meaning that energy is generated in only a small part of the core where temperatures
are highest. This gives rise to a large luminosity to mass ratio in the centre and so convection occurs.
Convection mixes material throughout the core, serving to feed the central burning region.

The subsequent evolution of the star is driven by hydrogen burning, which causes the mean molecular
weight of particles in the core to increase. To illustrate this compare a fluid of pure ionised hydrogen
with that of pure ionised helium. Ionised hydrogen is an equal mixture of protons (weighing one atomic
mass unit) and electrons (with negligible mass) and so has a mean molecular weight of 0.5 atomic mass
units (a.m.u). While ionised helium has a mean molecular weight of 4

3 a.m.u because a helium nucleus
has a mass of 4 a.m.u and for every helium nucleus there are two electrons, so there are 3 particles to
count in total.

The star itself reacts to this change of mean molecular weight in several ways. Firstly, the fraction of
the star occupied by the convective core shrinks. This is because deep inside a star, where all species are
fully ionised, the major source of opacity is from photons colliding with electrons (known as Thomson
scattering). As hydrogen is burnt, the number density of nuclei in the core decreases, resulting in fewer
charged particles to scatter photons. In this way, the central opacity drops, meaning that the convective
core retreats, because the occurrence of convection is sensitive to opacity, as outlined previously.

The CNO cycle has a thermostatic action, owing to the extreme sensitivity of the energy generation rate
on temperature - the energy generation rate is proportional to temperature raised to the 18th power. This
means that the central temperature and density do not vary much for most of hydrogen burning. However,
because the mean molecular weight increases, ideal gas physics demands that the central pressure must
decrease. This can only be achieved if the density of the material enveloping the core decreases. The
envelope must expand to reduce pressure on the core, so the star’s overall radius swells slightly during
hydrogen burning. This effect is gentle with the radius typically doubling over the main-sequence
lifetime.

Once the supply of hydrogen in the core becomes scarce, the central temperature must increase to
maintain both the nuclear reaction rate and thermal equilibrium. To do this, the core becomes denser.
This behaviour continues until all of the hydrogen in the stellar core is converted into helium. This point
marks the end of the main-sequence.

The star now finds itself unable to maintain thermal equilibrium as it loses more energy from its surface
than is generated in its core. A very brief period of core contraction follows until the central temperatures
are high enough to ignite helium burning. Similarly, but more pronounced, to the radius expansion during
hydrogen burning, the star’s radius swells by a factor of several hundred times, with the star becoming a
red giant.

Once the star has settled onto the red-giant branch, it burns helium into carbon via the triple alpha
process, until the supply of heliumruns out. If the star is massive enough (i.e. initial mass greater than
around 8 M�) to attain high enough core temperatures, then evolution continues through the advanced
burning stages; carbon burning; neon burning; oxygen burning; silicon burning. Once silicon burning is
complete, the star’s core consists mostly of iron, from which no more energy can be extracted through
nuclear processes - iron is the most energetically stable nucleus so adding any more nucleons only costs
energy. Therefore the star is finally unable to fight against gravitational contraction and explodes as a
core-collapse supernova. After the supernova, either a black-hole or neutron star is formed. The final
product of the evolution of a massive star varies depending on the physical structure of the star.
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Stars less massive than around 8 M� do not suffer the same violent end. Instead, as their core
temperatures are not hot enough to ignite carbon burning, their chemical evolution is arrested when the
core is composed of carbon and oxygen. The star then sheds its outer layers to reveal a carbon-oxygen
white dwarf, which shines like a hot coal in space. Stars of spectral type B have initial masses between
2 and 16 M� and hence members of the Be class are expected to form both white dwarves and neutron
stars.

1.5.3 Rotation in stars

All stars rotate, and Be stars rotate significantly faster than stars that do not exbihit emission lines (Struve,
1931), so it is important to give a brief account of the effects of rotation. For stars which spin slowly,
rotation does not play a large role in the structure or evolution. However, moderately or fast rotating stars,
rotation affects both the surface and internal structure.

Rotation manifests itself in the form of the centrifugal force, which is directly opposed to the gravita-
tional force at the equator. The centrifugal force is responsible for altering several surface properties of a
rotating star. Firstly, the surface gravity becomes weakened at the equator, but remains unchanged at the
poles. This causes the star to become oblate, as the centrifugal force "pulls" the equator into a bulge. Fig.
1.8 shows the lens shape which arises.

Furthermore, the surface of a rotating star is affected by gravity darkening, with polar regions appearing
hotter and brighter than equatorial regions (von Zeipel, 1924), as showin in Fig. 1.8. Gravity darkening
can be understood intuitively by considering that where the effective gravity is weaker, the mass-density
in the envelope is reduced. This means that a lower temperature is required to maintain hydrostatic
equilibrium. It then follows that these cooler regions are dimmer because of blackbody physics. Gravity
darkening causes the effective temperature and luminosity of a rotating star to depend on how the star
is oriented in space relative to an observer - the same star viewed pole-on will not be identical to that
viewed equator-on.

Another consequence of rotation is that the stellar wind may be impacted. Stellar winds remove not
only mass but also angular momentum from a star, so can play an important role in a star’s spin evolution.
Massive stars host radiatively-driven winds, where particles are ejected from the stellar atmosphere after
exchanging momentum with photons streaming out of the stellar core. As rotation affects the physical
conditions from where the wind is launched, and so one expects a spatially anisotropic wind because the
stellar surface is non-uniform.

The internal structure of a star is also influenced by rotation. One might reasonably expect that when a
gaseous object rotates, several mixing processes will occur. These instabilities serve to transport both
particles and angular momentum throughout the star. One of the strongest rotational mixing processes is
called Eddington-Sweet circulation. Here rotation drives large-scale currents inside the stellar atmosphere
that transport particles between the stellar core and surface (Sweet, 1950). Another prominent example
is shear mixing, which occurs when neighbouring fluid layers rotate with different angular velocities,
causing those layers to mix together (Maeder, 1997). These mixing processes serve to mix fresh fuel into
the central burning regions and to transport burning products to the surface. When mixing is effective,
the star may burn its entire supply of hydrogen, unlike in the non-rotating case when only the central
portion of the star undergoes nuclear burning. Under the influence of rotational mixing, a star becomes
hotter and more luminous that its non-rotating counterpart due to the mixing of fresh fuel into the central
burning region. Many fast rotating stars display surface enrichments of nuclear burning products like
nitrogen and helium (Heger, Langer and Woosley, 2000; Brott, C. J. Evans et al., 2011) as mixing also
brings material from the core to the surface.

Rotational instabilities transport not only chemicals but also angular momentum. A particle on the
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surface of a star will have a larger angular momentum than an equivalent particle with the same angular
velocity near the centre. Therefore when the surface particle is mixed into the central region, the
conservation of angular momentum demands that the central region must adjust its spin accordingly.
In this way, rotational mixing the angular velocity profile of a star. There are however processes that
transport angular momentum without transporting chemicals. These are generally magnetic in nature
such as the Tayler-Spruit dynamo (Spruit, 2002), which transports angular momentum very efficiently
so as to enforce near-solid-body rotation. The dynamo’s basic mechanism is that in a star with large
differential rotation, magnetic field lines would become twisted around one another. To prevent this
unstable configuration, angular momentum is transported via magnetic interactions so as to smooth out
large angular velocity gradients. The Tayler-Spruit dynamo has been invoked to explain the slow spins of
young pulsars (Heger, Woosley and Spruit, 2005) and white-dwarves (Suijs et al., 2008).

1.6 Binary star evolution

A single star by definition lives an isolated and lonely life. Astronomers have long suspected that not all
stars are doomed to such a tedious fate. Since the invention of the telescope in the early 1600s, several
stars were noticed to lie close to one another. It is difficult to determine whether these so-called double
stars just appear to be close through alignment along our line of sight, or whether they truly share a
common space. Michell (1767) argued that there are simply too many double stars and clusters of stars
for them to be chance alignments, instead they must "in confluence of some general law (such perhaps as
gravity) are collected together in great numbers". This was confirmed by the illustrious astronomer Sir
William Herschel after 25 years of measuring the positions of stars in doubles. He found that such stars
do indeed appear to revolve around each other (Herschel, 1803) and the study of binary stars was born.

A binary star consists of two stars orbiting a common centre of mass. The time that each star takes
to do one revolution around its partner is called the orbital period. The orbit may be either circular or
eccentric, however in this work only circular orbits are considered. The components orbit each other in
Keplerian motion, meaning that the required centripetal force is provided by gravity. Accordingly, the
distance between the two stars (often termed the binary separation) can be related to the stellar masses
and the orbital period through Kepler’s third law.

1.6.1 Observations of binary stars

The study of binary stars is largely focused on observing two properties; eclipses and radial velocity
variations. Using these methods, we can deduce that a given pin-prick of light on the sky is in fact a
binary star and deduce its properties.

When two stars move around each other, at certain times, one star may be obscured by the other.
This situation is known as an eclipse. If an eclipsing binary star is observed for long enough, with
the brightness measured, a pattern will eventually emerge. At certain intervals, one star will pass in
front of the other, and when this happens, light from the eclipsed star will be blocked by its companion.
Accordingly the binary star will temporarily become dimmer as not as much light makes its way to
the observer. As the stars continue on their orbit, the eclipse will end and the binary will recover its
full brightness. Thus an eclipsing binary will dim and brighten at a regular periodic interval. Note that
whether a binary star shows eclipses depends of the geometry of the system and its orientation with
respect to the observer. For example if the observer is looking perpendicular to the orbital plane, the
stars will just encircle one another, without ever occulting each other. Measurements of the eclipses can
provide the relative luminosities and sizes of stars in the system, as well as the orbital period.
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Radial velocity measurements take advantage of the fact that when looking along the orbital plane of a
binary, one star is moving away from the observer and the other towards. As each star continues around
its orbit, it alternates between moving towards and away from the observer. A wave-emitting body (in
this case the wave is electromagnetic radiation) undergoes the Doppler effect, whereby the wavelength of
the waves is altered depending on the relative movements of the emitter and observer. When the emitter
is moving towards the observer, the wavelength becomes shorter; this is known as blueshift. Redshift
is the opposite, when the emitter and observer are moving away from each other. Therefore the binary
orbit produces periodic Doppler shifts, with the light being blueshifted and redshifted alternately as each
star moves on its orbit. This Doppler shift manifests itself as the changing positions of features in the
spectrum. When wavelength at which absorption lines are seen is tracked over a binary’s orbital period,
information about the binary such as the speeds of the stars’ movement and the mass-ratio of the binary
can be determined. Similarly to eclipsing binaries, not every binary displays Doppler shift, and again the
reason is due to the observer-binary orientation. Those systems that do exhibit periodic Doppler shifts
are called spectroscopic binaries.

The star Algol, mentioned in Section 1, is indeed a binary. In the 1880s, the ancient problem of what
makes Algol wink was solved - Algol is an eclipsing binary, as first suggested by Pickering (1881).
Shortly afterwards, study of the spectral lines of the system by Hermann Carl Vogel in 1889 revealed it to
also be a spectroscopic binary (Batten, 1989), solidly confirming Algol’s status as a binary star.

1.6.2 Mass transfer and its effects

A test particle sitting on the surface of one star in a binary feels several forces;

• gravity from the star

• gravity from the other star in the binary

• a centrifugal force from the binary orbit.

• a centrifugal force from the star’s rotation

As long as the test particle remains close to the star, the dominating force will be gravitational attraction
from that star. However, if the particle strays far enough away, it can be transferred to the other star or
even be ejected from the system. The Roche lobe is the bounding surface within which a test particle
remains bound to one star. An example of the Roche lobe seen in the orbital plane is given in Fig. 1.10,
showing that it is teardrop shaped with the star in the centre.

During its natural evolution, a star’s radius increases (see Sec. 1.5.2) meaning that it can overflow its
Roche lobe. When this happens, a mass transfer episode is initiated, with material passing through the
first Lagrange point (L1) before entering the Roche lobe of the companion star and being accreted onto
the companion’s surface. The component losing mass is termed the donor and is usually the initially
more massive star in the system owing to the fact that more massive stars evolve on shorter timescales.
The component gaining mass is named the accretor.

Mass transfer brings about multiple changes to both the orbit of the binary and the evolution of the
stars themselves. The orbital separation changes due to the the changing ratio of the component masses,
a quantity defined as the mass ratio, often denoted q. Here we will define the mass radio as the accretor
mass divided by the donor mass, q = Macc/Mdonor, although it is often defined the other way around -
there is no convention. For systems with mass ratios less than unity, the orbital separation generally 5

5 the specifics of mass transfer efficiency and angular momentum loss can change this, as discussed further on.
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Figure 1.10: The equipotential lines of the Roche potential for a binary consisting of stars with masses 15 and 7 M�
and binary separation 100R�. Considered are the forces of gravity from each star, the centrifugal force due to the
binary orbit and the centrifugal force due to the spin of each star, assuming the orbital and spin periods are equal.
The perspective is that of the orbital plane, such that the stars move on their orbits in the plane of the figure. The
equipotential lines passing through Lagrangian points L1, L2, and L3 are shown. The centre of mass is marked by a
cross. The thick curve crossing through L1 is the Roche-lobe. Figure taken from Tauris and van den Heuvel (2006)
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decreases. While for systems with a less massive donor (q > 1), the orbital separation usually increases.
This means that typically the binary orbit shrinks during the first stages of mass transfer, then when the
mass ratio inverts, the orbit begins to widen.

The most obvious effect of mass-transfer is that it changes the masses of both stars in the binary. When
the donor star has a radiative envelope, this can be stripped away from the star, leaving essentially the
convective core known as a stripped star. If mass transfer is halted prematurely or the accretor starts to
fill its own Roche lobe, then the stripping will be incomplete.

For the accretor, the incoming material can have several effects. Firstly, because the mass of the star
increases, the central temperature will increase accordingly and thus the luminosity will also increase.
The increased luminosity will in turn reduce the expected lifetime of the star, following the lifetime-
luminosity relation. The increase in mass will cause the convective core to grow, as the star emulates
a more massive star. The advancing core will envelop material that has not been previously subjected
to nuclear burning. This virgin material, which contains fresh fuel for hydrogen burning, will quickly
become mixed with the core by convection. In this way the star accesses a new supply of hydrogen which
rejuvenates the star. A rejuvenated star is hotter and more luminous than a normal star, hence they occupy
the blue straggler region of the Hertzsprung-Russell diagram.

The accreted material might have a different chemical composition to that of the accretor’s surface. As
the donor star becomes stripped, the transferred material originates from deeper inside the donor and as
such may be contaminated with the products of nuclear burning. In this way stars which have accreted a
lot of material through binary interaction are expected to have enriched nitrogen and helium abundances.
Furthermore, if accreted material has a higher mean molecular weight than that of the accretor’s surface,
then the accreted material will "sink" through the atmosphere of the accretor star. This process is known
as thermohyaline mixing and can serve to mix fresh fuel into the burning regions of a star, thus further
rejuvenating an accreting star.

An accreting star does not only gain mass but also angular momentum. The accretion of angular
momentum may cause the accretor star to spin up, and perhaps attain critical velocity. When mass is
accreted through a Keplerian accretion disc, angular momentum accretion is very efficient, with a star
needing to gain only a few percent of its initial mass to rotate critically (Packet, 1981). Numerical
simulations of binary stars predict that critically rotating accretors are a common result of binary
interaction (Langer et al., 2020). However the process of angular momentum accretion is not without its
uncertainties.

1.6.3 Mass transfer efficiency

Mass that leaves the donor star might not necessarily end up becoming a part of the accretor star. This
concept is known as mass transfer efficiency. The mass transfer efficiency is defined as the fraction
of mass gained by the accretor to the mass lost by the donor. Efficient mass transfer (also known as
conservative mass transfer) is where all the accretor accretes all material that is stripped from the donor,
thus preserving the total mass of the binary. In inefficient mass transfer (also known as non-conservative),
the accretor only receives a certain amount of the material leaving the donor, with the rest being ejected
from the binary. For totally inefficient mass transfer, the mass of the accretor is unaffected by mass
transfer.

Material that is ejected from the binary takes with it a certain amount of orbital angular momentum.
This loss of orbital angular momentum effects the orbital separation, which in turn may effect the
mass transfer rate or initiate Roche lobe overflow of the accretor. There are many distinct ways that
material can leave the binary, with each removing a differing amount of specific angular momentum. For
example, material may be ejected as a fast wind from either star in the binary. Another possibility is that
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material leaves the system through the second Lagrangian (L2) point. The loss of angular momentum is a
significant uncertainty in binary evolution. A popular prescription is the isotropic re-emission model,
where material is ejected from the surface of the accretor or donor as a fast wind. However, simple
considerations of the energy required to drive this fast wind cast doubt on the realism of this model.

Mass transfer efficiency is poorly constrained, with many numerical binary star models treating the
mass transfer efficiency as a free parameter. Comparisons between models and observations of double-
lined eclipsing binaries give evidence that "there is no single value of mass transfer efficiency for which
we can fit all systems" (de Mink, Pols and Hilditch, 2007) and show a wide range of best fitting mass
transfer efficiency values, spanning conservative to near fully non-conservative. A study of Algol binaries
by Sen et al. (2022) "implies rather conservative mass transfer in some systems, while a very inefficient
one in others".

Recent binary evolution models (Langer et al., 2020) operate using the rotation limited principle,
whereby accretion is efficient until the mass-gainer attains critical rotation, after which accretion proceeds
fully non-conservatively. As accreted material typically carries a large specific angular momentum, this
scheme generally produces very low mass-transfer efficiencies. The exception is for close systems in
which tidal forces inhibit the spin of of the accretor, thus allowing more mass to be accreted. Therefore
in this scheme, a range of mass-transfer efficiencies is expected, with wide binaries evolving non-
conservatively and close binaries more conservatively. However there remain uncertainties related to the
action of tides, with suggestions that there is variation in the behaviour of tidal interactions (Justesen and
Albrecht, 2021).

1.6.4 Mergers

In certain cases mass transfer can proceed unstably, resulting in a coalescence of the two stars in the
binary to produce a single merger star. There are several criteria that predict whether or not a merger
will occur in any binary system. Whether a given binary system will merge or not is one of the largest
uncertainties in binary evolution. The response of the donor to mass loss is a long standing probe of mass
transfer stability. If the donor’s size during mass transfer increases at a greater rate than its Roche lobe,
this suggests that mass transfer will be unstable, as the donor’s Roche lobe overflow will not be able to
be stemmed (Hurley, Tout and Pols, 2002).

Alternatively, one may consider the rates at which the donor and accretor typically undergo mass
adjustments. The donor typically loses mass on its own thermal timescale, while the accretor can only
accept material at a rate given by its own thermal timescale (Hurley, Tout and Pols, 2002). If there is
a big discrepancy between the thermal timescales of accretor and donor, the accretor will not be able
to bring the newly accreted material into thermal equilibrium with itself. In this situation, material will
not be able to be accreted and will form a tenuous cloud around the binary. This situation is known as
common envelope evolution. The two stars experience a drag force as they orbit through the common
envelope, ultimately sapping orbital energy until the stars merge (Iben and Livio, 1993).

Lastly, for binary evolution models that evolve non-conservatively, one may place constraints depending
on the mass ejected from the system. To eject material from a binary, work must be done to overcome
the gravitational attraction from both stars. Thus inefficient mass transfer must have a source of energy
to be viable. The most obvious sources of energy are the stellar luminosities and the orbital energy. If
this energy does not suffice to eject material during mass transfer, then that material will again form a
common envelope and result in a merger. This merger criteria is applied in the binary evolution models
of Langer et al. (2020).

A merger star is predicted to undergo rejuvenation. The mixing of hydrogen into the core during
the merger process adds fresh fuel to the fire, causing the star to become hotter and more luminous.
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As merger stars are predicted to be bluer and brighter than stars that did not merge, they may explain
the population of such observed stars, known as blue stragglers in the Herzsprung-Russell diagram
(Mateo et al., 1990). Modern magneto-hydrodynamical models predict that merger stars have strong
magnetic fields (Schneider, Ohlmann et al., 2019). These same models predict that although merger
stars are initially formed as rapid rotators (due to agglomeration of orbital angular momentum into
rotational angular momentum), they spin down quickly due to internal structural changes. This suggests
that mergers are unlikely to produce rapid rotators, and hence merging is not a viable channel for the
formation of emission line stars.

The merging process is believed to result in a luminous red nova, although this is not certain (Pastorello
et al., 2019). A handful of such novae have been observed within the last 20 years and are typified by a
very red colour, and a slow fading (lasting several months) from maximum brightness accompanied by a
resurgence in the infrared. The first confirmed luminous red nova was observed in the galaxy Messier
85 (Kulkarni et al., 2007). The study of luminous red novae is young and and suffers from the lack of
observed events and doubts about whether they are produced by merging stars.

1.7 Formation channels of classical emission line stars

Classical emission line stars are a distinct class that are fairly easily identifiable from the body of the
massive star population. It follows that some process has made them different to those stars that neither
rotate rapidly nor host a decretion disc. A star’s previous evolution offers very strong constraints on
its future evolution, and so emission line stars offer a promising window into the lives of massive stars.
Many emission line stars are expected to explode as supernovae, showering their local environments
with heavy elements and contributing to the chemical evolution of the Universe, which can be better
understood when their early history is well constrained. Looking further ahead, emission line stars may
be progenitors of gravitational wave merger events, given that several emission line stars are observed
with binary companions, one of which is a black hole (Casares et al., 2014). Therefore emission line
stars offer valuable insights into graviational wave astronomy.

To describe the population of classical emission line stars that we see in the sky, there are two
competing formation channels, each with distinct characteristics and properties that shall be briefly
explained here. It is assumed that emission line stars are rapidly rotating hydrogen-burning stars. The
formation channels focus on explaining the stars’ rapid rotation.

1.7.1 Single star formation channel

The rotation velocity at which the force of gravity is matched by the centrifugal force at the equator is
known as the Keplerian critical velocity and is inversely proportional to the square root of the radius
(see Eq. 1.1). During main-sequence evolution, the stellar radius increases, which naturally leads to a
decrease in the critical velocity.

At the same time, local conservation of angular momentum demands that if the star’s outer layers are
expanding, then the surface rotational velocity must decelerate. However, there are internal mechanisms
within the star that transport angular momentum towards the surface, thus maintaining a fast rotational
velocity at the surface. Internal angular momentum transport is believed to be achieved principally
by magnetic interactions (Spruit, 2002) or rotationally driven circulation currents (Aerts, Mathis and
T. M. Rogers, 2019).

The two effects of a decreasing critical velocity and steady surface rotational velocity mean that a star
evolves towards its critical velocity, effectively spinning up. Given rapid enough initial rotation, critical
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velocity may be reached during the main-sequence. In this way a single star born with moderately fast
rotation may evolve to become near critically rotating, and thus form a decretion disc and exhibit the
emission line phenomenon.

As the star must have a seed birth angular momentum, emission line stars formed through this channel
are expected to show the effects of rotational mixing; namely surface nitrogen enrichment (Maeder and
Meynet, 2001; Heger and Langer, 2000).

A tell-tale sign that an emission line star was formed through the single star channel would be if that
star was in a binary with a main-sequence companion. A binary consisting of two main-sequence stars is
in the pre-interaction phase, meaning that both stars are essentially single, i.e. no mass transfer could
have occurred. Therefore the emission line star in such a binary must have been formed through the
single star channel. It has been claimed that there are no such emission line + main-sequence binaries
(Bodensteiner, Shenar and Sana, 2020). However concerted efforts have revealed several promising
candidates such as ν Gem. (Klement, Hadrava et al., 2021), Achernar (Kervella et al., 2022) and β Ceph.
(Wheelwright, Oudmaijer and Schnerr, 2009). Future results in this area are eagerly anticipated.

1.7.2 Binary star formation channel

Critically rotating stars can form via mass transfer in binary systems, as outlined in Section 1.6.2. The
accretion of mass must be accompanied by the accretion of angular momentum, thus spinning up the
mass gaining star in the binary. This is depicted schematically in Fig. 1.11.

We have direct evidence of this scenario through observations of emission line stars with stripped star
companions (L. Wang, Gies, Peters et al., 2021), which are the mass donors just after mass transfer has
stopped. Also observed are emission line star binaries with white dwarves (K. L. Li et al., 2012; Coe
et al., 2020), black holes (Casares et al., 2014) and neutron stars (Raguzova and Popov, 2005). The latter
objects are a class known as Be-Xray binaries. Here the neutron star is sent on an eccentric orbit after
receiving a birth kick. When the neutron star passes close to or through its companion’s decretion disc,
Xrays are emitted. This situation is shown in the rightmost sketch of Fig. 1.11.

It is believed that in most systems, the neutron’s stars birth kick will break the binary system apart
(N. Brandt and Podsiadlowski, 1995), resulting in an emission line star travelling through space with a
fast velocity. Such stars are known as runaways, or walkaways if they are not moving so quickly. The
star ζ Oph. is an example of such a runaway emission line star for which the corresponding neutron star
has been found (Hoogerwerf, de Bruijne and de Zeeuw, 2001).

During the mass transfer, there is no known process that would cause the accretor star to be only
partially spun up, that is not to reach critical velocity. It is thus assumed that binary interaction produces
emission line stars that are rotating at the critical velocity. This is in contrast to the single star channel,
for which various mechanisms operate to limit the evolution towards the critical velocity. Although
emission line stars formed through the binary channel may quickly spin down, a diagnostic to distinguish
the formation channel could be the rotation rate of the emission line stars, with those produced from
binary interaction expected to be spinning critically.

Depending on the mass transfer efficiency, the surface nitrogen abundance of mass accretors may
be enriched. If mass transfer is inefficient, the accretor would have accreted little material, and its
surface chemical composition is not expected to be dramatically altered. However, if mass transfer
is efficient, then the accretor will accrete material that lay deep inside the donor. This material will
be contaminated with the products of nuclear reactions, and hence will be nitrogen rich. Therefore
conservative binary evolution predicts the accretors to have surface nitrogen enrichment, while for
non-conservative mass-transfer one does not expect significant nitrogen enrichment.
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Figure 1.11: Schematic of binary evolution channel leading to the formation of an emission line star. Shown are the
states of pre-interaction, mass transfer, Be + stripped star binary and Be-Xray binary.

1.8 Context of this thesis

This thesis investigates the formation channels of classical emission line stars from a theoretical perspect-
ive to determine the contributions of each channel to the observed populations. The previous evolution of
a star offers strong constraints on its future evolution and so studying the formation channels of classical
emission line stars enables us to enrich our understanding of several distinct areas of astrophysics,
especially as emission line stars represent a large proportion of massive stars (Milone, Marino et al.,
2018; Bodensteiner, Sana et al., 2020; Schootemeijer, Lennon et al., 2022). Diverse phenomena such as
supernovae, gravitational wave events, star-disc interactions, stellar winds and galactic chemical evolution
to name but a few can be illuminated by the study of classical emission line stars.

The defining feature of an emission line star is assumed to be its fast rotation and the origin of this fast
rotation shall be studied. Theoretical predictions of emission line star populations resulting from both the
single and binary formation channels shall be confronted with observations. Furthermore, the distinct
uncertainties plaguing each formation channel shall be explored; namely stellar winds for the single star
channel and mass transfer efficiency for the binary channel.

1.8.1 The single star path to Be stars

Chapter 2 explores the single star Be production channel. The evolutionary models of rotating single
stars from Brott, de Mink et al. (2011) are used to investigate the factors affecting the evolution of a
single star’s rotation. The strength of stellar winds and the size of the convective core are found to be the
key factors governing spin evolution. Trends in initial mass and metallicity are explored.

Using a distribution of observed rotation velocities from the Small Magellanic Cloud, the spin evolution
is followed for members of a synthetic population. The synthetic population is coeval and hence represents
a young open star cluster. By assuming different minimum fractions of critical velocity for the emission
line phenomenon, emission line stars within the synthetic population are highlighted and their positions
in the colour-magnitude diagram are predicted.

The synthetic population is compared with observations of the young open cluster NGC 330, in which
emission line stars are seen as Hα emitters. It is found that the models can only explain the observed
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number of emission line stars located near the cluster main-sequence turn-off if the criteria to show
emission features is relaxed to 70% of the critical velocity. The models are not able to explain the
significant presence of Hα emitters up to two magnitudes below the turn-off. This failure leads to the
conclusion that the single star channel cannot be the sole formation mechanism of emission line stars.

1.8.2 A Stringent upper limit on Be star fractions produced by binary interaction

Motivated by the findings of Chapter 2, focus is turned to investigating whether the binary evolution
channel alone can explain the population of emission line stars in NGC 330. Several distinct uncertainties
such as mass transfer efficiency and the occurrence of mergers make the predictions from detailed
evolutionary binary models unreliable.

Chapter 3 details a simple analytic toy model of binary evolution in which every binary system is
assumed to form a Be star. The model deliberately produces the largest possible numbers of Be stars.
Using such extreme assumptions is helpful as it provides an upper limit that can gauge the binary Be star
production channel with nature.

The number of Be stars at the main-sequence turn-off of the open cluster NGC 330 is described well
by the upper limit. Below the turn off however, the toy model over-predicts the numbers of Be stars. The
model is corrected to match the Be star population along the main-sequence by assuming that certain
binary systems merge and hence do not produce Be stars. Chapter 3 concludes that binary evolution
can in principle accurately mirror the Be star populations in nature, although extreme assumptions are
required which might not be realistic.

1.8.3 A model of anisotropic winds from rotating stars for evolutionary calculations

A significant uncertainty in a single star’s ability to evolve towards the critical velocity is stellar winds.
Stellar winds drain angular momentum and hence effect a star’s spin evolution. Chapter 4 investigates
the relationship between rotation and mass and angular momentum loss through stellar winds.

Rotation introduces a centrifugal force whose strength varies over the stellar surface. This results in
rapidly rotating stars becoming oblate and having spatially variable surface properties. Stellar winds
depend on the surface properties, hence it follows that the winds of rotating and non-rotating stars are not
identical. Evolutionary models, such as those used in Chapter 2, make simple assumptions about the
mass-loss rates of fast spinning stars, ignoring the two dimensional geometry of a rotating star. Hence
the spin evolution predicted by such models is uncertain.

This uncertainty is alleviated by the work contained in Chapter 4. A prescription for calculating the
mass and angular momentum loss rates of a distorted star is developed. The prescription is designed
to be easy to implement in one-dimensional stellar evolution codes and exploits theoretical mass-loss
recipes for non-rotating stars. The mass-loss recipe is applied locally to every point on the stellar surface
to calculate a surface mass flux which is then integrated to give global mass and angular momentum loss
rates.

It is predicted that mass-loss rates are largely insensitive to rotation. The new prescription suggests that
angular momentum loss rates have thus previously been slightly overestimated in evolutionary models
such as those of Brott, de Mink et al. (2011). This may imply that the single star Be production channel
is more viable than previously thought, however adopting the improved prescription does not greatly
alter the spin evolution of the models presented. This gives confidence in the conclusions of Chapter 2
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1.8.4 Constraints on mass transfer physics from Be + stripped star binaries

Binary star evolution also suffers from distinct uncertainties. Chapter 5 attempts to constrain some of
these uncertainties through a comparison of binary evolution calculations to observations of Be + stripped
star systems.

During mass-transfer, the path that material takes once it has left the donor is not well known. It may
either be efficiently accreted onto the accretor star, or be ejected entirely from the system. Previous
studies have argued that both cases are realised in nature (de Mink, Pols and Hilditch, 2007). The
efficiency of mass-transfer can severely alter the evolutionary pathway of the accreting star, as well as the
orbital properties of the binary, making mass-transfer efficiency one of the largest uncertainties in binary
evolution. Furthermore, when mass-transfer is inefficient, it is not clear how much angular momentum
leaves the binary. Angular momentum loss affects the orbital evolution of the system, and high angular
momentum loss can lead to the coalescence of the two stars.

Be + stripped star systems are in the stage just after mass-transfer has terminated and before the
stripped star either explodes as a supernova or forms a white dwarf. This short lived state offers the
clearest window onto the mass-transfer process because the system has not yet been affected by a
supernova kick or the formation of a planetary nebula.

"Extremely rapid" binary evolution calculations are performed, whereby only the mass and orbital
period of the system is followed during mass-transfer, over a large parameter space. The calculation
results are compared with observations of three Be + stripped star systems to determine the most likely
parameters governing mass-transfer.

Mass-transfer efficiencies are found to be in the range 30-50% and angular momentum loss is found to
be weaker than the commonly adopted isotropic re-emission scenario. These results can guide further
study and influence the design of the next generation of detailed binary evolution models.
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Summary

Be stars, also known as classical emission line stars, are a class of rapidly rotating B main sequence stars, which show line
emission due to an out-flowing disc. Despite these stars making up an appreciable fraction of the massive star population,
the origin of their rapid rotation is not well understood. One possibility is that Be stars are single stars which were born with
sufficient angular momentum to allow for fast rotation during their evolution. The study of rotating single star models allows us
to assess the contribution of single stars to the observed Be star populations, as well as study the factors governing a single
star’s spin evolution.

We analysed a dense grid of stellar models with initial masses ranging from 3 to 30 solar masses and initial equatorial
velocities spanning 0 to 600 km/s at three chemical compositions representing the Milky Way, Large and Small Magellanic
Clouds. The models include efficient core-envelope coupling mediated by internal magnetic fields. This has the effect of
ensuring near solid-body rotation and results in larger rotational velocities over the stellar lifetime than models without such
coupling.

Internal structural changes during hydrogen burning cause a rotating stellar model to evolve towards the critical velocity, at
which gravity balances the centrifugal force at the equator. The factors governing this evolution were found to be stellar wind
mass-loss and the size of the convective core. Stellar winds remove both mass and angular momentum, so it is clear that strong
winds will cause a rotating star to spin down due to the loss of angular momentum. A large convective core enables a star to
maintain its surface rotation. As a star evolves, the surface expands, while contrastingly, the convective core contracts. Local
conservation of angular momentum demands the the core spins up and the surface spins down. However, under solid-body
rotation, angular momentum must be transferred from the core to the surface. This transfer allows the surface to maintain a high
rotation rate. Increasing initial stellar mass brings about a larger convective core, but more massive stars also host stronger
winds. Lower mass stars have weak winds, but very small convective cores. In between these two regimes exists a “Goldilocks
zone” where the approach to the critical velocity is most effective. It was found that this occurs for stars with an initial mass of
approximately 17 solar masses.
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An empirical distribution of initial rotational velocities was used to produce a synthetic population that was designed to
represent young open clusters. Positions of fast rotators were predicted in the colour-magnitude diagram. Assuming different
threshold rotation rates to define a Be star, the Be star fraction in various regions along the main-sequence was determined.

The single star models can reproduce the trends observed in Be star fractions with metallicity and cluster age. Higher
atmospheric opacities brought about by an increased proportion of metals allow for effective momentum exchange between
radiation and gas. Thus metal rich stars suffer from strong winds and spin down quickly. Older clusters contain less massive
stars, with smaller convective cores and hence are not able to effectively maintain rapid rotation throughout their evolution.

The colour-magnitude diagram of the Small Magellanic Cloud cluster NGC 330 was directly compared to the synthetic
population. It was found that the high numbers of Be stars at the main-sequence turn-off can only be explained if the threshold
rotation rate for the emission line phenomenon is relaxed to 70% of critical rotation. The high incidence of Be stars up to two
magnitudes below the turn-off cannot be explained by the synthetic population, irrespective of the chosen threshold rotation rate.
Although many of the more evolved Be stars may originate from single star evolution, none of the significant population of
unevolved Be stars can be explained by single rotating stellar models.

It is thus concluded that the single star channel does not act alone in the production of Be stars and that the binary channel
must play role, especially for the relatively unevolved stars away from the main-sequence turn-off.
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2.1 Introduction
Ever since their discovery over 150 years ago (Secchi, 1866), Be stars have offered a promising, although misted window into
massive star evolution and structure. It was proposed by Struve (1931) that Be stars are fast rotators, whose emission lines
originate from a circumstellar decretion disc, a picture which is maintained until today (Rivinius, Carciofi and Martayan, 2013).
Yet, it is still not clear how fast a B-type star must rotate in order to become a Be star.

For a decretion disc to form, the equatorial rotation velocity 3rot is expected to be a significant fraction of the critical rotation
velocity, vcrit, defined as the rotation velocity at which material at the equator becomes unbound from the star. Observational
evidence suggests that the threshold rotation rate for the Be phenomenon is mass dependant, and could be as low as 3rot/3crit =

0.6 for stars more massive than 8.6 M� and as high as 3rot/3crit = 0.96 for stars with M < 4 M� (Huang, Gies and McSwain,
2010). Similarly Zorec, Frémat, Domiciano de Souza et al. (2016) find that the Be phenomenon is characterized by a wide
range of true velocity ratios (0.3 < 3rot/3crit < 0.95) and that the probability that Be stars are critical rotators is small. In this case
one must look for an additional mechanism to feed the Be disc. Pulsations seem promising as they can serve to kick matter
from the surface of a star, however it is found that not all Be stars pulsate (Baade et al., 2002) and that among those that do
there is a wide range of pulsation frequencies and types (Rivinius, Carciofi and Martayan, 2013). Another possibility is that the
disc is fed through outbursts of magnetically active starspots, similar to coronal mass ejections as seen in the Sun, as suggested
by Balona and Ozuyar (2019) based on recent TESS results.

On the other hand, Townsend, Owocki and Howarth (2004) have argued that all Be stars in fact rotate very close (3rot/3crit >

0.95) to the critical velocity, with those which have low measured rotation rates being strongly affected by gravity darkening.
Following the Von Zeipel law (von Zeipel, 1924), gravity darkening in a fast rotating star makes the stellar pole, which has a
low rotational velocity, more luminous than the equator which has a high rotational velocity, resulting in the star appearing as
though it is rotating slower than in reality.

A further question surrounding Be stars is why the phenomenon seems to be restricted mostly to B-type stars and why Be
stars are more common in certain spectral classes than others. Observations in the Milky Way show that the fraction of Be stars
in a certain spectral class varies across spectral type with the most Be-stars found at B1-B2 classification, where the Be fraction
is 34% while in comparison the Be fraction for B9 stars is 8% and the total fraction of Be stars to B stars was measured to
be 17% (Zorec and Briot, 1997). Furthermore, Oe stars seem to be rather rare, with less than 20 having been detected in the
Milky Way (G.-W. Li et al., 2018). It is not clear whether this is caused by processes within O stars themselves, the mechanisms
responsible for forming a disc around a fast rotating star, or the conditions under which very massive stars form.

The existence of around 150 (Raguzova and Popov, 2005) detected binary systems consisting of a Be star and a compact
object (so called Be/X-ray binaries) demonstrates that binary interactions can spin up a star significantly (Kriz and Harmanec,
1975; Pols et al., 1991a; Liu, van Paradijs and van den Heuvel, 2006; Langer, 2012). In order to build a full model of the Be
phenomenon, binary evolution must be as well understood as the channels for forming single Be stars.

van Bever and Vanbeveren (1997) used binary star evolution calculations to predict that at most 20% of the Be star population
results from binary interactions. Despite this, observations of surface nitrogen abundances in Magellanic Cloud Be stars are in
disagreement with fast rotating single star models (Dunstall et al., 2011). Thus questions such as, which is the dominant Be star
formation channel and what are the differences between the single and binary Be population remain open.

Considerable efforts have been made to predict the relative fractions of Be stars through single star modelling, most notably
by Ekström et al. (2008). These models include coupling between core and envelope by hydrodynamic viscosities through the
shear instability. However, a stronger coupling may be produced by internal magnetic fields known as the Tayler-Spruit dynamo
(Spruit, 2002) which produces very efficient angular momentum transport throughout the star so that near solid-body rotation
occurs. The models analysed here include such effects, and therefore employ the maximum efficiency of spinning up the surface
layers due to the core contraction during hydrogen burning, which is a key factor to produce single Be stars. At present the
Tayler-Spruit dynamo is used to explain relatively slow rotation rates in white dwarfs (Suijs et al., 2008) and young pulsars
(Heger, Woosley and Spruit, 2005).

In Section 5.3 the models are introduced and our approaches are outlined. In Section 5.4, models from the grid are analysed
under conditions of fast and slow rotation for MW and SMC metallicities, the factors governing the approach to the critical
velocity are investigated and the expected surface nitrogen abundances of Be stars is investigated. In Section 2.4, population
synthesis is performed to calculate the expected fractions of single Be stars in clusters of differing ages and metallicities and
predict the positions of fast rotating stars in the colour-magnitude diagram.

2.2 Method

2.2.1 Stellar models
We analyse the single star evolutionary models of Brott, de Mink et al. (2011) to predict the properties of rotating single stars
throughout their main-sequence evolution. We consider masses from 3 M� to 30 M� at various initial rotation velocities ranging
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from zero to approximately 600 km s−1. Because the model grid is spaced in initial rotational velocities, but the initial critical
rotation velocity increases with mass, our grid does not contain models with initial values of 3rot/3crit greater than around 0.7 for
initial masses greater than 25 M�.

Three initial chemical compositions represent metallicities of the Milky Way (MW), Large Magellanic Could (LMC) and
Small Magellanic Cloud (SMC). The models include internal transport of angular momentum via the Taylor-Spruit dynamo
(Spruit, 2002) which has the effect of enforcing near solid-body rotation throughout most of the main-sequence evolution. The
adopted mass-loss scheme is given by Vink, de Koter and Lamers (2000). An enhancement of the mass loss due to rotation is
used as outlined in S.-C. Yoon and Langer (2005), whereby the mass loss rates are increased by a factor depending on the ratio
of the rotation velocity to the critical velocity like

Ṁ(Ω) = Ṁ(0)
(

1
1 − 3rot

3crit

)0.43

(2.1)

where

3crit =

√
GM

R
(1 − Γ) ; Γ =

κL
4πcGM

. (2.2)

For a detailed description of the models see Brott, de Mink et al. (2011).

2.2.2 Population synthesis

To predict properties of populations of rotating stars we use population synthesis to model open star clusters (i.e. collections of
coeval stars without any continuous star formation) at various ages. For a cluster age t, we select pairs of random values from a
Salpeter initial mass distribution (with exponent 2.35) and a distribution of initial critical velocity fraction, Mi and 3rot/3crit i.
Then we find the masses, M1,M2 on the model grid that are straddling the chosen mass value, such that M1 < Mi < M2. For
M1 and M2 we interpolate the hydrogen burning lifetimes, tMS as a function of initial critical velocity fraction to obtain the
hydrogen burning lifetimes at the chosen value, 3rot/3crit i. Next the hydrogen burning lifetime, tMS ,i, of a model with mass Mi
and initial rotation 3rot/3crit i is found by interpolating between the hydrogen burning lifetimes of M1 and M2. The fractional
lifetime is then given by t/tMS ,i. If the fractional lifetime is greater than 1, the star will not be hydrogen burning anymore so
the process is abandoned and new samples are drawn. We then select models with masses M1 and M2 at fractional hydrogen
burning times t/tMS ,i. An interpolation of the quantity of interest, Q across initial critical velocity fraction gives the values
of Q for masses M1,M2 with initial rotation 3rot/3crit i and fractional hydrogen burning time t/tMS ,i. One final interpolation
between M1 and M2 gives the predicted quantity of the selected mass Mi at the given cluster age. The quantities of interest are
luminosity, critical velocity fraction at the current time and effective temperature.

The initial rotational velocity distribution used was taken from VLT-FLAMES observations of early B stars in the 30 Doradus
region of the LMC (Dufton, Langer et al., 2013) and is shown in Fig. 2.1. The deconvolved distribution of equatorial rotational
velocities was converted to a distribution in critical velocity fraction by applying a mapping between the two as determined from
the 15 M� LMC models at ZAMS and then normalizing such that the integral over the whole probability density function equals
unity. It is noted that for the heaviest masses on the grid, the distribution extends beyond its limits. When such a massive, very
fast rotating star is chosen from the distributions, instead the fastest rotator in the grid is used. Observations in 30 Doradus show
that no O stars are observed to rotate with deconvolved equatorial velocities much greater than 500 km s−1 (Ramirez-Agudelo,
Simón-Diaz et al., 2013; Dufton, Dunstall et al., 2011). For a 25 M� star to rotate at a critical velocity fraction of 0.7, it would
require an equatorial rotation velocity of the order 700 kms−1. It is thus safe to assume that O stars do not enter the ZAMS with
initial critical velocity fractions much greater than 0.65, or that if they do, they spin down very quickly.

We note that adopting the observed distribution of rotational velocities of Dufton, Langer et al. (2013) as the initial velocity
distribution for stars in our synthetic populations may introduce an inconsistency, since the the sample of Dufton, Langer et al.
(2013) consists of field stars of all ages. However, as discussed in Dufton, Langer et al. (2013) (see also Sect. 3.1 below), the
rotational velocities of the considered single stars are expected to change very little during their main sequence evolution. If
binary evolution affects this distribution de Mink, Langer, Izzard et al., 2013, then we would overestimate the number of stars
which are born rotating very rapidly. In this case, the predicted number of Be stars from our models may be considered as upper
limits.

To compare the models with observations of the SMC open cluster NCG 330 (Milone, Marino et al., 2018) in the colour-
magnitude diagram, the bolometric luminosities and effective temperature are converted to absolute magnitudes in the Hubble
Space Telescope Wide-Field Camera 3 filters F814W and F336W by interpolating tables based on synthetic stellar spectra
(Girardi et al., 2002). The values of distance modulus and reddening adopted are (m − M) = 18.92 and E(B − V) = 0.06
respectively. The absorption coefficients used are AF814W = 2.04E(B − V) and AF336W = 5.16E(B − V) (Milone, Bedin et al.,
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Figure 2.1: Deconvolved rotation distribution of early B stars as observed by VLT-FLAMES Survey (Dufton et al.,
2013). The distribution was converted to 3rot/3crit using 15 M� LMC models at ZAMS. The upper scale shows how
the critical velocity fraction values, 3rot/3crit match to the equatorial velocities, 3rot.

2009). The effects of gravity darkening are included as described by Espinosa Lara and Rieutord (2011), whereby the effective
temperature and luminosity of a star are multiplied by parameters that depend on the inclination angle and fraction of angular
critical velocity. Then using these corrected effective temperature and luminosity values, we calculate the absolute magnitudes
as described above. The inclination angles, i , in our synthetic population are chosen such that cos(i) is uniformly distributed
between 0 and 1, meaning that it is more likely to observe any given star equator-on than pole-on. Such a distribution describes
a random orientation of the rotation axis.

2.3 Results

2.3.1 Spin evolution
During the evolution of a slowly rotating star during core hydrogen burning, a strong chemical gradient develops between the
convective core and the radiative envelope. The core density increases, and as a reaction the envelope must expand in order to
maintain hydrostatic and thermal equilibrium. Eq. 2.2 shows that as the stellar radius increases, the critical velocity decreases,
thus during main-sequence evolution, the critical velocity will fall.

In the absence of internal angular momentum transport, as core density increases, the local conservation of angular momentum
will demand that the angular velocity of the core increases. Likewise as the envelope expands, the angular velocity of the
envelope will decrease. This results in an angular velocity gradient developing between the convective core and radiative
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Figure 2.2: Evolution of equatorial rotational velocity 3rot (thick dot-dashed), critical velocity 3crit (dashed) and
the critical velocity fraction 3rot/3crit (solid red) for 5 M� (panels a, b), 15 M� (panels c, d) and 25 M� (panels e, f)
models at MW metallicity (panels a, c, e) and SMC metallicity (panels b, d, f). The initial critical velocity fraction
values are all approximately 0.6. The X-axis indicates the fractional main sequence lifetime, t/tMS .

envelope. However when the core and envelope are coupled via angular momentum transport, angular momentum is transported
from the core to the envelope, decreasing the angular velocity gradient throughout the star. The physical processes responsible
for the angular momentum transport in the models studied here are magnetic torques arising from the Tayler-Spruit dynamo
(Spruit, 2002), which leads to near solid body rotation. While the envelope is expanding and the star is rotating as a solid body,
the critical rotation velocity will decrease while the equatorial rotation velocity drops only slowly or even increases (see Section
2.3.3).

Fig. 2.2 gives examples of the evolution of critical velocity, equatorial velocity and fraction of critical velocity during
main-sequence evolution for MW and SMC models of initial masses 5,15 and 25 M�. All models in the plot have an initial
critical velocity fraction of approximately 0.6. Although the less massive models have slower equatorial velocities, they also
have lower critical velocities (because of a relatively weak dependance on radius with mass), making the critical velocity
fraction nearly the same for all models in the plot. It is seen that for the 5 M� models the equatorial rotation velocity remains
nearly constant, while the critical velocity decreases. For the 15 M� models, the equatorial rotation velocity increases due to
the effects of angular momentum transport. As a result, the critical velocity fraction is generally increasing during hydrogen
burning such that the stars are evolving closer to critical rotation, unless angular momentum is drained at a high rate due to
mass loss (see Section 2.3.2).

2.3.2 The effect of mass loss

The dominating effect of mass loss through stellar winds is to remove angular momentum, not mass. This is so because even in
the absence of magnetic fields, the rate of angular momentum loss relative to the total angular momentum is about 10 times
larger than the rate of mass loss relative to the stellar mass (Langer, 1998). Thus a star’s mass-loss may strongly affect the spin
evolution.

Panels a, c, e of Fig. 2.2 show that models at MW metallicity experience a turn-over in the evolution of their critical velocity
fraction. This is because in the late stages of hydrogen burning, the star’s mass-loss rate increases significantly which has the
effect of removing angular momentum from the surface at a rate which cannot be compensated by internal angular momentum
transport mechanisms, meaning that solid body rotation is no longer a good approximation and the equatorial velocity decreases.
This period of strong mass-loss is caused by the iron opacity bistability in which partial recombination of Fe ions at effective
temperatures of around 22kK causes a sharp increase in opacity and hence mass-loss (Lamers, Snow and Lindholm, 1995).
This behaviour is strongly dependant on metallicity and so weaker in the SMC or LMC models. Comparing Panels c and d of
Fig. 2.2, it can be seen that despite both MW and SMC models starting with approximately equal critical velocity fractions, the
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SMC model achieves a much larger critical velocity fraction at the end of the main-sequence. This comparison between MW
and SMC models illustrates the effect of mass-loss on the approach to the critical velocity.

Fig. 2.3 shows the ratio of angular momentum at the end of hydrogen burning to the initial angular momentum for models of
varying mass and initial critical velocity fraction for MW and SMC models. It is clear that almost every SMC model loses much
less angular momentum than the corresponding model at MW metallicity. The exceptions are fast rotating massive SMC models
which undergo quasi-chemically homogeneous evolution, and during so become very luminous which leads to increased mass
loss rates. For SMC models one may judge that mass-loss becomes irrelevant to the angular-momentum budget below masses
of around 10 M�, where most models (except very fast initial rotators, say with 3rot/3crit > 0.7) retain more than 90% of their
angular momentum. For MW models we see that only slowly rotating models less massive than 5 M� retain more than 90%
of their angular momentum. As expected, the effect of mass-loss is strongly metallicity dependant. It is also seen that below
15. . . 20 M�, angular momentum loss becoming less dependant on mass.

Fig. 2.3 shows that for any given mass the fraction of angular momentum lost is a strong function of the initial rotation. For
example a 5 M� model at MW metallicity can lose between 2 and 30 % of its initial angular momentum. One contributing factor
is the lifetime effect, whereby under the effects of rotation, rotational mixing causes hydrogen to be mixed into the centre of the
star and so hydrogen burning can continue for a longer time. For all of our models, the hydrogen burning lifetime enhancement
between the non-rotating model and that with an initial rotation velocity of 600 km s−1 never exceeds a factor of 1.5. Thus for
models losing only small fractions of their total angular momentum as slow rotators (such as low mass MW metallicity models
and all SMC metallicity models), the lifetime effect cannot explain wholly the increase in angular momentum loss.

Another effect is rotationally enhanced mass loss. As a star approaches the critical rotation velocity, material at the equator
becomes less tightly bound due to the centrifugal force, thus one would expect angular momentum lost through winds to
increase with rotation velocity. In the models this is governed by Eq. 2.1. With 3rot/3crit = 0.8, the mass loss rates are doubled, so
rotationally enhanced mass loss plays only a large role when very high critical rotation fractions are achieved. As an example the
5 M� models at MW metallicity in Fig. 2.3 show that in the range of initial 3rot/3crit from 0 to 0.4, the total angular momentum
lost is almost the same. However when approaching critical rotation, the enhancement factor becomes divergent, so models
rotating near the critical velocity experience tremendous mass loss.

A further effect of rotationally induced mixing is to increase the overall mean molecular weight, µ in the star, compared
to models with no rotationally induced mixing. Homologous models suggest a strong dependance on luminosity with mean
molecular weight such that L ∝ µ4 (Kippenhahn and Weigert, 1990). In turn, mass-loss rates are dependant on the luminosity,
for the wind prescription used in the models the dependance is approximately Ṁ ∝ L2 (Vink, de Koter and Lamers, 2000). Thus
rotationally induced mixing leads to higher mass loss and angular momentum loss. For models which experience quasi-chemical
homogeneous evolution, where the star can become a helium star, this effect becomes very apparent. Models which undergo
quasi-chemical homogeneous evolution for the duration of hydrogen burning (defined by a monotonically increasing surface
helium mass fraction) are marked with black circles in Fig. 2.3. Similarly models which undergo a phase of quasi-chemical
homogeneous evolution (defined by having a slowly increasing difference between surface and central helium mass fraction
for longer than one third of the hydrogen burning lifetime) are marked by a red circle. Although these models do not have
high initial critical rotation fractions, they still lose large fractions of their angular momentum. Quasi-homogeneous evolution
occurs more readily in the lower metallicity models because mass loss being a strong function of metallicity, so the MW
metallicity models slow down relatively quickly, rotational mixing becomes less effective and the homogeneous evolution stops
(S. .-.-C. Yoon, Langer and Norman, 2006).

2.3.3 The effect of convective core mass

During the main-sequence evolution of a massive star, the convective core contracts while the radiative envelope expands. The
conservation of angular momentum will therefore demand that in the absence of any internal angular momentum transport, the
convective core and radiative envelope increases and decreases respectively their overall angular velocity (i.e. the core "spins
up" while the envelope "spins down"). This tells us that to enforce solid body rotation during core contraction and envelope
expansion, angular momentum must be transported from the core to the envelope. This is achieved by magnetic interactions
which transport angular momentum along the angular velocity gradient within the star.

Let us now consider two extreme examples. In a rotating star with a negligible envelope mass, the core will dominate the
angular momentum budget. Thus to maintain a constant rotational velocity during envelope expansion, a relatively low angular
momentum transport rate is required. On the other hand, for an envelope dominated star to rotate at a constant velocity while the
envelope is expanding, the angular momentum transport rate from core to envelope must be high. It is then likely that internal
angular momentum transport mechanisms are unable to meet this demand, and as a result the rotational velocity of the stellar
surface will decrease due to the effect of local angular momentum conservation.

In our models, there is an inner region of the star from which angular momentum is being transported and there is an outer
region which the angular momentum is being transported to. Inbetween these regions there must be a point which neither gains
nor loses any specific angular momentum. The location of this angular momentum "valve" will give an indication as to the
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Figure 2.3: Fraction of angular momentum at the end of hydrogen burning L f inal, to angular momentum at the start
of hydrogen burning Linitial, as a function of mass for MW (top) and SMC (bottom) metallicities. The colour of the
points represents the initial critical velocity fraction 3rot/3crit . Models with a growing helium surface abundance
throughout the duration of their evolution are marked by a black circle. Models with a growing helium surface
abundance for part of their evolution are marked by a red circle.36
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Figure 2.4: a-b: Specific angular momentum (solid lines) and hydrogen mass fraction (dotted lines) profiles for
two SMC models of masses 5 and 15 M� and initial equatorial velocities of 370 and 470 kms−1 respectively. These
are the same models plotted in panels b & d of Fig. 2.2 and both models have initial critical velocity fractions of
around 0.6. Profiles are plotted for models where central helium mass fraction is 0.45 (black) , and 0.91 (orange).
c: For each model in panel a & b the fractional difference in specific angular momentum is plotted between the two
times. The blue line represents the 5 M� model,the orange the 15 M� model. The dotted red line gives a reference
for no angular momentum transport. The X-axis in all plots indicates the fractional mass co-ordinate.

strength of the core mass effect as discussed above. Figs. 2.4. a, b show the specific angular momentum profiles of a 5 and
15 M� model at one time early in their evolution and one time near the end of hydrogen burning. Hydrogen mass fraction
profiles are plotted to show how advanced the evolution is. The models shown are the same as in Figs. 2.2b,d and have equal
initial critical velocity fractions of 0.6. It can be seen that there is a point for each mass at which the specific angular momentum
does not change.

Figure 2.4.c shows this more clearly, where the difference in angular momentum at both times, divided by the angular
momentum at the earlier time, ∆ j/ j1, is plotted. Here, regions where angular momentum is gained have a positive value,
whereas regions were angular momentum is lost have a negative value. For the more massive model, the point with a constant
specific angular momentum is closer to the star’s edge than for the less massive model. For the 15 M� model, approximately
90% of the total mass is acting as a donor of angular momentum, while for the 5 M� mode the figure is 80%. Using the
arguments above, therefore the 15 M� model will approach the critical rotation velocity more easily. Furthermore by inspecting
the area under the curves, in the region where ∆ j/ j1 is positive in Fig. 2.4.c one can determine how much relative angular
momentum is gained. For example, if a region from m

M = mi to m
M = 1 had doubled its total angular momentum, the integral∫ 1

mi
∆ j/ j1d( m

M ) would be equal to (2 − 1)(1 − mi). Fig. 2.4.c shows that the relative angular momentum gain of the matter in the
envelope of the 5 M� model is greater than that of the 15 M� model. This tells us that to maintain near solid body rotation, a
relatively smaller amount of angular momentum must be transported in the more massive model.

2.3.4 The effect of efficient rotational mixing
When a star rotates initially at high velocities, quasi-chemically homogeneous evolution can occur. During such evolution,
rotational mixing is so efficient that any chemical gradient between core and envelope cannot develop, meaning that the radiative
envelope does not expand and the star’s radius remains roughly constant (Maeder, 1987; S. .-.-C. Yoon, Langer and Norman,
2006). However because the luminosity of a quasi-chemically homogeneously evolving star approaches the Eddington limit, the
critical velocity of such a star does decrease (through Eq. 2.2). Furthermore the increased luminosity causes a strong increase
in the mass-loss rate, meaning that the equatorial velocities of stars undergoing quasi-chemically homogeneous evolution are
likely to decrease with time. Thus such stars will evolve with a decreasing critical velocity fraction while quasi-chemically
homogeneous evolution occurs.

This behaviour is shown for 25 M� models in Figs. 2.2 e,f. It can be seen that the highest critical velocity fractions occur
during the early part of the stars’ lifetimes because the critical velocities (dashed lines) decrease relatively slowly while the
equatorial velocities (dot-dashed lines) fall due to angular momentum loss. In the MW model, quasi-chemically homogeneous
evolution is shutdown when the star reaches an age of around 80% of the hydrogen burning lifetime and from this point on
the star evolves normally and advances towards the critical velocity. The phase of quasi-chemically homogeneous evolution
ends because as the rotational velocity decreases, rotational mixing processes become less efficient and a chemical gradient
eventually develops in the star which provides a barrier to mixing through buoyancy forces (Heger, Langer and Woosley, 2000)
and effectively "turns off" quasi-chemically homogeneous evolution.

For a star to evolve to a high critical velocity fraction, it must have a significant initial rotation velocity but also be rotating
slowly enough to avoid quasi-chemically homogeneous evolution. As the minimum rotation rate required for quasi-chemically
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homogeneous evolution decreases with increasing mass (S. .-.-C. Yoon, Langer and Norman, 2006), very massive stars rotate at
high critical velocity fractions for only very short fractions of their lifetimes, thus explaining the rarity of Oe stars.

2.3.5 Nitrogen enrichment

Here we address the question of whether or not Be stars formed through a single star evolving towards the critical velocity are
expected to show significant surface nitrogen enrichment, where nitrogen is the product of hydrogen burning and is brought to
the stellar surface through rotationally induced mixing. Fig. 2.5 shows the evolution of both surface nitrogen abundance and
critical velocity fraction as a function of the fractional hydrogen-burning lifetime. Displayed are models with initial masses 5,
15 and 25 M� with SMC, LMC and MW metallicities. As discussed by Brott, de Mink et al. (2011) the relative increase of the
nitrogen abundance goes down with increasing metallicity, therefore we see weaker nitrogen enrichment in the MW models
than the LMC or SMC models. It is also clear that rotationally induced mixing is more efficient in more massive stars, owing to
the effects of increased radiation pressure in more massive stars (Maeder, 1987; S. .-.-C. Yoon, Langer and Norman, 2006).

From the bottom panels of Fig. 2.5, we expect that in the Milky-way, nitrogen is never enhanced by much more than a factor
of 10 for models that rotate near the critical velocity. On the other hand, the LMC and SMC models that attain near critical
rotation velocities show surface nitrogen enhancements of at least a factor 10 and up to approximately a factor 30.

We therefore judge that single Be stars in the LMC should have surface nitrogen abundances ε = 12 + log(N/H) no smaller
than around 7.7, and in the SMC no smaller than around 7.4. In the Milky-way, we no not expect the single Be stars to have
outstanding nitrogen surface abundances.

2.4 Population synthesis results

2.4.1 Predicted fractions of Be stars

In this section, we discuss synthetic populations of coeval rotating single stars as described in Sec. 2.2.2. These results can then
be compared to the number of Be stars observed in young star clusters of various ages. From our models, we derive the fraction
of Be stars within one bolometric magnitude (assumed to be equal to one visual magnitude) of the turn-off. We consider a stellar
model to correspond to a Be star when its rotational velocity exceeds a predefined fraction of critical rotation. Figure 2.6 shows
the result as a function of age for various threshold critical velocity fractions and metallicities.

A striking feature of this plot is the maximum in Be fraction for all metallicities near 10 Myr. At t = 0 there are no Be stars
because, as discussed earlier, the initial rotation distribution prevents O stars entering the ZAMS with 3rot/3crit fractions greater
than around 0.7. The 30 M� models take approximately 5 Myr to evolve towards critical rotation, shortly after which point they
leave the main-sequence. From 5 to 10 Myr the Be fraction grows sharply as angular momentum loss from winds diminishes.
From 10 to 20 Myr the Be fraction falls because the of the core-mass effect as discussed in Section 2.3.3. Comparing the
hydrogen burning lifetimes of non-rotating MW models, it is found that populations with ages from 10 to 20 Myr have a main
sequence turn off mass of around 17 M�. These models are in a "Goldilocks" situation where they are massive enough to have
an appreciable convective core but not so massive to lose large amounts of angular momentum.

Furthermore we see that the Be fraction increases at earlier times for the lower metallicity models and that there is a clear
trend in metallicity which shows that single Be stars become more common with decreasing metallicity. Both of these features
are a result of the fact that the strength of angular momentum loss is metallicity dependant as discussed in Section 2.3.2.

It is also found that the Be fraction is strongly dependant on the chosen Be criterion. When critical velocity fraction,
3rot/3crit of 0.7 is chosen as the Be criterion, we predict Be fractions in the Magellanic Clouds in the range 15 to 35%. Where as
when we restrict Be stars to being nearly critical rotators ( 3rot/3crit > 0.98), the Magellanic Cloud Be fraction lies in the range 0
to 10% and is almost 0 for population ages greater than 50 Myr.

2.4.2 Fast rotators in the colour-magnitude diagram

Using the procedure outlined in Section 2.2.2 we build synthetic colour-magnitude diagrams to indicate the expected positions
of fast rotators. Fig. 2.7 shows the colour-magnitude diagram positions and critical velocity fractions of our SMC models with a
coeval age of 35 Myr. Over plotted on our theoretical predictions are Hubble Space Telescope observations of the SMC cluster
NGC 330 (Milone, Bedin et al., 2009), We see that the nearly critically rotating stars are located very close to the turn-off, as
can be expected by the fact that our models only achieve high fractions of critical rotation near core hydrogen exhaustion (see
Figs. 2.2,2.1). Fig. 2.7 also shows the effects of gravity darkening, with the slowly rotating models almost confined to a single
isochrone while the fast rotators suffer strong gravity darkening and display a wider range of colours, due to a relatively large
spread in effective temperatures. Appendix B shows the same colour-magnitude diagram but ignoring the effects of gravity
darkening for comparison.
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Figure 2.5: Surface nitrogen enrichment factor, computed as the nitrogen mass fraction divided by the initial
nitrogen mass fraction as a function of the fractional hydrogen-burning lifetime, t/tMS for models with initial
rotational velocities between 0 and 600 km s−1 and initial masses 5, 15, 25 M� as marked in the plot. SMC, LMC
and MW compositions are shown in the top, middle and bottom panels respectively. The colour scale corresponds
to the critical rotation fraction, 3rot/3crit . For each metallicity, various nitrogen abundances, ε = 12 + log(N/H) are
displayed as dotted black lines with the value given in the left column plots.
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Figure 2.6: Fractions of stars rotating faster than various values of the critical rotation fraction, 3rot/3crit , as given in
the top left corner of each plot, in our synthetic coeval single star populations as function of their age. Considered
only are stars brighter than one bolometric magnitude below the main-sequence turn-off. Metallicities are displayed
as MW (black), LMC (blue) and SMC (green). For the top left panel the top scale gives the main-sequence turn off

mass for non-rotating MW models. Observations with error bars from Iqbal and Keller (2013) are shown as green
and blue stars for SMC and LMC observations respectively.

In the following analysis we shall assume that the Hα emitters in NGC 330 are Be stars. The observations in Fig. 2.7 show
that most of the observed Hα emitters are redder than the ordinary main sequence stars. This segregation is not a unique feature
to NGC 330, with many LMC and SMC clusters exhibiting the same trait (Milone, Marino et al., 2018). Telting et al. (1998)
have suggested through observations of Be stars whose spectra show rapid switching between containing emission lines and not,
that the decretion disc can contribute up to 40% of a Be star’s flux. Because our models do not include the contribution of a Be
star’s decretion disc to the observed fluxes, it is not meaningful to compare the colours of our fast rotating models with those of
observed Be stars. However, assuming that the error on the magnitudes of our synthetic Be stars is at most 0.35 mag, we may
consider the relationship between the relative number of Be stars and apparent magnitude.

Fig. 2.8 shows the Be fraction of our model predictions in F814W apparent magnitude bins for various threshold rotation
rates for stellar models to be considered a Be star. We see that our model Be stars are strongly biased to being located near
the main-sequence turn off, around mF814W = 15.4 mag, where depending on how fast we require a Be star to rotate, the Be
fraction is between 30 and 90%. Fig. 2.8 compares our model predictions to Be star counts in NGC 330 (Milone, Marino et al.,
2018). The observations show that in NGC 330 the Be fraction is approximately 0.6, and it remains rather constant within a
wide magnitude range of 17.0 to 15.6 mag. This result is quantitatively confirmed by a recent study of Bodensteiner, Sana et al.
(2019), who used MUSE spectroscopy to identify Be stars in the core of NGC 330.

Comparing our models with the observations, Fig. 2.8 reveals that when assuming that Be stars are required to rotate only at
70% or more of the critical rotation velocity, our single star models agree with the observed Be star count in NGC 330 at the
turn off region. However, they strikingly fail in two respects. Firstly, even adopting the least stringent threshold value for Be
stars, our models fail to produce the large number of observed Be stars. Secondly, our models can not reproduce the fact that the
Be star fraction in NGC 330 is constant over a range of 1.5 magnitudes.

Here, the second failure seems the worst. The total number of Be star can in principle be boosted by lowering the rotation
threshold for considering the models a Be star, or by adopting larger initial rotation velocities. However, it is an intrinsic feature
of the rotating single star models to increase the ratio of rotation to critical rotation velocity with time (Fig. 5; see als Ekström et
al. 2008) . Thus, it appears quite unlikely that single star evolution that the observed distribution of Be stars in NGC 330 can be
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Figure 2.7: Synthetic colour-magnitude diagram of a 35Myr star cluster at SMC metallicity, where each dot
represents one single star and the colour gives the critical velocity fraction, 3rot/3crit as indicated by the colour bar.
Gravity darkening is included assuming a random orientation of the rotation axis. Over plotted are observations of
SMC cluster NGC 330 (Milone, Marino et al., 2018), with H α emitters marked by orange squares and normal
stars as orange star symbols. The right panel shows the region indicated by the red box in the left panel. To convert
the models to apparent magnitudes a distance modulus of 18.92 mag and a reddening of 0.06 mag were used.

explained solely by single star evolution.

2.5 Discussion

2.5.1 Uncertainties

It is important to keep in mind that models are simply that and at some point they must fail to reflect the behaviour of real stars.
Martins and Palacios (2013) have found that the hydrogen burning lifetimes given by models studied here differ to those of
MESA models by approximately 15%. As this is merely a discrepancy in the clock, but not in the physical behaviour of the
models (Marchant, 2017a), this is concerning, but should not change the main results presented here.

Another issue is the treatment of mass-loss, which is a strong factor in determining a model’s evolution towards the critical
velocity. The mass-loss prescription used (Vink, de Koter and Lamers, 2000) was calibrated for models in the range 15-20 M�,
so it may be questionable whether this scheme is accurate for models outside this range. Furthermore the correct treatment of a
star rotating close to the critical velocity is complex. Near the critical velocity, two distinct winds are expected to form, a cold
equatorial wind (which carries away angular momentum) and a warm polar wind (which carries away less angular momentum).
It is not apparent which wind has the dominating effect, although the winds of models presented here always carry away angular
momentum. Eq. 2.1 demands that as a star approaches the critical rotation velocity, the mass loss rate becomes infinite. It can
also be questioned whether this is a correct treatment of the mass loss of a critically rotating star.

In the SMC, Rimulo et al. (2018) matched light-curve models to observations of 54 Be stars and determined that the typical
mass-loss rate of a Be star in the mass range 10 to 20 M� is of the order 10−10 M� yr−1. Our models predict that only stars with
initial masses less than around 10 M� have such mass-loss rates on the main-sequence. This discrepancy highlights the fact
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Figure 2.8: Histogram of the Be fraction of stars in SMC cluster NGC 330 (Milone, Marino et al., 2018) as a
function of apparent magnitude in the Hubble Space Telescope Wide-field Camera 3 filter F814W, mF814W plotted
as white columns. It is assumed that H α emitters are Be stars. Over plotted as coloured lines are our model
predictions in the same magnitude bins for various minimum rotation rates to be counted as a Be star, as given in
the legend.

that the models studied here are 1-dimensional and hence may struggle to represent accurately the mass-loss of a rotating star
(which is a 2-dimensional problem).

Our definition of a Be star is one that is rotating close to the critical velocity. However it would appear that nature has a
slightly different definition, with pulsations perhaps playing a role (Rivinius, Baade, Stefl, Townsend et al., 2001; Neiner and
Mathis, 2014). Pulsations could serve to kick matter off of the stellar surface and aid the formation of a circumstellar disc.
Observations with the CoRoT space telescope show that Be stars display pulsations that can transport angular momentum
through the star (Huat et al., 2009), thus affecting the evolution of rotation velocities. The interaction of rotation and pulsations
is out of the scope of this work and the results of such endeavours are eagerly awaited. Furthermore recent observations with
the TESS space telescope imply that the Be star disc could be fed by mass ejections from starspots (Balona and Ozuyar, 2019).
Be stars are complex objects, with rotation being a key ingredient of the Be phenomenon, but perhaps not the only one.

Our population synthesis results are dependant on the initial rotation distribution that is assumed. Whereas Dufton, Langer
et al. (2013) used high quality data, a large and unbiased sample of star, and corrected for effects as macro turbulence, other
rotational velocity distributions are available (Martayan, Frémat et al., 2006; Hunter et al., 2008; Huang, Gies and McSwain,
2010)While our quantitative results might change using one of them, we do not expect a change in the qualitative behaviour of
our results, which appears to be determined by the evolutionary factors discussed in Sect. 5.4

2.5.2 Comparison with previous models

The frequencies of single Be stars have been predicted from models by Ekström et al. (2008), Granada, Ekström et al. (2013)
and Granada, Georgy et al. (2016). A major difference between these sets of models and the models studied here is the inclusion
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of the effects of an internal magnetic field which strongly couples the core and envelope, which may increase the predicted
numbers of critically rotating stars.

Ekström et al. (2008) predict at solar metallicity and an age of 25 Myr the fraction of stars with a brightness of up to two
magnitudes below the turn-off and rotating at the critical velocity is 5%, compared to 0% found here. However when one looks
at the fraction of stars rotating faster than 3rot/3crit =0.7 at 20 Myr, Ekström et al. (2008) finds a Be fraction of around 15%,
compared to 8% found here. Both sets of models agree that at ages greater than around 40 Myr, almost no stars rotate at the
critical velocity. Ekström et al. (2008) used a Gaussian-like initial rotation distribution with a peak at Ω/Ωcrit = 0.6, which in
the Roche model corresponds to 3rot/3crit ≈ 0.4, and therefore is judged to be a similar initial rotation distribution to the one used
in this work. As demonstrated by Ekström et al. (2008) mass loss rates play a crucial role in the evolution of the surface rotation.
In our models above 10 M�, a turn over in 3rot/3crit is caused by strong mass-loss at late times (see Figure 2.2). When using the
R.-P. Kudritzki and Puls (2000) mass-loss scheme, Ekström et al. (2008) found this turn over not to occur, and so those models
spend more time at high 3rot/3crit values and so Be stars become more common. It is therefore concluded that mass-loss is just as
important as angular momentum transport in producing stars which rotate close to the critical velocity at galactic metallicity. At
Z = 0.002 (a metallicity similar to our SMC models) Ekström et al. (2008) calculate a maximum in Be fraction at an age of
10Myr of around 10%, in good agreement with the results presented here.

Both Ekström et al. (2008) and Granada, Ekström et al. (2013) find that Be stars should become rarer at lower metallicities,
which is in contradiction to the results presented here and the general trend seen by observers (Iqbal and Keller, 2013; Maeder,
Grebel and Mermilliod, 1999; Martayan, Baade and Fabregat, 2010).

2.5.3 Comparison with further observations

Iqbal and Keller (2013) observed Be star fractions within 1 visual magnitude of the turn-off in LMC and SMC clusters. Such
observations are directly comparable with Fig. 2.6, with the data over-plotted on our predictions. In clusters of ages from 7 to 8
Myr the Be fraction decreases from 15 % to 0 %. When defining the Be criterion to be 0.9 3rot/3crit , a similar behaviour is found
albeit at later ages. Iqbal and Keller (2013) also find that Be fractions increase with decreasing metallicity, in agreement with
our models.

Both Maeder, Grebel and Mermilliod (1999) and Martayan, Baade and Fabregat (2010) found that Be stars are three to five
times more frequent in the SMC than the galaxy, again in fairly good agreement with the model predictions. Martayan, Baade
and Fabregat (2010) reported that the distribution of Be star frequency across spectral types does not depend on metallicity. As
Fig. 2.6 shows similar trends for all metallicities, this behaviour is confirmed by the models.

Observations from Tarasov (2017) show that Be stars become most common in clusters with ages of 12-20Myr, in relatively
good agreement to the model predictions.

Golden-Marx et al. (2016) found that in the SMC the frequency of Oe stars is strongly peaked around spectral types O9.
Furthermore the Oe to O star fraction was measured as 0.26, compared to 0.03 for the MW. This measurement supports our
result that very few stars with high critical velocity fractions and ages less than 10Myr should be found in the MW, but are
found at lower metallicities (see lower Panels of Fig. 2.6).

Owing to the fact that the results of our population synthesis rely strongly on the adopted initial rotation distribution, one
may question whether it is appropriate to assume that stars in the MW and Magellanic Clouds have equivalent initial critical
rotation fractions. Whether the observed trends in Be fraction with metallicity are due to stellar evolution or a metallicity
dependant rotation distribution is not clear. If lower metallicity stars were to rotate significantly faster, rotationally enhanced
mass-loss would hinder the formation of Be stars at lower metallicities, therefore there is a limit to how much faster stars at
lower metallicities can rotate. Even though Penny et al. (2004) found no significant difference between rotational velocities
of O-type stars in the galaxy and Magellanic Clouds, Keller (2004) concludes that LMC stars are more rapidly rotating than
galactic stars. It is curious to consider that even if LMC stars have faster equatorial velocities, due to their compactness they
have larger critical velocities, and hence perhaps the same initial 3rot/3crit as galactic stars.

2.5.4 Comparing the single and binary star formation channels of Be stars.

Whereas in this work we focus on the single star formation channel for Be stars, it is evident that Be stars can also be formed
through close binary evolution. The main mechanism is spin-up by accretion, which is expected to occur as a consequence
of mass transfer (Langer 2012). The class of Be/X-ray binaries (Reig, 2011) provides strong support for this picture. Pols
et al. (1991a) showed through detailed models that Be stars may be produced by mass accretion from a companion star in
the course of close binary evolution. Using simplified binary evolution calculations, Shao and X.-D. Li (2014) demonstrated
that potentially a large enough number of them could emerge from binary evolution to explain the currently observed Be star
populations. In the following, we discuss several basic differences which can be expected between Be stars formed through
binary interaction compared to those formed through the single star channel.
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As we have seen above, when using the rotational velocity distribution of Dufton, Langer et al. (2013), it is difficult for
single star models to achieve very close to critical rotation (lower right panel of Fig. 2.6). To remedy this would require that
a significant fraction of stars is already born with near critical rotation. For low enough mass or metallicity, this group of
stars would the remain rapidly rotating throughout their main sequence life. Such a picture appears not to be supported by
observations (McSwain and Gies, 2005). Accordingly, single star evolution appears to be able to explain significant Be star
populations only if decretion discs could form also in stars rotating significantly below critical.

In mass transferring binary evolution models, this is different. The angular-momentum of the mass-gainer increases quickly,
such that critical rotation can be achieved after a relative mass increase of the mass gainer of 10% or less (Packet, 1981). During
mass-transfer there is no fine-tuning mechanism that switches off accretion when a given rotation rate is reached, instead the
only limit is critical rotation. Therefore, all mass transferring binaries where tides do not limit the spin-up of the mass gainer —
which is the vast majority — are expected to produce a critically rotating main sequence star (Langer, 2012). After the accretion
phase, the two mechanisms which affect the single stars, i.e., spin-down by mass loss and spin-up due to core contraction, will
also work in the spun-up mass gainer. Whereas the wind induced drain of angular momentum may spin down some of the most
massive mass gainers, the core contraction accompanying central hydrogen burning ensures that most of them remain at critical
rotation for the rest of their main sequence evolution.

Consequently, whereas single star evolution leads to an increase of the rotation velocity compared to its critical value in
many cases, the binary channel can produce a much larger number of stars living at critical rotation for a long time, compared
to the single star channel. Furthermore, Chen et al. (2020) find that the initial mass ratio limit for stable mass transfer leads
naturally to a restriction of binary-produced Be stars to within about two magnitudes of the cluster turn-off, which compares
well with observations when interpreting the Hα emitting stars in NGC 330 as Be stars (Milone, Marino et al., 2018).

A further important difference between the Be stars produced via single and binary evolution concerns their expected surface
abundances. As discussed above, the mass-gainer of a binary system may only accrete a small amount of mass to spin up.
In this case, only material from the outer envelope of the donor star is incorporated into the mass gainer. As this material is
generally not enriched in hydrogen burning products, one would expect that Be stars formed through the binary channel are
not significantly polluted by accretion. Detailed binary evolution models with LMC metallicity (Langer et al., 2020) suggest
that the surface nitrogen mass fraction of spun-up mass gainers is at most tripled compared to the baseline nitrogen abundance.
Additionally, the spun-up mass gainers had ordinary rotation rates before the mass transfer episode. As such, they established a
strong mean molecular weight barrier between core and envelope, which prevents any significant rotationally induced mixing
after their spin-up.

In Sec. 2.3.5 we argue that single Be stars ought to have much larger surface nitrogen enhancements (by as much as a factor
30; cf., Fig. 2.5). A diagnostic to discriminate single and binary Be stars would then be their surface nitrogen abundances.
Dunstall et al. (2011) find that in the LMC cluster NGC 2004, only two Be stars from a sample of 11 were measured to have a
nitrogen abundance ε = 12 + log(N/H) greater than 7.8, while the other 9 Be stars had ε less than 7.4. This observed bimodal
distribution supports the idea of the binary and single Be star formation channels producing populations with different nitrogen
enrichments, and would suggest that in NGC 2004 the binary formation channel dominates. Also Dunstall et al. (2011) found
that the nitrogen abundances of the majority of the LMC Be stars observed in the VLT-FLAMES Survey of Massive Stars are
not consistent with single star evolution. Also, the Be star NGC 330-B 12 was found to be almost devoid of nitrogen lines and
possessing a spectrum inconsistent with single star evolution models (Lennon et al., 2005), giving further evidence that Be stars
can be formed by binary interactions.

Finally we note that a key difference between Be stars produced by the two channels concerns their potential binary
companions. Since the initial rotational velocity distribution for single stars and stars in binaries appears to be similar (Ramirez-
Agudelo, Sana et al., 2015), we would expect a significant fraction of Be stars formed through the single star channel (i.e.,
without accretion-induced spin-up) to have unevolved main sequence companions. However, essentially no such stars are
known. Vice versa, whereas massive binary-produced Be stars may be single since they lost their companion when it produced a
supernova explosion, the lower mass binary-produced Be stars should all have evolved companions: subdwarfs or white dwarfs.
While those are very hard to detect (Schootemeijer, Götberg et al., 2018), recent studies of disc truncation of apparently single
Be stars suggest that indeed unseen companions are present in the majority of cases (Klement, Carciofi, Rivinius, Ignace et al.,
2019b).

2.6 Conclusions
We have identified and discussed three factors which affect a star’s evolution towards the critical velocity throughout main-
sequence evolution. Mass-loss through stellar winds has the effect of removing angular momentum from a star, and so hinders
the approach to the critical velocity. The fraction of convective core mass to the total stellar mass strongly affects the internal
angular momentum transport, which is crucial for an expanding envelope to maintain a fast rotational velocity. Lastly the
occurrence of quasi-chemically homogeneous evolution prevents the stellar envelope from expanding and thus critical velocity
decreasing, and also increases the angular momentum lost through stellar winds.
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When using an observed distribution of B star rotational velocities for constructing synthetic stellar populations, we find that
our single star models predict few stars rotating at near critical velocities, although we do predict as much as 35% of OB stars to
rotate with more than 70% of their critical velocity. We therefore conclude that if Be stars are near-critical rotators, then single
star models cannot explain the observed numbers of Be stars. In this case, most Be stars must be the product of mass-transfer in
binary systems.

If Be stars instead only rotate at say 70-80% of their critical velocity, then the observed Be star fractions can be reasonably
described by single star evolution (see Fig 2.6). However, in the ∼40 Myr old SMC cluster NGC 330, Be stars are observed in
significant numbers down to almost two magnitudes below the main-sequence turn-off. Independent of the rotation threshold
for the Be phenomenon, our single star models predict that Be stars should be located only in a narrow luminosity range near
the turn-off (see Fig 2.8), which disagrees with observations of NGC 330.

Whereas significant uncertainties remain, specifically in reconciling how stars that appear to rotate at 70% of their critical
velocity can still form decretion discs and why so few Be stars are observed to rotate near the critical velocity, it appears evident
that the observed Be star populations can not be explained by single star evolution alone, and that it may not be the dominant
channel for Be star formation. Nevertheless, single star evolution will contribute, most strongly so in the age range from 8 to
20 Myr, at least at sub-solar metallicity.

Furthermore, our single star models predict that the surfaces of rapidly rotating single stars should be contaminated with
freshly synthesised nitrogen, the more the faster the rotation. In spun-up mass gainers of binary systems, this is not necessarily
so. The observations of non- or weakly nitrogen enriched surfaces in several groups of Be stars therefore strengthens the
conclusion that the majority of these objects can not originate from single star evolution.
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Figure 2.1: Critical velocity fractions, 3rot/3crit as a function of fractional hydrogen-burning lifetime, t/tMS and
initial critical velocity fractions for models with masses of 5, 15 and 25 M� and SMC (top panels) and MW (bottom
panels) metallicities, as indicated in the figure. The colours indicate the critical velocity fraction, 3rot/3crit as given
in the legend.

Appendix

A Initial conditions required to reach near critical velocities

In Section 2.3.1 we have discussed the evolution of rotational velocities of various models, when the models all have the same
relative initial rotation rates. Here we explore how the approach to the critical velocity depends on the initial rotation rate by
performing interpolations between the models. Fig. 2.1 shows, for differing stellar masses and metallicities, the critical velocity
fraction as a function of time and initial rotation rate. The colour of each point on the plot shows the critical velocity fraction at
a particular fractional hydrogen-burning lifetime, t/tMS , and initial critical velocity fraction value. By following horizontal lines
in the plot, one traces the evolution of a single model through its evolution.

For 5 M� models at both SMC and MW metallicities, the star evolves generally towards higher critical velocity fractions.
This can be seen as one traces a horizontal line, one moves always into regimes of higher critical velocity fractions. The
exception is the 5 M� MW models with 3rot/3crit > 0.7, which at the end of hydrogen burning spin down through increased
rotationally enhanced mass-loss. Looking at 15 M� models at SMC metallicity, one sees also that there is a constant evolution
towards higher critical velocity fractions. On the other hand 15 M� models with MW metallicity evolve to higher critical
velocity fractions until around 80% of the hydrogen-burning lifetime, then they spin down due to angular momentum loss
through winds (as discussed in Sec. 2.3.2). The 25 M� models behave in a more complicated way because the initially very
fast rotating models can undergo quasi-chemically homogeneous evolution (as discussed in Sec. 2.3.4). In the right panels of
Fig. 2.1 one can see the two regimes according to whether or not the critical velocity fraction is increasing or decreasing. We
can see that for 25 M� MW models with initial 3rot/3crit ≈ 0.7, they evolve at first to lower critical velocity fractions then after
t/tMS ≈ 0.6 they begin to evolve towards higher critical velocity fractions. This occurs because initially the star is evolving
quasi-chemically homogeneously, during which time rotation rates and hence rotationally induced mixing efficiency drops until
quasi-chemically homogeneous evolution is shut down, at which point the star begins to evolve with an expanding envelope and
approaches the critical velocity. For similarly initially fast rotating SMC models the same behaviour does not occur due to the
weaker stellar winds at lower metallicities.

Fig. 2.1 also shows us that the models only reach critical rotation (the black areas in the figure) very near core hydrogen
exhaustion. Furthermore, when one looks at the minimum initial rotation rate required to reach near critical rotation, it decreases
with increasing mass due to angular momentum transport efficiency ( as discussed in Sec. 2.3.3).
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Figure 2.2: Synthetic colour-magnitude diagram of a 35Myr star cluster at SMC metallicity, where each dot
represents one single star and the colour gives the critical velocity fraction, 3rot/3crit as indicated by the colour bar.
Gravity darkening is not included. Over plotted are observations of SMC cluster NGC 330 (Milone, Marino et al.,
2018), with H α emitters marked by orange squares and normal stars as orange star symbols. The right panel shows
the region indicated by the red box in the left panel. To convert the models to apparent magnitudes a distance
modulus of 18.92 mag and a reddening of 0.06 mag were used.

B Synthetic colour-magnitude diagram without gravity darkening
In Fig 2.2 we present the results of our population synthesis to simulate the colour-magnitude diagram of NGC 330 while
ignoring the effects of gravity darkening. It is seen that along the main sequence there is a one-to-one relation between current
critical velocity fraction and the mF336W − mF814W colour, with faster rotators being redder. Such a relation is destroyed by
gravity darkening (see Fig. 2.7).
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Summary

The evolution of a star in a binary can be severely altered by mass-transfer from its companion. An example is the accretion of
mass, and importantly angular momentum, which can produce an extremely rapidly rotating star, predicted to be observable
as a classical emission line star (also known as a Be star). Despite numerous pieces of observational evidence pointing to
this possibly being the dominant formation mechanism of such stars, current binary evolution models struggle to produce a
satisfactory description of emission line star populations.

The results of binary interaction are very sensitive to uncertain physics such as the mass-transfer efficiency and the occurrence
of mergers. Populations of emission line stars predicted by binary evolution calculations can thus differ significantly depending
on the initial modeling assumptions.

This work presents a flexible analytic model that aims to circumvent the previously mentioned shortcomings of detailed
models. We tested hypothesis that binary evolution alone is responsible for the large numbers of emission line stars residing in
young open clusters by deliberately maximising the production of emission line stars in our model. We compared the upper
limit given by our model to observations of emission line stars in the Small Magellanic Cloud cluster NGC 330. This provides
insights about the likelihood of binary evolution dominating the formation of emission line stars and probes several aspects of
binary star physics.

To produce an upper limit, a theoretical population of binary stars was constructed in which every system is assumed to
interact stably to produce a rapidly rotating accretor. Other assumptions that were made include that every star is born as a
member of a binary. We argued that because determinations of the observed binary fraction cannot account for post-interaction
systems, they do not represent the initial binary fraction, which is likely higher than the 70% observed binary fraction. We also
assumed that once spun up, a star exhibits emission features for the rest of its lifetime. This assumption is challenged by the fact
that the emission line phenomena is known to be transient.
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The population is defined by given distributions of initial primary mass, mass-ratio and initial orbital period, which are
varied within the observed limits to explore their effects on the population of emission line stars. It was determined that the
largest numbers of rapidly rotating accretors are produced when mass-transfer is non-conservative.

Our population is used to predict the fraction of Be stars to all stars as a function of stellar mass relative to the turn-off mass.
We found that in coeval populations, binary interaction can at most account for one third of all main-sequence stars being Be
stars. A detailed comparison with the cluster NGC 330 showed that near the main-sequence turn-off, our theoretical upper limit
appears to be matched. However, away from the turn-off, the model over-produces Be stars.

Applying simple and physically motivated assumptions about which systems are likely to undergo unstable mass-transfer
and merge resulted in a good match between the observed and theoretical populations. Binaries with extreme mass-ratios have
large discrepancies in the thermal timescales of the components and so are good candidates to merge during thermal timescale
mass-transfer. The exact merger criteria is tailored in the plane of mass-ratio and primary mass so that the upper limit fits the Be
fraction along the main-sequence of the cluster. The physical validity of the resulting merger criteria may be investigated in
future studies.

By assuming distinct physics, binary evolution alone can in principle match the high numbers of Be stars observed in open
clusters. However, this demands rather extreme conditions, such as an initial binary fraction of unity, highly non-conservative
mass-transfer and a specific merger criteria. While robust evidence of each of these conditions is as yet lacking, they are
nonetheless reasonable. Whether the required binary physics is realised in nature remains to be investigated.
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3.1 Introduction

3.1 Introduction
Be stars are massive main-sequence stars which display emission features in their spectra. While, since their discovery over 150
years ago (Secchi, 1866), we have advanced our understanding to explain the emission as a result of a decretion-disc which is
being ionized by the central star (Struve, 1931), it is still not clear how a Be star gains its disc. Observations conclusively show
that Be stars rotate significantly faster than their B counterparts (Struve, 1931; Porter, 1996; Huang, Gies and McSwain, 2010;
Zorec, Frémat, Domiciano de Souza et al., 2016), such that potentially, the centripetal force matches the gravitational force at
the equator (Collins and Truax, 1995; Townsend, Owocki and Howarth, 2004). However the fundamental origin of this fast
rotation is still unknown, although single and binary star channels have been proposed.

One way to achieve such rotation is for a star to be spun up by mass-transfer in a binary system (Kriz and Harmanec, 1975;
Pols et al., 1991a; Liu, van Paradijs and van den Heuvel, 2006; Langer, 2012). When a star accretes material, it also accretes
angular momentum, which in the absence of tidal forces can lead to critical rotation of the accreting star, allowing material to
become unbound and form a disc. The accretion of angular momentum is an efficient process, with a star needing to accrete
typically a few percent of its own mass to rotate critically (Packet, 1981).

In wide systems which initiate mass-transfer after the primary has exhausted hydrogen in the core (so-called Case B
mass-transfer), tidal forces are generally weak for the accretor star and it can be spun up to near-critical velocities. Furthermore,
rapid rotators can also originate from close systems which undergo mass-transfer while the donor is still core hydrogen burning
(so-called Case A mass-transfer). Although tides inhibit the spin-up of the accretor during the initial mass-transfer phases,
these phases cause a widening of the binary (Petrovic, Langer and van der Hucht, 2005) so that when the donor expands to
become a giant star (initiating Case AB mass-transfer), many systems are wide enough to render tides ineffective, allowing the
mass-gainer to rotate super-synchronously (Sen et al., in prep.). Therefore rapidly rotating mass-gainers can originate from
both short and long period systems. What is common between these cases is that the spun-up star is usually produced after the
initially more massive star in the system has exhausted its supply of core hydrogen.

In Be star producing binary systems where the primary star is not massive enough to undergo a supernova explosion, a
short-lived helium star or long-lived white-dwarf would be the companion to the Be star. Despite the difficulty of detection, both
of these types of systems have been observed (K. L. Li et al., 2012; Schootemeijer, Götberg et al., 2018; Shenar et al., 2020;
Coe et al., 2020). Furthermore, studies of Be star discs have found that many are truncated, suggesting that they are acted upon
by unseen companions (Klement, Carciofi, Rivinius, Matthews et al., 2017; Klement, Carciofi, Rivinius, Ignace et al., 2019a).

When the mass-donor does explode as a supernova, the majority of systems are expected to become unbound (N. Brandt
and Podsiadlowski, 1995) and the Be star will probably have no companion. The fact that this does not occur in every case is
evidenced by large numbers of Be-Xray binaries (Raguzova and Popov, 2005), which consist of a neutron star in an eccentric
orbit around a Be star such that Xrays are produced when the Be disc and neutron star interact. When the binary is disrupted, the
Be star would likely be a runaway star. Boubert and N. W. Evans (2018) and Dorigo Jones et al. (2020) both find the peculiar
space-velocities of Be stars in the Gaia catalogue to be consistent with a binary origin of Be stars.

Observations show the Be phenomenon to be more common at lower metallicities (Maeder, Grebel and Mermilliod, 1999;
Martayan, Baade and Fabregat, 2010; Iqbal and Keller, 2013), in good agreement with predictions of single star models whereby
metal-rich stars suffer stronger angular momentum losses through winds, thus making fast-rotators rarer at higher metallicities
(Hastings, C. Wang and Langer, 2020). Naively, this trend is difficult to explain in the binary framework. However, further
observational characteristics of Be stars have been uncovered that are difficult to explain with a single star formation channel.
Initially fast rotating single stars are expected to exhibit enhanced surface nitrogen abundances, as rotational mixing dredges up
CNO processed material to the photosphere. However, there appears to be an incompatibility between models of rotating single
stars and measurements of nitrogen abundances in Be stars, with many Be stars showing much lower nitrogen abundances
than expected (Lennon et al., 2005; Dunstall et al., 2011; Ahmed and Sigut, 2017; Hastings, C. Wang and Langer, 2020). On
the other hand, spun-up mass-gainers might not be rich in surface nitrogen. Although the physics governing the details of
mass-transfer remains uncertain, accretion may be limited by the angular momentum content of the gainer, such that accretion
becomes non-conservative once critical rotation is achieved (C. Wang, Langer et al., 2020; Langer et al., 2020). Another factor
is the strong mean molecular weight barrier established from hydrogen burning which prevents efficient rotational mixing in the
critically rotating mass-gainer (R. Kippenhahn, 1974; Pinsonneault et al., 1989).

As demonstrated by Ekström et al. (2008) and Hastings, C. Wang and Langer (2020), single stars may achieve near-critical
rotation during the late stages of hydrogen burning, in contrast to observations showing that Be stars have a range of fractional
main-sequence ages (Zorec, Frémat and Cidale, 2005; McSwain and Gies, 2005; Milone, Marino et al., 2018). If Be stars are
mostly single, one should expect pre-interaction binaries to host Be primaries, as whatever proposed single star mechanism
causes the Be phenomenon should work for stars in a pre-interaction binary just as well as for single stars. It is thus telling that
almost no Be stars with a main-sequence companion have been detected (Bodensteiner, Shenar and Sana, 2020).

Despite the numerous pieces of evidence to support the dominance of a binary formation channel, several uncertainties in
binary evolution prevent a solid and accurate theoretical description of Be star populations. Proof of the difficulty in modelling
the production of Be stars is given by the contrasting results of previous authors. It has been concluded that binaries are
responsible for either all (Shao and X.-D. Li, 2014), half (Pols et al., 1991a) or only a small minority (van Bever and Vanbeveren,
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1997) of galactic Be stars. This difference is mostly due to different assumptions on mass-transfer efficiency and the stability of
mass-transfer.

In light of these uncertainties, we find it useful to determine a model free upper-limit to Be star production from mass-transfer
in binary systems. Assessment of this limit can provide insight into whether it is at all possible for Be stars to be formed
exclusively in binaries, and to what extent other formation mechanisms must be invoked. Under the assumption that binary
evolution dominates the production of Be stars, we can also probe uncertain binary physics. We shall use recent high quality
observations of Be stars in open clusters (Milone, Marino et al., 2018) to give a stringent test to our simple picture.

In Section 5.3 we explain our procedure for calculating an upper-limit to Be star production from mass-transfer in binary
systems, with the results of this endeavour presented in Section 5.4. In Section 3.4 we compare our results to the numbers of Be
stars observed in young open clusters. We infer the conditions for stable mass-transfer that are required for our prescription to
reproduce the Be fractions along the main-sequences of young open clusters in Section 3.5. Uncertainties and the implications
of the upper-limit are discussed in Section 4.7. Concluding remarks are given in Section 3.7.

3.2 Method

3.2.1 A hypothetical population of interacting binary stars

In order to calculate an upper-limit to the numbers of Be stars that may be produced, we take extreme assumptions. The first of
which is that the initial binary fraction in the population is 1; that is every star is born as a member of a binary. Nextly, as the
hydrogen-burning episode of a massive star makes up around 90% of the star’s total lifetime, we shall assume that as soon as a
primary star leaves the main-sequence, stable mass-transfer will occur on a very short timescale, instantly producing a Be star.
In our model, a Be star shall be produced regardless of the initial period, primary mass, or mass-ratio of the system, so that
every secondary star will at some point during its lifetime become a Be star. In this framework, the orbital period distribution
becomes irrelevant. Furthermore we shall assume that once a Be star is formed, it remains so for the rest of its lifetime.

For simplicity we ignore the effects of mass-loss through stellar winds, such that every system remains at its initial mass-ratio,
q, until mass-transfer occurs (which may be either conservative or non-conservative). Also, given the fact that the stellar
mass-luminosity relation is very steep, we define each binary system by its most luminous component, so that each binary can
be assigned an equivalent single-star mass. To facilitate comparison with open cluster observations, our synthetic population is
assumed to be coeval.

Other properties of our population are not designed to maximise the efficiency of Be star formation, and are more or less
standard in binary evolution calculations. We denote the initial masses of the initially more massive star as M1, the initially less
massive as M2,i and define the initial mass-ratio, q, as

q =
M2,i

M1
, (3.1)

such that

0 < q ≤ 1. (3.2)

We consider a population of binary stars where the distribution of initial primary mass follows a power law like

ξ(M1) = ξ0 Mα
1 , (3.3)

and the distribution of initial mass-ratios is described similarly as

f (q) = f0qκ, (3.4)

where ξ0 and f0 are normalizing constants to ensure that the integral over the whole parameter space is unity (as befitting a
probability-density function). For example, the value of f0 is easily computed as

f0 =
κ + 1

1 − qκ+1
min

, (3.5)

where qmin is the minimum mass-ratio in our population and will be nominally set to qmin = 0.1 to match the observing
campaigns of Sana, de Mink et al. (2012) and Sana, de Koter et al. (2013). It is assumed that systems born with mass-ratios
smaller than this value are likely to be unstable and merge either during their formation or early in their evolution and hence are
not considered.

Mass gain of the accretor shall be parameterised by assuming that a total mass of ∆M is accreted, giving the relation between
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final and initial masses of the accretor as

M2, f = M2,i(1 + ∆M/M2,i), (3.6)

with ∆M/M2,i being a free parameter.
Our assumptions on the population are summarized in the list below.

1. initial binary fraction is 1

2. every system will undergo stable Case B mass-transfer and form a Be star, irrespective of period or mass ratio

3. once a primary star leaves the main-sequence a Be star is immediately formed

4. once a Be star is formed, it remains so for the rest of its lifetime

5. the accretor star gains mass ∆M, with the relative mass-gain ∆M/M2,i being a free parameter.

6. the effects of wind mass-loss are ignored so that a system remains at its initial mass-ratio until mass-transfer occurs.

7. the distribution of initial primary masses follows a power law, ξ(M1) ∝ Mα
1

8. the distribution of initial mass-ratios follows a power law, f (q) ∝ qκ

9. only considered are binaries with a mass-ratio greater than qmin, which is set to 0.1.

10. when both stars are hydrogen-burning, the luminosity of a binary system is given by that of the primary. When the
primary has evolved off the main-sequence, the luminosity of the system is naturally that of the secondary.

According to our assumptions, every secondary star with a post-main-sequence companion is a Be star, meaning the number
of Be stars with given mass M is

n(Be) = n(M2, f = M & M1 > MTO), (3.7)

where MTO is the turn-off mass of our coeval population. In our model the number of non-Be stars is given by the number of
primaries at a given mass. The Be fraction, φBe(M) shall be defined as the number fraction of Be stars to all stars at a given
mass. In a coeval population this becomes

φBe(M) =
n(M2, f = M & M1 > MTO)

n(M2, f = M & M1 > MTO) + n(M1 = M)
(3.8)

=

[
1 +

n(M1 = M)
n(M2, f = M & M1 > MTO)

]−1

. (3.9)

In our model, a Be star’s mass is related to its initial mass, M2,i, and the relative mass-gain, ∆M/M2,i via Eq. 3.6, such that the
expression above becomes

φBe(M) =

1 +
n(M1 = M)

n(M2,i = M
1+∆M/M2,i

& M1 > MTO)


−1

. (3.10)

With the aid of Eqs. 3.1 and 3.6, the condition

M1 > MTO (3.11)

can be rewritten as

q <
M2,i

MTO
, (3.12)

leading to

q <
M2, f

MTO(1 + ∆M/M2,i)
. (3.13)

This results in

φBe(M) =

1 +
n(M1 = M)

n(M2,i = M
1+∆M/M2,i

& q < M
MTO(1+∆M/M2,i)

)


−1

. (3.14)
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To study coeval populations, a more convenient approach is to find the Be fraction as a function of the fractional main-
sequence turn-off mass, M/MTO. This produces the expression

φBe(M/MTO) =

1 +
n(M1 = M/MTO)

n(M2,i = M
MTO(1+∆M/M2,i)

& q < M
MTO(1+∆M/M2,i)

)


−1

, (3.15)

which shall be our basis for exploring the Be fraction in coeval populations.
To evaluate the Be fraction, it is necessary to find the relative numbers of primary stars to that of secondary stars at a given

mass. We may write that the number of primary stars with a given mass, n(M1), is the integral of the primary mass distribution
across an infinitesimally small mass range, dM1, multiplied by the total number of stars in the population, ntot, as

n(M1) = ntotξ(M1)dM1 = ntotξ0 Mα
1 dM1. (3.16)

To tackle the number of secondary stars at a given mass is sightly more involved as we do not have directly the distribution
of secondary masses, instead it is inferred from the primary mass and mass-ratio distributions. First consider a population in
which there exists only a single mass-ratio, q0, i.e. the mass-ratio distribution is a delta-Dirac function. If one is interested in the
number of secondary stars with initial mass M2,i, one must count the number of primaries with mass M2,i/q0, so we have

n(M2,i & q0) = ntotξ

(
M2,i

q0

)
d
(

M2,i

q0

)
, (3.17)

with d
(

M2,i
q0

)
representing an infinitesimally small change in

M2,i
q0

.

Any distribution may be expressed as an infinite sum of appropriately weighted delta-Dirac distributions, with the weighting
coming from the probability-density function. Therefore for the general case we have

n(M2,i) = ntot

∫ 1

qmin

f (q)ξ
(

M2,i

q

)
d
(

M2,i

q

)
dq. (3.18)

It is then clear that the limits of the integral above place constraints on the initial mass-ratios counted. The number of systems
with a given initial secondary mass M2,i and initial mass-ratios between qmin and qmax can thus be written as

n(M2,i & qmin < q < qmax) = ntot

∫ qmax

qmin

f (q)ξ
(

M2,i

q

)
d
(

M2,i

q

)
dq, (3.19)

The differential d
( M2,i

q

)
in Eq.3.19 is quite cumbersome so we chose to let

r =
M2,i

q
. (3.20)

We may now write

n(M2,i & qmin < q < qmax) = ntot

∫ qmax

qmin

f (q)ξ(r)drdq. (3.21)

We have

M2,i = qM1, (3.22)

thus

dM2,i = qdM1 + M1dq. (3.23)

As we are interested in the number of secondary stars at a fixed mass, dM2,i = 0, so

dq = − q
M1

dM1. (3.24)

Differentiating r gives

dr =
−M2,i

q2 dq. (3.25)
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Combining Eqs. 3.24 and 3.25 results in

dr =
1
q

M2,i

M1
dM1. (3.26)

Inserting this into our expression for n(M2,i & qmin < q < qmax) (Eq. 3.21) gives

n(M2,i & qmin < q < qmax) = ntot

∫ qmax

qmin

f (q)ξ
(

M2,i

q

)
1
q

M2,i

M1
dM1dq. (3.27)

We now divide Eq. 3.16 by Eq. 3.27 leaving

n(M1)
n(M2,i & qmin < q < qmax)

=
M1ξ(M1)

M2,i

∫ qmax

qmin
f (q)ξ

( M2,i
q

)
1
q dq

. (3.28)

When the distributions for initial primary mass and mass-ratio, Eqs. 3.3 and 3.4, are inserted, Eq. 3.28 simplifies further to

n(M1)
n(M2,i & qmin < q < qmax)

=

(
M1

M2,i

)α+1 1∫ qmax

qmin
f0qκ−α−1dq

. (3.29)

This result may be readily checked against Monte-Carlo sampling of the primary mass and mass-ratio distributions.
Equation 3.29 can be used to directly determine the Be fraction (Eq. 3.15) by setting M1 = M/MTO , M2,i = M

MTO(1+∆M/M2,i)

and qmax = M
MTO(1+∆M/M2,i)

. This leaves

φBe(M/MTO) =

[
1 +

(1 + ∆M/M2,i)
(α+1)

∫ M
(1+∆M/M2,i )MTO

qmin
f0qκ−α−1dq

]−1

, (3.30)

where the integral has a simple analytic solution. Eq. 3.30 describes the Be star fraction as a function of the fractional turn-off

mass, M/MTO for our model open cluster. As the mass-dependance in Eq. 3.30 is expressed by the fractional turn-off mass, is
not necessary to specify the turn-off mass.

3.2.2 Limits for remaining parameters

All that remains is to explore Eq. 3.30 in a suitable parameter space. The parameters we have are α, κ and ∆M/M2,i, the primary
mass distribution exponent, initial mass-ratio distribution exponent and relative accretor mass-gain respectively.

The canonical value for the initial-mass-function (IMF) exponent, α, is given by the Salpeter IMF, α = −2.35 (Salpeter,
1955). However recent observations of young stars in the 30 Doradus starburst region suggest instead α = −1.90+0.37

−0.26 (Schneider,
Sana et al., 2018). Similarly in the R136 star forming region an exponent of α = −2.0±0.3 was found (Bestenlehner et al.,
2020). On the other hand it has also been proposed that the IMF follows an even steeper law with α = −2.7 (Scalo, 1986).
Therefore we consider the range −1.9 < α < −2.7 .

Observations of Galactic O-type stars show that the mass-ratio distribution follows a power law with exponent κ = −0.1± 0.6
(Sana, de Mink et al., 2012) for 0.1 < q < 1. In the Large Magellanic Cloud, the mass-ratios of massive binaries appear to
be distributed differently with κ = −1.0 ± 0.4 again in the range 0.1 < q < 1 (Sana, de Koter et al., 2013). There are many
claims that mass-ratios of binaries favour either low values (Trimble, 1990; Tout, 1991; Hogeveen, 1991) or follow a uniform
distribution(Kobulnicky and Fryer, 2007; Kouwenhoven, Brown, Portegies Zwart et al., 2007). In light of these findings we
shall consider κ values in the range −1 < κ < 0.

Estimates of the accretor mass-gain, ∆M/M2,i, obtained by demanding that mass-transfer stops once the mass-gainer reaches
critical rotation tell us that ∆M/M2,i is at the very most 0.1 and in most cases around 0.02, depending on the angular momentum
content and physical structure of the mass-gainer before accretion (Packet, 1981; Petrovic, Langer and van der Hucht, 2005;
C. Wang, Langer et al., 2020). It has been found that around 70% of the mass leaving the donor must be ejected from the
system to explain observed distributions of Be star masses in Be X-ray binaries (Vinciguerra et al., 2020). However it must be
noted that because it is expected that up to 90% of massive binary systems are broken apart by a supernova kick (N. Brandt and
Podsiadlowski, 1995), Be X-ray binaries represent a small fraction of the population, and hence may well contain strong biases.
Furthermore, it is believed that mass-transfer must be highly non-conservative to explain observed populations of Wolf-Rayet
O-star binaries (Petrovic, Langer and van der Hucht, 2005; Shao and X.-D. Li, 2016). On the other hand, several systems exist
which show evidence of near-conservative mass-transfer having taken place (de Mink, Pols and Hilditch, 2007; Schootemeijer,
Götberg et al., 2018; Broz et al., 2021). To fully explore the effects of mass-transfer efficiency on Be star populations, we take
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Figure 3.1: The maximum Be fraction, ΦBe, in a coeval population as defined by Eq. 3.30 plotted as a function of
fractional main-sequence turn-off mass, M/MTO for varying parameters. The left and right Panels show ∆M/M2,i =

0, and 1 respectively. The colour of the lines represents differing κ values with red being κ = 0 and blue κ = −1.
Dashed lines show α = −1.9 and solid lines α = −2.7 as indicated by the annotations.

the full range 0 < ∆M/M2,i < 1.

3.3 Results
The results of Eq. 3.30 are plotted in Fig. 3.1 for the extremal parameters outlined in Sect. 3.2.2. The primary mass
distribution affects the absolute numbers of Be stars because for a shallower distribution (α closer to 0), there is an abundance of
massive binaries, such that many systems contain post main-sequence primaries and therefore the number of Be stars increases.
Conversely when α << 0, the population contains fewer primaries of mass greater than the turn-off mass and the Be count
decreases.

The effect of the mass-ratio distribution can be understood by considering a population with a high value of κ such that
secondary stars have a similar mass to their companion. In this case, when the primary leaves the main-sequence, the secondary
will be rather evolved, and hence most Be stars will be found near the turn-off. On the other hand in a population with a low κ,
the opposite is true; the secondary stars will have low masses compared to the turn-off mass and Be stars will be more evenly
distributed along the main-sequence, as seen in Fig. 3.1.

Figure 3.1 shows how a varying mass-gain changes the Be count, with accretors that gain more mass producing fewer Be
stars. This can be understood by considering a Be star of mass 0.9MTO that is produced by inefficient mass-transfer. For the
primary to exceed the turn-off mass, the initial mass-ratio of the system must be less than 0.9. Now if this star had gained
0.1MTO, the initial mass would be 0.8MTO and the initial mass-ratio must be less than 0.8. Therefore, mass gain restricts the
number of systems that are able to produce Be stars of a given mass, and low mass-transfer efficiency leads to higher numbers
of Be stars being produced at a given mass.

It is seen in Fig. 3.1 that the largest Be fractions are produced when mass-transfer is inefficient (∆M/M2,i = 0) and the initial
mass function is shallow. The mass-ratio distribution then tunes the distribution of Be stars along the main-sequence. Therefore
it is judged that the most Be stars are produced with the parameters ∆M/M2,i = 0, α = −1.9 and −1 < κ < 0. Depending on the
chosen parameters, the maximum Be fraction is in the range 0.2-0.35 near the main-sequence turn-off.

3.4 Comparison to observations
To contextualise to our results, we attempt here a comparison with observations using high quality Hubble Space Telescope
photometry of young Small and Large Magellanic Cloud open clusters in which Be stars are revealed as bright objects in a
narrow-band filter centred on Hα (Milone, Marino et al., 2018). Photometry was performed with Hubble wide-band filters
F814W and F336W and the narrow band F656N filter, allowing one to produce colour-magnitude diagrams in which Be stars
are identified from Hα photometry.

As many spectroscopically confirmed Be stars in NGC 330 are bright in Hα (Bodensteiner, Sana et al., 2020), we judge Hα
emission to be a good proxy for Be stars. It is possible for the accretion discs of Algol-type binaries to exhibit Hα emission
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(Peters, 1989) however, such systems are expected to contribute around 3% to the total population (de Mink, Sana et al. 2014,
Sen et al. in prep.). Furthermore, some field stars may be Hα emitters, with Milone, Marino et al. (2018) noting that no more
than one-tenth of stars in the cluster field are suspected field stars. Field stars will also contaminate the population of stars
not emitting in Hα, therefore their presence is not expected to significantly alter the relative fractions of Hα emitters and
non-emitters.

Be star fractions have previously been measured as a function of magnitude (Keller, Wood and Bessell, 1999; Milone,
Marino et al., 2018; Bodensteiner, Sana et al., 2020). However we find it worthwhile to repeat this exercise, including several
factors which were previously overlooked.

3.4.1 Counting Be stars

Our goal is to measure the observed Be fraction as a function of mass along the main-sequence of an open cluster. To do this we
must note the two major differences between a Be star and a "normal" B star; fast rotation and the presence of a decretion disc.
Due to the effect of the centrifugal force, a fast-rotating star suffers from reduced effective gravity at the equator, and according
to the von Zeipel theorem (von Zeipel, 1924), this results in a lower effective temperature. Therefore fast-rotating stars are
cooler and redder than their non-rotating counterparts. Furthermore, light from a Be star consists of radiation from the star itself
and also light from the decretion disc. Typically the average temperature of the disc is around 70% that of the star’s effective
temperature (Sigut, McGill and Jones, 2009), and so the disc is expected to emit mostly in visible and infra-red wavelengths.

In a colour-magnitude diagram, the magnitude in a red filter is plotted on the y-axis and a colour defined by the blue and red
filter (B - R) on the x-axis. When a star becomes brighter in the red filter, it will therefore move to the right and upwards in the
colour-magnitude diagram. This effect means that to count the Be stars as a function of mass, we must do so in bins that are
sloped with respect to the x-axis. The gradient of this slope depends on how much redder a near-critically rotating star is than a
slow rotator at the same mass, and on how much light the decretion disc radiates.

As no reliable numerical models exist of stars rotating at the critical velocity, we shall adopt a simple model to relate the
luminosity and temperature of a critical rotator to an equivalent non-rotating star. After having been spun up, a star will change
its shape, becoming oblate. At the same time we do not expect a great difference in luminosity between a star before and after the
spin-up. This is because stars are generally very centrally condensed, such that the centrifugal force is small compared to gravity
in the regions where nuclear burning occurs, meaning that (excluding the effects of rotational mixing) central temperatures
and thus luminosities are not very sensitive to rotation, in agreement with models (Brott, de Mink et al., 2011; Paxton, Smolec
et al., 2019). Following the Steffan-Boltzmann law, because of the increased surface area of a critical rotator, the effective
temperature decreases. Using the Roche model (see Appendix A) , one can show that a critically rotating star has a surface area
of approximately 1.58 × 4πR2

p, with Rp being the polar radius, which corresponds to a decrease in effective temperature by a

factor of 1.58−
1
4 ≈ 0.89. Knowing this, we can construct isochrones describing the intrinsic properties of critically rotating stars

from non-rotating isochrones.
A further complication that is brought about by gravity darkening is that a fast rotating star appears cooler and dimmer when

viewed equator-on as compared to pole-on. Assuming a random orientation of the inclination axis, the mean value of the sine
of the inclination angle is π/4, corresponding to a mean inclination angle of 51.8 °. To take into account the mean effect of
gravity darkening, we employ the model of Espinosa Lara and Rieutord, 2011 as implemented in MESA (Paxton, Smolec et al.,
2019). Here, the projected luminosity and effective temperature, Lproj, Teff,proj are related to the intrinsic luminosity and effective
temperature, L, Teff by

Lproj = CT (ω, i)L (3.31)

Teff,proj = CL(ω, i)Teff, (3.32)

with CT and CL depending on the fraction of critical velocity, ω and inclination angle i.
The temperatures and luminosities of critically rotating stars are found by using the coefficients CT (ω = 1, i = 51.8°) = 1.02

and CL(ω = 1, i = 51.8°) = 1.22. It is a rather curious feature of the gravity darkening model that at the mean inclination,
the coefficients exceed unity, meaning the average effect of gravity darkening is not darkening at all, but brightening. Finally,
by interpolating tables of synthetic stellar spectra (Choi et al., 2016) to produce magnitudes in Hubble filters, we are able to
produce an isochrone of critical rotators, as shown in Fig. 3.2.

The contribution of a Be star’s disc to its total flux is more difficult to assess. It has been noticed that a loss of spectral
emission features in certain Be stars coincides with a dimming of around 0.3-0.5 magnitudes in the R and V filters (Carciofi
et al., 2012; Labadie-Bartz, Pepper et al., 2017; Rimulo et al., 2018). If the loss of emission features is interpreted as the
disappearance of the disc, one can take this change in brightness to equal the flux contribution of the disc. By comparing the
colour of our isochrones with the colours of Be stars in NGC 330, we can assess how much the Be disc shines, as in Fig. 3.2.
After assuming that the disc shines in the F814W filter but not in the F336W filter, we find a reasonable fit to the Hα emitters
when a disc brightness of 0.25mF814W is adopted, as shown by the solid and dashed purple lines in Fig. 3.2.
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Figure 3.2: Colour-magnitude diagram of NGC 330 focussed on the turn-off region with Hα emitters marked in
red. An isochrone of non-rotating stars is plotted in blue (see App. B for model details). Green and red isochrones
depict critically rotating stars viewed pole-on and equator-on respectively, as derived from a simple model of
critical rotators (see App. A). The solid purple isochrone represents critically rotating stars viewed at the mean
inclination angle when the rotation axis is randomly oriented (51.8°) and for the dotted purple 0.25mF814W has been
added to simulate the decretion disc. The isochrone age is 30 Myr, distance modulus µ = 18.8 mag and redenning
of E(B-V)=0.1 mag. Data from Milone, Marino et al. (2018)
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Figure 3.3: Colour-magnitude diagrams with isochrone fits and Be star counts for Small Magellanic Cloud cluster
NGC 330 (left) and Large Magellanic Cloud cluster NGC 2164 (right). Hα emitters are marked in red. Bottom
panels show the Be fraction counted in bins as defined in the top panels with the errors given by the binomial
counting error. The bins have a gradient of 2.0 and 1.8 for NGC 330 and NGC 2164 respectively. Mass values
associated with the bins are provided by the isochrone fit. For both clusters the isochrone depicts stars with initial
rotation equal to 0.6 vrot/vcrit . For NGC 330 the isochrone age is 30 Myr, distance modulus µ = 18.8 mag and
redenning of E(B-V)=0.1 mag. For NGC 2164 the age is 80 Myr, µ= 18.3 mag and E(B-V)=0.12 mag. Data from
Milone, Marino et al. (2018)

For NGC 330, in the regions of the colour-magnitude diagram containing Be stars, we find stars of equal mass on the
non-rotating and Be star isochrones to be connected by lines of gradient −dmF814W

d(mF336W−mF814W) = 2. For NGC 2164, again assuming a
constant disc magnitude of 0.25mF814W , the gradient is found to be 1.8. These differing values are caused by the ways in which
stellar spectra, and hence magnitude in a given filter, vary with luminosity and effective temperature.

Figure 3.3 shows the colour-magnitude diagrams of NGC 330 and NGC 2164 with the Be fraction as counted in slanted
bins with gradients of 2.0 and 1.8 respectively. It is noted that as compared to counting the Be fraction in bins of constant
mF814W magnitude (i.e. horizontal bins) the values measured here are lower because in the horizontal bin case, one is counting B
stars with a higher mass than the Be stars in the same bin. According the initial-mass-function, the higher mass stars are less
populous and hence the Be fraction increases solely because there are fewer B stars being counted.

We use isochrones of rotating single stars based on an extended model grid of Schootemeijer, Langer et al. (2019) (see
Appendix B for a thorough description) with an initial rotation rate of 3rot/3crit = 0.6 to assign mass-ranges to each bin, so that
the Be fraction can be evaluated as a function of mass. The bins are placed so that the outer edge of the last bin is at the point
where hydrogen has been exhausted in the stellar core. The value of 3rot/3crit = 0.6 is chosen as suggested by Gossage et al.
(2019) and Wang et al. (in prep.), and produces equatorial rotation velocities that are in broad agreement with spectroscopic
observations (Dufton, Langer et al., 2013; Marino et al., 2018; Sun et al., 2019; Kamann et al., 2020). The redenning and
distance modulus values are tailored to give the best fit to the cluster and are in good agreement with previous isochrone fittings
for these clusters (Milone, Marino et al., 2018). The isochrone fits are shown in Fig 3.3.

The isochrones allow us to measure the turn-off mass and the masses associated with each bin, thereby a direct comparison
between the theory presented in Sec. 5.4 and observations is possible. Figure 3.4 shows this comparison, with counting
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Figure 3.4: Comparison between theory and observations. Be fraction as a function of fractional main-sequence
turn-off mass in NGC 330 and NGC 2164 as shown in Fig. 3.3. Dashed lines show theoretical upper limit given by
Eq. 3.30 with α = −1.9, ∆M/M2,i = 0 and κ = −1.0, 0 (see Fig. 3.1) as given by legend.

uncertainties on the Be fraction given by the standard error, σ, assuming a binomial distribution as

σ =
√

Φ(1 − Φ)/N, (3.33)

with Φ being the measured Be fraction and N the total number of stars in a given bin.

We find that despite the two clusters being of different metallicities and ages, they seem to have similar Be fractions as a
function of relative turn-off mass. This may be an indication that whatever the dominant Be production channel is, it is universal.

In both clusters the Be fraction steadily increases from zero to around 0.4 in the range 60-80% of the turn-off mass. Near
the turn-off, the Be fraction is found to be approximately 0.4 with significant counting uncertainty due to the relatively small
numbers of stars occupying this region. Taking into account these uncertainties, it is seen that our upper limit can describe the
numbers of Be stars in the upper part of the main-sequence. It is important to note that because of the difficulty in performing
an isochrone fit, the Be fractions near the turn-off are particularly uncertain, with a small change in the isochrone fit resulting
in a large change in the measured Be fraction (see Sec. 3.6.1 for a quantitative discussion). Therefore, despite the measured
Be fraction in NGC 330 at times exceeding our upper limit, it is reasonable to conclude that the upper limit does provide a
reasonable fit to the Be star numbers near the turn-off. However it does fail to explain the lack of Be stars below M/MTO ≈ 0.7.
This may be the result of certain systems not forming Be stars but instead merging, as shall be discussed in the next section.
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3.5 Inferring the initial conditions for stable mass-transfer

The observations presented in Sec. 3.4 show that our upper limit can approximately describe the numbers of Be stars near the
turn off, but fails to reproduce the Be sequence’s sharp cut-off. Here, we shall investigate how our prescription will need to be
changed in order to reproduce this feature.

In reality, not every binary system will undergo stable mass-transfer to form a Be star. For the specific case of the donor
being in the Hertzsprung gap, as it is in Case AB or Case B mass-transfer, the mass-transfer proceeds at the Kelvin-Helmholtz
(or thermal) timescale (Tout et al., 1997; Wellstein, Langer and Braun, 2001), meaning that if there is a large discrepancy in
the Kelvin-Helmholtz timescales of the donor and accretor, the mass-transfer will become unstable and a common envelope
situation will ensue, most likely leading to a stellar merger.

To model the occurrence of mergers, it is often assumed in simplified binary evolution calculations (Pols et al., 1991a;
Hurley, Tout and Pols, 2002; Schneider, Izzard et al., 2015) that systems below a certain mass-ratio will merge, however such a
simple criterion is unsuitable to reproduce the observations shown in Fig. 3.3. Equation 3.30 gives the Be star fraction as an
integral quantity, such that the Be star fraction at the main-sequence turn-off is the accumulation of systems with mass-ratios
from qmin to 1. This may be understood intuitively by noting that a Be star of mass near the main-sequence turn-off mass can
originate from either an extreme mass-ratio system with a very massive primary, or from a system with mass-ratio close to unity.
Therefore, when we demand that all systems below a given mass-ratio merge, we will naturally decrease the Be fraction at the
turn-off, which we must avoid to retrieve high numbers of Be stars at the turn-off.

To keep the Be fraction near the turn-off high and produce a sharp break in the Be fraction at M/MTO ≈ 0.7, more
sophisticated criteria are needed, namely with dependence on primary mass and mass-ratio. We propose that the systems most
likely to suffer unstable mass-transfer are those with an extreme mass-ratio and low primary mass, as the components of such
systems have the largest difference in Kelvin-Helmholtz timescales. This can be visualised in a grid of primary mass against
mass-ratio, with the bottom corner consisting of systems that merge. In such a grid, systems with a fixed secondary mass are
represented by parabolae, as depicted in Fig. 3.5a. If the parabola representing a secondary with the turn-off mass can avoid the
region containing merger progenitors, the Be fraction at the turn-off will remain close to the maximum theoretical prediction.
Then as the secondary mass decreases, the parabolae will move into the corner with low mass-ratio and low primary mass and
consequently the Be fraction will decrease.

To make a test of our hypothesis, we perform a Monte-Carlo simulation, whereby systems are picked randomly from
given distributions of initial primary mass and initial mass-ratio. As before, we shall assume that mass-transfer is completely
non-conservative (∆M/M2,i = 0). By choosing a turn-off mass, we can calculate the masses of Be stars in the simulation and
therefore assess the Be fraction. The occurrence of mergers is decided using the stable mass-transfer region depicted in Fig. 3.5
a. The motivation for selecting this region will now be explained. Analysis of mass-transfer from giant donors (Pavlovskii
and Ivanova, 2015) has indicated that mass-transfer from Hertzsprung-gap stars is stable at mass-ratios greater than around
0.6. We will therefore assume that all systems with initial mass-ratios greater than 0.6 will undergo stable mass-transfer. The
stability of mass-transfer is determined by the donor’s reaction to mass-loss, where stars with radiative envelopes generally
tend to contract as the envelope is being stripped (Hjellming and Webbink, 1987). This is reversed for convective-envelope
stars, which typically expand in response to mass loss (Hjellming and Webbink, 1987). Stellar structure calculations suggest
that stars with a mass greater than around 60 M� spend very little time as red-giants, meaning that they mostly have radiative
envelopes (Schootemeijer, Langer et al., 2019; Klencki et al., 2021) such that mass-transfer is much more likely to occur when
the donor has a radiative envelope. We therefore propose that mass-transfer will be stable for all systems with a primary mass
exceeding 60 M�. The region of instability is then defined by a linear interpolation between systems with M1 = 60 M�, q = 0.1
and M1 = 5 M�, q = 0.6, as depicted in Fig. 3.5a. We shall again assume that the orbital period plays no role in determining the
stability of mass-transfer, hence allowing us to not specify an orbital period distribution.

Merger products change the distribution of masses in a population, hence affect the Be fraction as a function of mass. We
will assume that Be stars are not merger products for two reasons. Firstly, it is believed that, although merger products are
fast-rotators initially, while thermal equilibrium is returned, internal angular momentum redistribution causes a rapid spin-down
(Schneider, Ohlmann et al., 2019). What is more, stellar mergers may produce strongly magnetised stars (Ferrario et al.,
2009; Wickramasinghe, Tout and Ferrario, 2014; Schneider, Ohlmann et al., 2019) which would further spin-down due to
magnetic braking. Secondly, a merger between a star with a helium core and a main-sequence object will not produce a
hydrogen burning star owing to the higher mean molecular weight and lower entropy of the helium-core star (Langer, 2012;
Justham, Podsiadlowski and Vink, 2014). As observations (Milone, Marino et al., 2018) show Be stars to be concentrated on the
main-sequence, we assume that Be stars are unlikely to be produced from the merging of two stars. For mergers, we assume the
fraction of mass lost during the merging process to the total binary mass to be equal to

µloss =
0.3q

1 + q2 , (3.34)
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Figure 3.5: a) Adopted region of stable mass-transfer in the primary mass-mass-ratio plane. Regions coloured
red experience unstable mass-transfer and merge, while for green regions, mass-transfer is stable and a Be star is
formed. The black and orange lines show systems with secondary masses of 9 and 6 M� respectively. b) Results
of a Monte-Carlo simulation showing the Be fraction, ΦBe, when the stable mass-transfer region in a) is applied.
Binary systems have a flat mass-ratio distribution (κ = 0), a primary mass distribution ξ(M1) ∝ M−1.9 and we have
assumed inefficient accretion (∆M/M2,i = 0). The black line shows a simulation with a turn-off mass of 9 M�, and
the orange line of 6 M�. The dashed grey line shows the theoretical upper limit, as given by Eq. 3.30. Measured Be
fractions of NGC 330 and NGC 2164 according to Fig. 3.3 are plotted as black and orange crosses respectively.

(Glebbeek and Pols, 2008) which equates to between 2 and 15% over the range 0.1 < q < 1. As the mass lost during the
merging process is assumed to be low, mergers will always have a mass exceeding the turn-off mass and will not affect the Be
fractions on the main-sequence.

Figure 3.5 b shows the results of the simulation for clusters with turn-off masses of 9 and 6 M�, which roughly correspond
to NGC 330 and NGC 2164, respectively. The chosen criteria have maintained a high Be fraction near the turn-off and also
produced a sudden end to the Be-sequence, and provide a reasonable fit to the measured Be fractions in NGC 330 and NGC
2164. It is remarkable that such simple, although physically motivated, stable mass-transfer criteria can successfully reproduce
the numbers of Be stars in the open clusters studied. Our empirical mass-transfer stability criteria could be tested in the next
generation of detailed binary evolution models.

3.6 Discussion

3.6.1 Uncertainties
The largest uncertainty in our procedure comes from the isochrone fits. Most, if not all open clusters display an extended
main-sequence turn-off, making the choice of a suitable isochrone age difficult. This is illustrated in Fig. 3.6, where isochrones
of two different ages are fitted to NGC 330 and the Be fractions are evaluated. It is seen that a small variation in the adopted age
can cause the Be count in some bins to vary by up to 0.2, with the end of the Be sequence being particularly affected. A similar
sensitivity is also found for small differences in the distance modulus, redenning and isochrone rotation rates. From Fig. 3.6, it
is judged that the uncertainty on the measured Be fractions is approximately 0.1 without including the counting error.

To measure the observed Be fraction as a function of mass, we must use slanted bins. In calculating the gradient of these bins,
we have assumed that the Be star disc always adds 0.25mF814W to the magnitude of the star. This may be an over-simplification,
with Be stars of differing mass or evolutionary status hosting relatively brighter or dimmer discs. Unfortunately this effect is
difficult to observe and characterise and is also compounded by the fact that Be stars can display spectral and photometric
variability (Porter and Rivinius, 2003). Sigut, McGill and Jones (2009) report that the ratio of stellar effective temperature to
mean disc temperature and infrared excess are indeed functions of spectral type.

Far older clusters, such as the 300Myr old NGC 1856 have much lower Be fractions than their younger counterparts (see
Milone, Marino et al., 2018, Fig. 17). Our simple model and mass-transfer stability criteria predict that the Be fraction does not
vary strongly with turn-off mass and therefore is unable to explain the turn-off Be fraction in NGC 1856 of around 0.2. However
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Figure 3.6: Left panel: colour-magnitude diagram of NGC 330 with Hα emitters marked in red. Isochrone fits
with ages 30 and 36Myr are plotted in purple and green respectively. Both isochrones have initial rotation of
3rot/3crit =0.6, a distance modulus of 18.8 mag and redenning of E(B-V)=0.1 mag. Right panel: Be fraction as a
function of fractional turn-off mass as measured by the 30Myr isochrone (in purple) and the 36Myr isochrone (in
green). Dashed lines show theoretical upper limit given by Eq. 3.30 with α = −1.9, ∆M/M2,i = 0 and κ = −1.0, 0
as given by legend.

this discrepancy may be partly explained by a changing binary fraction with mass, as it is known that more massive stars display
a stronger preference for binary companionship (Köhler et al., 2006; Kouwenhoven, Brown, Goodwin et al., 2009), thus older
clusters which contain fewer binaries will naturally have fewer Be stars. Another aspect behind the emission line phenomenon
is the ionizing power of the star, because to produce an emission line, the central Be star must ionize its decretion disc. Without
sufficient ionizing power, even if a decretion disc is present, no emission line will be observable and hence the star will seem
ordinary. The ionizing photon emission rate is known to be strongly dependant on effective temperature (Sternberg, Hoffmann
and A. W. A. Pauldrach, 2003), so at some limiting mass one would expect the central star to be unable to ionize a disc. This
effect may play a role in lowering the Be fraction in older clusters and causing a dearth of Be stars at low magnitudes in the
colour-magnitude diagram. Both of the clusters studied here have several stars that are very red, despite not being marked as
Hα emitters, which could in fact be such "dormant Be stars".

Lastly we note that in our work we have assumed that the properties of binary systems are distributed according to very
simple laws. In reality however, the distributions may well be complex functions of one another, for example the mass-ratio
distribution might be a function of the primary mass. The nature of these distributions is set by poorly understood binary star
formation mechanisms as outlined by Tokovinin and Moe (2020).

3.6.2 Mass-transfer efficiency

To construct our prediction of Be star fractions, we have assumed that no mass is accreted during mass-transfer and seen that
this scenario fits observations reasonably well. It has been demonstrated that for efficient mass-transfer, the Be star fraction
decreases, meaning that the theoretical framework presented here would not fit observations if mass-transfer were efficient.
This leads us to propose that, if the binary Be formation channel is the dominant one, mass-transfer is, on average, far from
conservative.

Binary models with conservative mass-transfer predict Be stars to be blue stragglers, after having gained a lot of mass (van
Bever and Vanbeveren, 1997). The observations presented in Fig. 3.3 contradict this prediction, with the vast majority of Be
stars lying either on the main-sequence or being slightly redder than it, strengthening our conclusion about mass-transfer being
highly non-conservative.

3.6.3 On the initial binary fraction

In obtaining our results we have assumed an initial binary fraction of 1, which could be criticised as too extreme. We have
demonstrated that in a coeval population of binary systems, at most 30% of systems are post-interaction binaries (see Sec. 5.4).
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Pre-interaction systems would therefore make up no less than 70% of this population. Dedicated models show that under the
assumption of a constant star formation rate, 30+10

−15 % of massive stars are the products of binary interaction (de Mink, Sana
et al., 2014), in broad agreement with this work.

Post-interaction binaries are either merger products, contain a relatively low mass post-main-sequence object (helium star,
black-hole, neutron star or white-dwarf) with a main-sequence (possibly emission line) star or form a runaway star ejected from
the binary orbit after a supernova. Such objects manifest themselves either as single stars, or would be difficult to detect as
binaries (de Mink, Langer and Izzard, 2011b; de Mink, Langer and Izzard, 2011a). Thus, even in a population whose initial
binary fraction is 1, apparently single stars are present in the proportions described above.

By examining radial velocity variations of very massive stars, one may only measure the pre-interaction binary fraction
(as supernova kicks are believed to disrupt almost all binary systems (N. Brandt and Podsiadlowski, 1995)), which has been
observed to be around 0.7 for O-type stars (Sana, de Mink et al., 2012). We therefore argue that the initial binary fraction is
certainly greater than the observed pre-interaction binary fraction, such that at this stage, we must remain open to the possibility
that an initial binary fraction very close to one is indeed realised in nature.

3.7 Conclusions

In light of various uncertainties plaguing binary evolution calculations, we have investigated whether binary evolution can
possibly reflect the large numbers of Be stars observed in open clusters. Starting from the premise that any binary system,
regardless of primary mass, orbital period or mass-ratio, will undergo stable mass-transfer to form a Be star, we have calculated
a rigorous upper limit to the formation of Be stars through this channel. It has been demonstrated that such binary evolution
does not allow more than around 30% of stars to have been spun up though binary interaction and become emission line objects.

After using isochrone fits to assign stars in the colour-magnitude diagram masses, a count of the Hα emitters in two open
clusters reveals that for objects near the turn-off, our upper-limit provides a reasonable description of the numbers of Be stars,
especially when uncertainties arising from the counting method are taken into account. The upper limit does however fail to
describe the sudden decrease in Be fraction that both clusters exhibit at a mass approximately 70-80% of the turn-off mass.

This problem can be rectified by assuming that systems of low mass-ratio and low primary mass merge. By adopting simple,
although physically justified stable mass-transfer criteria, we have shown that a good fit to the observational data is produced by
this postulate.

It has been demonstrated in a qualitative way that in coeval populations, a larger mass-gain of the donor results in a smaller
Be fraction at a given mass. Given that the observed Be fractions are very close to our upper limit when assuming totally
inefficient mass-transfer, it follows that to be able to explain such high Be fractions, mass-transfer must be non-conservative.

We have highlighted the distinction between the initial binary fraction and the binary fraction that one is able to observe, and
argued that these two quantities are not equal. This is so because a population of binary stars will always contain post-interaction
systems that will appear to be single stars. The calculations outlined in this work provide rough constraints on this discrepancy,
suggesting that the initial binary fraction is much higher than previously thought.

In conclusion, our theoretical argument serves to reinforce numerous observational arguments that suggest binary interactions
to be responsible for Be stars. We conclude that observations of Be stars in young open clusters (Milone, Marino et al., 2018;
Bodensteiner, Sana et al., 2020) do not contradict the hypothesis that Be stars originate exclusively from mass-transfer in binary
systems. We have shown that if all Be stars are binary interaction products, somewhat extreme assumptions must be realised
such as an initial binary fraction very close to unity, a shallow initial mass function and very non-conservative mass transfer.
Whether or not these conditions can be met by the stars in the sky remains to be seen.

Appendix

A Stars at the critical velocity

Here we investigate how critically rotating and slowly rotating stars vary in terms of their effective temperatures and luminosities.
Owing to the fact that stable and reliable numerical models of very fast rotating stars are difficult to produce, we shall employ a
simple analytical model.

The luminosity of a main-sequence star is generated from nuclear reactions in the central region. As stars are centrally
condensed, when a given star is spun up to the critical velocity the centripetal forces acting in the central regions are much
weaker than the force of gravity, meaning the structure of the core is largely unchanged. Hence, the intrinsic luminosity is
constant to first order.
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What does however change when a star is spun up is the outer structure. The equatorial radius increases, and therefore so does
the surface area of the star, S . This then causes the effective temperature to decrease, as evidenced by the Stefan–Boltzmann law

L ∝ S T 4
eff . (3.35)

To characterise this change in effective temperature we use the Roche model, which describes a star with all mass concentrated
at the centre, and rotating with constant angular velocity Ω. In this framework, the effective potential, with respect to the radial
coordinate r and latitude θ, is

Ψ(r, θ) = −GM
r
− 1

2
Ω2r2 sin2(θ). (3.36)

At the critical angular velocity, the polar radius, Rp is equal to the radius of an equivalent non-rotating star of the same mass,
whereas the equatorial radius, Re is given by

Re =
3
2

Rp. (3.37)

Taking the x − y plane to be parallel to the axis of rotation, where y represents the distance along the rotation axis and x the
perpendicular distance from the rotation axis, the surface of a critically rotating star is described by

(
y

Re

)2

=

(
2

3 − x2/R2
e

)2

−
(

x
Re

)2

, (3.38)

(Zahn, Ranc and Morel, 2010) The surface area of a star is (see Paxton, Smolec et al., 2019, Appendix B) , in general

S = 4π
∫ Re

0
x

√(
dy
dx

)2

+ 1 dx. (3.39)

After choosing units such that Re = 1, Eqs. 3.38 and 3.39 can be solved numerically to give the surface area of a critical rotator,
S c, as

S c ≈ 4π × 0.7028. (3.40)

Compare this to the surface areas of non-rotating stars with radii Re and Rp,

S 0(r = Re) = 4π (3.41)

and

S 0(r = Rp) = 4π
(

2
3

)2

≈ 4π × 0.4444. (3.42)

As expected we have

S o(r = Rp) < S c < S o(r = Re). (3.43)

We see that the surface area of a critically rotating star is around 1.58 times larger than that of its non-rotating counterpart.
Therefore from Eq. 3.35, the temperature of a star after having been spun up to critical decreases by a factor of 0.89.

B Stellar isochrones

As our model predictions give the Be fraction as a function of mass, to make an effective comparison with observations, we
must extract masses from stars in the colour-magnitude diagram. To this end, we employ isochrones of single rotating stars to
assign mass ranges to different areas of the colour magnitude diagram.

We use the grid of Schootemeijer, Langer et al. (2019) that has been extended to masses between 2 and 20 M� with slight
changes to internal mixing - see below. The code used was MESA (Paxton, Bildsten et al., 2011; Paxton, Cantiello et al., 2013;
Paxton, Marchant et al., 2015; Paxton, Schwab et al., 2018; Paxton, Smolec et al., 2019). Models were computed at initial
rotation rates between 0 and 80% of critical velocity in steps of 10%. As is standard in MESA the critical velocity is defined as

vcrit =

√
GM

R
(1 − Γ), (3.44)
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where Γ is the ratio of luminosity to Eddington luminosity, and is negligible for the models presented here. During early times,
the models undergo a relaxation period, during which the critical velocity fraction can oscillate wildly. To circumvent this, we
define the initial critical velocity fraction at the point when the model has burnt 3% of its initial hydrogen content by mass.

The physics employed in the models is mostly identical to that of Brott, de Mink et al. (2011), except for the treatment of
two mixing processes. Stepped convective overshooting is adopted that extends the convective zone by αOV times the local
pressure scale-height. A dependence of αOV with mass accounts for observational trends (Castro et al., 2014; Claret and Torres,
2016; Schootemeijer, Langer et al., 2019), whereby αOV increases linearly from 0.1 at 1.66 M� Claret and Torres, 2016 to 0.3 at
20 M� Brott, de Mink et al., 2011. Furthermore, time smoothing in rotational mixing is turned off to avoid unrealistically strong
mixing.

Isochrones are generated through a series of linear interpolations and are split up into two equivalent-evolutionary-phases
(EEPs). The first phase lasts until core hydrogen depletion, and the second phase from core hydrogen depletion until core helium
depletion. To compute the parameters of a star in the first EEP with initial mass Mi, initial critical velocity fraction 3i at time t,
we first find the time at which this star would experience core hydrogen exhaustion, TMS . In total, four models are used for the
interpolation, two models with initial masses M1 and initial critical velocity fractions 31,a and 31,b and similarly two models
with initial masses M2 and initial critical velocity fractions 32,a and 32,b. The models are selected such that M1 < Mi < M2 and
31,a < 3i < 31,b and similarly for 32,a, 32,b. For M1 and M2 we interpolate the lifetime when initial 3rot/3crit = 3i from these models
as is shown in Fig. 3.1 a. The hydrogen burning lifetime is then computed as an interpolation in mass between the values of M1
and M2, as depicted in Fig. 3.1 b. For this step, the most accurate results are obtained when the logarithm of hydrogen burning
lifetime is interpolated against the logarithm of initial mass. Using the interpolated lifetime, Ti, of this star with initial mass Mi
and initial critical velocity fraction 3i, we define its fractional lifetime as t/Ti. This fractional lifetime is the value at which
all further interpolations will be carried out. Next, a given quantity (for the purposes of making isochrones, the quantities of
interest are effective temperature and luminosity), Q, is interpolated at a fractional lifetime of t/Ti for the four selected models,
as in 3.1 c. The penultimate step is to calculate the quantities QM1

, QM2
which represent the values of Q of a star with mass M1,

M2, initial critical velocity fraction 3i and fractional lifetime t/Ti by interpolating across initial critical velocity fraction like in
Fig. 3.1 d. Finally, an interpolation in initial mass between the quantities QM1

and QM2
is done to produce the value of the

chosen parameter for a star of given mass, initial rotation rate and age.
To generate the second EEP, the same procedure is used but only with a different fractional lifetime, namely the fractional

helium-burning lifetime, t/THe such that at core hydrogen exhaustion t/THe = 0 and at core helium exhaustion t/THe = 1.
Absolute magnitudes in Hubble Space Telescope filters are computed by interpolating tables of synthetic stellar spectra

provided by the MIST project Choi et al. (2016). Apparent magnitudes are then calculated as

mF814W = MF814W + AF814W + µ, (3.45)

mF336W = MF336W + AF336W + µ, (3.46)

with µ being the distance modulus and absorption coefficients AF814W = 2.04E(B − V) and AF336W = 5.16E(B − V) (Milone,
Marino et al., 2018).
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thorough explanation.
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Summary
The most important quantity that governs the rotation of any object is the conserved quantity angular momentum. A rotating

massive star loses both mass and angular momentum through stellar winds. Understanding of the evolution of rotating stars thus
requires a detailed knowledge of the stellar winds. This chapter presents a method for self-consistently calculating the mass and
angular momentum loss arising from an anisotropic wind of a rotating star that can be employed by any one-dimensional stellar
evolution code.

The fundamental aspect of stellar rotation is the centrifugal force. At the pole, there is no such force, while at the equator the
centrifugal force is at its maximum. Due to the centrifugal force, the surface gravity varies over the stellar surface, with gravity
being weakest at the equator. The local photon flux depends directly on the surface gravity following the von Zeipel theorem
(von Zeipel, 1924) and so the local photon flux must also be spatially variable.

Massive stars host radiatively-driven winds, whereby particles are expelled as a wind through the exchange of momentum
with photons. The properties of such a wind are thus sensitive to the photon field in the stellar atmosphere. Winds are also
sensitive to the surface gravity because ultimately for a wind to be launched, the surface gravity must be overcome. It then
follows that because both the surface gravity and photon flux vary over the stellar surface, the wind should also be spatially
variable.

Many evolutionary models completely ignore this effect and treat the wind as being isotropic, which may lead to significant
errors in the predicted spin evolution of rotating stars. The models analysed in Chapter 2 for example assume isotropic winds.
We aim to improve the physics of stellar winds and assess the discrepancy between isotropic and anisotropic wind models.

To determine the properties of an anisotropic wind, one needs a detailed description of the stellar surface. The required
quantities are the surface gravity and effective temperature (which gives the photon flux). The surface gravity profile is given
by the Roche model, which assumes that the star is centrally condensed, which is a very good approximation. The effective
temperature profile is given by a gravity darkening law, which is a physically justified model of how the effective temperature
varies over the surface of a rotating star.
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While no general recipe exists to describe the anisotropic wind of a rotating star, one can take advantage mass-loss recipes for
non-rotating stars. These are functions that estimate the mass-loss rate of a non-rotating star as a function of various parameters
such as luminosity, mass and effective temperature. For a point on the surface of a rotating star, one can assign an equivalent
single star with the same surface properties as the chosen point. The mass-loss rate of this equivalent single star is then given by
the mass-loss recipe. The surface mass-flux, that is the mass-loss rate per unit area, is found using the equivalent single star’s
radius. When this process is repeated to every point on the rotating star, a surface mass-flux profile results. Integrating the
mass-flux profile over the distorted stellar surface gives the global mass-loss rate of the rotating star. A similar surface integral
taking into account the distance from the axis of rotation gives the global angular momentum loss rate.

Evolutionary models were computed which showed that mass-loss rates are largely insensitive to rotation. The exception
is when surface temperatures become low enough to enable the recombination of iron that brings about a large increase in
opacity, which is predicted to increase the surface mass-flux dramatically. Compared to models that assume an isotropic wind,
the anisotropic wind model does not seem to greatly alter the spin evolution of the models presented in this chapter.

The implementation of our scheme in the stellar evolution code MESA is available online: https://zenodo.org/record/
7437006
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4.1 Introduction

4.1 Introduction

All massive stars suffer from the effects of stellar winds. For O-type stars, the winds can be so strong that a significant portion
of the star evaporates and the evolutionary pathway is altered dramatically, for example forming a Wolf-Rayet star (Maeder and
Meynet, 1987; de Koter, Heap and Hubeny, 1997). In contrast, lower-mass stars typically lose only a negligible fraction of their
mass to winds. However even a non-magnetic wind carries angular momentum away from a star, and a star’s spin evolution can
even be affected by weak winds (Langer, 1998).

In the simplest sense, the density and velocity structure and thus also the mass-loss rate of a radiation-driven wind is
determined by the opposing effects of gravity and radiative acceleration. Gravity serves to bind material to the stellar surface,
while radiation, through both continuum and line opacities, provides a force to overcome gravity (Castor, Abbott and Klein,
1975; A. Pauldrach, Puls and R. P. Kudritzki, 1986). Rotation directly affects both the gravitational field strength and the
radiation field (von Zeipel, 1924), with both varying over the stellar surface, in turn resulting in an anisotropic wind (Poe and
Friend, 1986; Cranmer and Owocki, 1995; Curé and Rial, 2004).

For an anisotropic wind, attention needs to be paid to angular momentum loss since mass lost at the equator carries a larger
specific angular momentum than mass lost near the poles, especially so for stars that are significantly deformed from sphericity.
Owing to internal structural changes, stars born with moderate rotation may evolve to become extremely fast rotators (Hastings,
C. Wang and Langer, 2020), so the effects of rotation on stellar winds have the potential to be relevant to a large portion of stars.

For a number of decades, massive star modelling efforts (Heger, Langer and Woosley, 2000; Brott, de Mink et al., 2011;
Paxton, Cantiello et al., 2013) have described the effects of rotation on mass loss by increasing the mass-loss rate of an equivalent
non-rotating star by a factor that depends on the rotation rate (Friend and Abbott, 1986). Such a formulation is lacking due to
two issues. Firstly, it is assumed that, independent of the wind recipe used, rotation always increases mass-loss rates by the
same relative amount. This is not a fair assumption because two of the major effects of rotation on the surface of a star are to
weaken the gravitational field and to reduce the surface-averaged effective temperature (von Zeipel, 1924). These two effects
generally, though not always, serve to counteract each other, with winds being enhanced by weaker gravities but diminished by
lower effective temperatures. It is unclear which effect dominates. Both the dependence of the mass-loss rate on temperature
and the assumed temperature profile across the stellar surface (gravity darkening law) will govern whether rotation enhances or
reduces mass loss, meaning that the enhancement ought to be model dependant (cf. Müller and Vink 2014).

Secondly, some of the mathematical functions used to provide the mass-loss enhancement diverge as the star approaches
the critical velocity. While this behaviour is used in stellar evolution calculations merely to prevent models from exceeding
critical rotation (Heger, Langer and Woosley, 2000; Petrovic, Langer and van der Hucht, 2005), it is unphysical not least
because it is usually1 only material at the equator which achieves the critical rotation velocity, and strictly the equator covers an
infinitesimally small surface, while gravity does manage to keep the star bound over the rest of the surface.

Angular momentum loss from massive stars plays a role in several active research topics such as the study of Be stars (Curé,
2004; Curé, Rial and Cidale, 2005; Ekström et al., 2008; Hastings, C. Wang and Langer, 2020); the occurrence of chemically
homogeneous evolution, relevant to double black-hole mergers (Marchant et al., 2016) and gamma-ray burst progenitors
(S. .-.-C. Yoon, Langer and Norman, 2006; Aguilera-Dena et al., 2020); wind-driven orbital evolution in massive binary stars
(MacLeod and Loeb, 2020; Sen et al., 2021); and of course the rotation rates of stars in general. Improved modelling of the
winds of rotating stars would be beneficial to the advancement our understanding of stellar physics.

Various studies concerning winds from rotating massive stars have been performed (e.g. Poe and Friend 1986; Poe, Friend
and Cassinelli 1989; Owocki, Cranmer and Blondin 1994; Cranmer and Owocki 1995; Pelupessy, Lamers and Vink 2000;
Petrenz and Puls 2000; Curé, Cidale and Rial 2012; Müller and Vink 2014; Gagnier et al. 2019b), although the results of which
have not been adopted for use in stellar evolution codes. Our aim is to provide a simple and easily implementable scheme that
improves upon the popular rotationally enhanced mass-loss schemes. We applied our scheme to the one-dimensional stellar
evolution code MESA and provide the files necessary to compute models using it 2.

The structure of this paper is as follows. Section 5.3 details the derivation of our stellar wind prescription. In Section
5.4 we compare the results of our new wind model to the commonly used rotationally enhanced mass-loss prescription. A
brief discussion of uncertainties is given in Section 4.4. Section 5.5 hosts a comparison of our results to more sophisticated
approaches. Lastly, our conclusions are put forward in Section 4.7.

1 In the case of a uniform surface opacity (e.g. electron scattering opacity) and a near-Eddington luminosity, material becomes
unbound over the whole surface of the star (Maeder and Meynet, 2000).

2 https://zenodo.org/record/7437006
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4.2 Method

4.2.1 Anisotropic wind model
Our basic philosophy is to apply a one-dimensional wind recipe to every point on the surface of a rotating star. For every point
on the stellar surface, the given wind recipe uses the local physical conditions to provide a surface mass-flux, which when
integrated results in global mass and angular momentum loss rates. We shall now determine the surface properties of a rotating
star.

Surface properties of a rotating star

A rotating star with mass M, polar radius Rp, equatorial radius Re, luminosity L is assumed to be rotating rigidly with angular
velocity Ω. In reasonable agreement with detailed stellar models (Maeder, 2009), we assume that the polar radius is not affected
by rotation. The contribution of radiative acceleration to the total gravity shall be ignored, as we focus primarily on stars with
luminosities below the Eddington luminosity. The critical velocity, or break-up velocity is then the Keplerian angular velocity,
at which the gravitational force matches the centrifugal force at the equator and reads

ΩKep =

√
GM

R3
e

(4.1)

and the fraction of Keplerian angular velocity is denoted as

ω =
Ω

ΩKep
. (4.2)

Recent two-dimensional models of rotating stars suggest that the rotation velocity at which material becomes unbound
from the stellar surface is very close to the Keplerian velocity (Gagnier et al., 2019a). However, these models only cover two
separate values of the stellar mass (15 and 40 M�) at one point in their evolution. Therefore we cannot exclude that for very
luminous stars, radiation might play a significant role in unbinding material from the surface and thus reducing the critical
rotation velocity. This issue is discussed further in Sec. 4.2.2.

We note that several different working definitions of the critical velocity velocity exist (see discussion in Section 2.3.1 of
Rivinius, Carciofi and Martayan 2013 and their Eqns. 3 and 4 ). Our choice is made to be consistent with the stellar evolution
code MESA (Paxton, Smolec et al., 2019).

In the co-rotating frame of a rotating star, the centrifugal force is perpendicular to the rotation axis, which causes the effective
surface gravity to to become latitude-dependant. Following from the varying surface gravity , effective temperature also varies
across the surface (von Zeipel, 1924). Also effected is the star’s shape, evidenced by a bulging equator. These three effects shall
now be quantified in order.

As massive stars are centrally condensed, the use of the Roche potential is justified (Collins, 1965; Rieutord, 2016). We
define the effective surface gravity as the sum of self-gravitation and centrifugal forces which is

#»g eff(θ) =

(
− GM

r(θ)2 sin(θ) + Ω2r(θ)sin(θ)
)

#»x − GM

r(θ)2 cos(θ) #»z , (4.3)

where #»x and #»z are the Cartesian unit vectors, perpendicular and parallel to the rotation axis respectively. The radial co-ordinate
is designated r and θ the co-latitude. The magnitude of the surface gravity is then found to be

| #»g eff(θ)| =


GM

R2
p

 δ−2
[
δ4

(
r(θ)
Rp

)−4

+ ω4δ−2
(

r(θ)
Rp

)2

sin2(θ) − 2ω2sin2(θ)δ
(

r(θ)
Rp

)−1 ] 1
2

, (4.4)

where δ is the ratio of equatorial and polar radii, δ =
Re
Rp

. Because we assume that every point on the surface can be treated as an
equivalent non-rotating star (i.e. we wish to reduce the two-dimensional problem of a rotating star to one dimension), and that
the flux vector is nearly perfectly aligned with the gravity vector in a rotating star (Espinosa Lara and Rieutord, 2011), the
magnitude of the gravity vector is the quantity of interest, not the gravitational field strength in the radial direction.

The local effective temperature is defined using the local flux,
#»F(θ), and the Stefan-Boltzmann constant, σ as

Te f f (θ)4 = | #»F(θ)|/σ. (4.5)
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The effective temperature profile is given by the model of Espinosa Lara and Rieutord (2011), which assumes a Roche potential
and that the flux at the surface of a star is well approximated by

#»F(θ) = − f (r, θ) #»g eff, (4.6)

which requires the energy flux to be anti-parallel to the effective gravity. This condition is fulfilled in stars with convective
envelopes and is also valid to within a very fine tolerance in stars with radiative envelopes (Espinosa Lara and Rieutord, 2011).
The function f (r, θ) is found by demanding that no heat is generated in the envelope ( i.e. ∇ ~F = 0) and reads

f (r, θ) =
L

4πGM
tan2ϑ

tan2θ
, (4.7)

where ϑ is the solution to

cosϑ + ln tan
ϑ

2
=

1
3
ω2

(
r

Re

)3

cos3θ + cosθ + ln tan
θ

2
. (4.8)

Alternative gravity darkening laws are available (Slettebak, 1949; Lucy, 1967; Lovekin, Deupree and Short, 2006; Lipatov and
T. D. Brandt, 2020). We note that the gravity darkening model of Espinosa Lara and Rieutord (2011) predicts that the equatorial
flux of a critically rotating star is zero, which might be unphysical.

Lastly, the radial profile can be determined from the Roche equipotential surface (Appendix A) to be

r(ω, θ)
Rp

=

(2 + ω2)

√
2 + ω2

3ω2sin2(θ)
cos


1
3

arccos


3

2 + ω2

√
3ω2sin2(θ)

2 + ω2

 +
π

3

 . (4.9)

Mass and angular momentum flux

To quantify the wind over the stellar surface, we shall use the mass-loss rate per unit surface area, or mass-flux, ṁ(θ), which is
related to the total mass-loss rate, Ṁ via

Ṁ =

∫
ṁ(θ)dS , (4.10)

where dS represents the infinitesimal surface element. Knowledge of the star’s shape allows us to compute the above integral as
(cf. Gagnier et al. (2019b))

Ṁ = 2π
∫

ṁ(θ)r2(θ)

√

1 +
1

r2(θ)

(
∂r
∂θ

)2

sinθdθ, (4.11)

where r(θ) is given by Eq. 4.9.
The local angular momentum flux is defined as

˙̀(θ) = ṁΩr2(θ)sin2θ (4.12)

and the global angular momentum loss rate is found by integrating again over the stellar surface as

L̇ = 2π
∫

˙̀(θ)r2(θ)

√

1 +
1

r2(θ)

(
∂r
∂θ

)2

sinθdθ. (4.13)

Determining surface mass flux

Calculating the surface mass flux of a rotating massive star requires not only knowledge of the general mechanics of radiation-
driven winds but also of several rotation specific phenomena and their interplay in driving a wind. As of yet, general mass-loss
recipes exist only for non-rotating stars, and even those differ significantly depending on methods and assumptions. It is felt
that although the use of a non-rotating wind recipe cannot capture the fine details of physical processes in rotating stars, their
use in describing rotating star winds is still beneficial and above all represents an improvement over the almost exclusively used
rotationally enhanced mass-loss scheme.
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Using the effective surface gravity profile, effective temperature profile and surface shape of a rotating star, we may assign an
equivalent non-rotating star to each co-latitude of the rotating star, for which the mass-loss rate is given by a chosen recipe. This
equivalent non-rotating star is defined to have the same radius, effective temperature and surface gravity as a given latitude on
the rotating star. The surface mass-flux is then, in general

ṁ(θ) =
Ṁ

(
| #»g eff(θ)|,Te f f (θ), r(θ), ...

)

4πr(θ)2 , (4.14)

where Ṁ is the function provided by the non-rotating wind recipe. The only requirement for the recipe is that it is a function of,
or can be manipulated to be a function of, at least the effective surface gravity, effective temperature and radius.

For the calculations in this work, we shall use the mass-loss recipe of Vink, de Koter and Lamers (2001), although in
principle any recipe can be used. Here the mass-loss rate is a function of the stellar mass, effective temperature, luminosity and
metallicity, Z. For our purposes, we first need to modify the input parameters of the recipe.

The mass and luminosity of a non-rotating star can be described using the effective surface gravity and effective temperature,
provided the radius is known. This means that at each latitude of a rotating star, an equivalent non-rotating star would have a
different mass (following from the radius and surface gravity of the rotating star) and a different luminosity (following from the
effective temperature and radius). To account for this, the mass-dependence must be expressed instead in terms of the surface
gravity and radius. As luminosity is determined by the Stefan-Boltzmann law, an effective luminosity for each colatitude on a
rotating star can be defined as

Leff(θ) = 4πσr(θ)2Te f f (θ)4. (4.15)

This equivalent luminosity represents the luminosity that a non-rotating star, with equal surface properties of a given colatitude,
would have. It is therefore this quantity that must be used in place of the luminosity in the mass-loss recipe, which becomes

ṁ(θ) =

Ṁ
(
| #»g eff(θ)|r(θ)2

G ,Te f f (θ), Leff(θ),Z
)

4πr(θ)2 . (4.16)

4.2.2 Critical rotation velocity

For a star, there exists a critical (or break-up) rotation velocity at which material becomes unbound from the stellar surface.
Although a simple concept, there are several nuances which shall be discussed here. In this work we assume that the critical
velocity is attained when the centrifugal and gravitational forces balance, however in general this is likely only an approximation.

In massive stars the force from radiation itself contributes to the force balance, and thus has been proposed to reduce the
critical velocity (Langer, 1997). The acceleration produced by radiation is proportional to the flux and opacity, which are both
effected by rotation. As first argued by Glatzel (1998), when a luminous star rotates very quickly, gravity darkening causes the
equatorial flux to weaken strongly, suggesting that the appropriate limit is the Keplerian one. Although analysis by Maeder and
Meynet (2000) determined that below a threshold luminosity (around 60% of the Eddington luminosity), the radiation force
indeed plays no role in unbinding material from the surface, the issue is still not clear cut, as discussed in the following.

Gravity darkening is traditionally described by Von Zeipel’s Law, which states that effective temperature is proportional
to effective gravity to the power of β, with β = 0.25. Interferometric observations of rapidly rotating stars have demonstrated
that gravity darkening is not as strong as predicted by Von Zeipel’s Law, with lower β values for faster rotators (Monnier et al.,
2007; Zhao et al., 2009; Che et al., 2011; Domiciano de Souza et al., 2014). These observations are generally consistent with
two-dimensional numerical models (Espinosa Lara and Rieutord, 2013) and analytic gravity darkening models (Espinosa Lara
and Rieutord, 2011), but one star, β Cassiopeiae, appears to exhibit much weaker gravity darkening than expected (Che et al.,
2011), perhaps exposing weaknesses in our understanding of gravity darkening. Weaker gravity darkening would result in a
stronger radiative force at the equator, hence helping to reduce the critical velocity.

The surface opacity of a rotating star is also uncertain. Maeder and Meynet (2000) assumed that the region with the highest
opacity would be the equator, as this is the coldest part of the surface. However, the centrifugal force also causes a decrease
in the matter density at the equator, consequently decreasing the opacity. Two-dimensional numerical models of stars on the
zero-age-main-sequence suggest that the effect of decreasing density dominates, thus a fast rotating star is predicted to have
a lower equatorial opacity than an equivalent non-rotating star (Gagnier et al., 2019a), meaning that radiative acceleration is
unable to contribute to the force balance. However there may be some exceptions. Firstly stars may suffer the effects of opacity
bumps caused by recombination of certain species (notably hydrogen, helium and iron; Iglesias and F. J. Rogers 1996), that
could drastically alter the opacity profile over the surface of the star. Secondly in very hot stars, where the opacity is dominated
by electron scattering, the surface opacity is largely independent of temperature and thus spatially uniform. Such a case would
need careful study to determine whether the break-up velocity is affected.
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Classical Be stars are fast rotators with a decretion disc, which are believed to be typically rotating at approximately 70% of
the Keplerian velocity (Porter, 1996; Rivinius, Carciofi and Martayan, 2013; Zorec, Frémat, Domiciano de Souza et al., 2016;
Dufton, Lennon et al., 2022), and in some cases even lower (Huang, Gies and McSwain, 2010; Zorec, Frémat, Domiciano de
Souza et al., 2016). It may be reasonably supposed that an outflowing disc will affect the structure of its host star, such that the
surface flux and opacities may be different when a disc is present, thus altering the break-up velocity. There is evidence to
suggest that the threshold rotation rate for the Be phenomenon, assumed to be the true break-up velocity, varies with effective
temperature (Cranmer, 2005; Huang, Gies and McSwain, 2010), with hotter Be stars rotating more slowly than their cool
counterparts. It is well understood that hotter stars are closer to the Eddington limit, which may suggest that indeed in the hotter
Be stars, radiative acceleration does play a role in unbinding material.

4.2.3 Numerical method

In order to investigate the effect of our prescription on the evolution of both mass and angular momentum loss rates of rotating
stars, we employ the one-dimensional detailed stellar evolution code MESA (Paxton, Smolec et al., 2019), version 12115. The
files required to compute models presented in this work are available online3. The adopted physics is largely identical, except
for the stellar winds, to that of Brott, de Mink et al. (2011) and implemented in MESA as by Schootemeijer, Langer et al. (2019).
The models include internal angular momentum transport achieved by magnetic torques (Spruit, 2002) which enforce near
solid-body rotation during most of the main-sequence evolution.

We run two sets of models, one using the rotationally enhanced mass-loss scheme as it is usually implemented in MESA
(named the standard scheme), where the mass-loss rates are first calculated using the recipe of Vink, de Koter and Lamers
(2001) and then following Friend and Abbott (1986) 4 increased by a factor of

1 −Ω

√
R3

e

GM(1 − Γ)



−0.43

. (4.17)

The second set uses mass-loss rates set by the method outlined in Sec. 4.2.1 and is named the local scheme. Both sets rely
on the wind mass-loss recipe of Vink, de Koter and Lamers (2001). This wind recipe includes the bi-stability jump effect (first
found by A. W. A. Pauldrach and Puls 1990), where mass-loss rates are theorised to increase dramatically during the transition
to temperatures cooler than approximately 22kK owing to the recombination of Fe IV in the atmosphere (Vink, de Koter and
Lamers, 1999). The impact of the bi-stability jump on mass-loss rates is not certain, with Björklund et al. (2022) noting that
’the drastic Ṁ increase found in earlier models in this region might simply be an artefact of not being dynamically consistent
around the sonic point, and not allowing properly for the feedback between radiative and velocity acceleration’. The quantitative
behaviour of models near the jump is also contested (Markova and Puls, 2008; Vink, 2018; Krtička, Kubát and Krtičková, 2021).
We stress that our method is not confined to a particular mass-loss recipe and that several others could be used, for example
those of R. P. Kudritzki et al. (1989), Sundqvist et al. (2019) and Björklund et al. (2022).

For the standard scheme, stellar winds are assumed to be isotropic with the angular momentum loss L̇, given by

L̇ = jsurfṀ, (4.18)

where jsurf is the specific angular momentum of the distorted surface and Ṁ the global mass-loss rate (Paxton, Smolec et al.,
2019). The local scheme computes angular momentum loss according to Eqns.4.12 and 4.13, taking into account both the
anisotropic wind and surface deformation caused by rotation.

We compute models with a chemical mixture representing the Large Magellanic Cloud as in Brott, de Mink et al. (2011).
Two initial masses of 10 M� and 20 M� are chosen to straddle the bi-stability jump. We run models with an initial equatorial
rotation velocity of 300 km s−1 until core hydrogen depletion, defined as a central hydrogen mass fraction of 1 × 10−4. The
chosen rotation velocity represents the typical value for early B-stars found in the Large Magellanic Cloud (Dufton, Langer
et al., 2013) and corresponds to an initial critical rotation fraction of around 0.45 for both masses.

It is also useful to assess numerical models with varying rotation rates at a fixed point in their evolution. To this end we run
models with very small timesteps until the model has burnt 3% by mass of its initial supply of hydrogen in the core (Xc = 0.7169).
This is approximately the earliest point at which the model finds itself in thermal and nuclear equilibrium and hence is a good
point in the star’s evolution to investigate. We shall term the point when Xc = 0.7169 the zero-age-main-sequence.

Our models are numerically stable until initial critical velocity fractions, ω, of around 0.65, so to investigate stars with faster
rotation, an extrapolation is performed. The local wind scheme requires as inputs the stellar mass, rotation rate, polar radius and
luminosity .

3 https://zenodo.org/record/7437006
4 see Lamers and Cassinelli (1999) for a thorough description
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Figure 4.1: Mass-loss rate per unit surface area as a function of colatitude, θ, for 10 M� (left panel) and 20 M�
models (right panel) at various rotation rates. All models have burnt 3% by mass of their initial hydrogen (i.e.
Xc = 0.7169). Critical velocity fraction, ω, is depicted in the legend.

The polar radius is assumed to be invariant to rotation, so this is known from a non-rotating model. For the luminosity, we
extrapolate from the slower rotating models as described in Appendix B up to ω = 0.9. Using the four named quantities, the
effective gravity and effective temperature profiles can be calculated (as outlined in Sec. 4.2.1), and resultingly the surface
mass-flux. Thus we may investigate the behaviour of our scheme for very fast rotating stars on the zero-age-main-sequence
despite not having stellar models at these rotations. Stars born with moderate rotation may evolve to rotate at high critical
velocity fractions owing to internal structural changes (Hastings, C. Wang and Langer, 2020), so it is important to check the
behaviour of our scheme at near critical rotations.

4.3 Results

4.3.1 Mass loss on the zero-age-main-sequence

Figure 4.1 shows the surface mass flux as a function of colatitude for 10 M� and 20 M� models rotating at various rates. All
models displayed have a central hydrogen mass fraction of 0.7169, equating to 97% of the initial hydrogen mass fraction. It is
seen that for slow rotation, mass flux is stronger at the poles and weaker at the equator. This occurs because rotation results in a
hotter pole, relative to the non-rotating case, and a cooler equator, and stellar winds are very sensitive to effective temperature
changes.

For faster rotating 10 M� models, mass-flux experiences a jump at colatitudes between 60 and 80°caused by the bi-stability
jump. Moving from pole to equator across the stellar surface, effective gravity and hence effective temperature decrease. At
some point, the effective temperature subceeds the ’jump temperature’ at which Fe IV recombines to Fe III causing a sudden,
dramatic increase in the mass flux, as evidenced in the left panel of Fig. 4.1. The 20 M� model does not undergo the same
phenomenon as here the effective temperature always exceeds the jump temperature.

The global mass-loss rate depends on both the surface mass-flux and the stellar surface area. For the wind recipe of Vink, de
Koter and Lamers (2001) used in this work, provided the ionisation equilibrium does not change significantly, faster rotation is
seen to cause a decreasing surface mass-flux at the equator. Also rotation increases the surface area of the equatorial region due
to the equatorial bulge. These two effects can offset one another, causing the global mass-loss rate to be roughly independent of
rotation, as exemplified by models shown in Fig. 4.2. We note that because of the relatively small area covered by the polar
region, the polar surface mass-flux does not contribute significantly to the global mass-loss rate.

For the 10 M� model in the local scheme, mass loss decreases slightly with faster rotation, until the bi-stability jump comes
into effect at ω ≈ 0.5 and drives mass-loss rate up. In contrast, the 20 M� model displays almost no change in mass-loss rates
until ω ≈ 0.3 and then a small increase thereafter, due to the effect of the growing surface area of the equator dominating over
the diminished equatorial surface mass-flux. We note that, except for models affected by the bi-stability jump, our local scheme
produces slightly weaker winds than the standard scheme. Our models show that excluding the effects of the bistability jump,
mass-loss rates of a rotating star are not predicted to be significantly different to that of an equivalent non-rotating star.
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Figure 4.2: Upper panels: Global mass-loss rates as a function of critical velocity fraction, ω, for 10 M� (left panel)
and 20 M� models (right panel). Predictions of the local scheme, where surface mass flux is determined by Eq.
4.16 and the global mass-loss rate given by Eq. 4.11, are given in red. The standard scheme, where the mass loss
rates are increased by Eq. 4.17 is depicted in black. All models have burnt 3% by mass of their initial hydrogen
(i.e. Xc = 0.7169). Dotted lines represent mass-loss rates calculated from extrapolation (see Sec. 4.2.3). Lower
panels: Ratios of rotating star mass-loss to non-rotating star mass loss, Ṁ(ω)/Ṁ(ω = 0), for each combination of
mass-loss model and initial mass as given in each panel.

At very high initial rotation rates, our estimates of the mass-loss rate from extrapolation of the luminosity show that for the
20 M� model, the increase in mass-loss rate is modest, 10% at most. Whereas the cooler 10 M� model displays mass-loss rate
enhancement of a factor 9 at ω = 0.9. We are thus confident that our scheme behaves reasonably at near-critical velocities.

4.3.2 Evolutionary models
Our evolutionary models are presented in Fig. 4.3 where panels a) and b) show the evolution of global mass-loss rates. In the
standard scheme the bi-stability jump is implemented as a sharp jump, however in the local scheme the jump is more gradual,
owing to the fact that as the star cools, the region of the surface affected by the jump grows, causing the mass-loss to also
gradually increase.

Panels c) and d) of Fig. 4.3 show the normalised specific angular momentum loss of our evolutionary models, given as

L̇
2
3ṀΩR2

eq

. (4.19)

This is a unitless quantity that describes the strength of angular momentum loss independently of the rotation rate and mass-loss
rate. A spherical star with an isotropic wind (i.e. a slowly rotating star) has a normalised specific angular momentum loss of 1.
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Values larger than unity imply that the star is losing more angular momentum per unit mass than the spherically symmetric case
and that spin-down will occur more rapidly. This quantity is sensitive to both the anisotropy of the wind and the deformation
of the star. We see that away from the bi-stability jump temperatures, models using the local scheme suffer lower angular
momentum losses than the standard scheme. This reduced normalised specific angular momentum loss means that stars may
be able to maintain faster rotation rates. The opposite is true when mass-flux across the stellar surface is increased due to the
bi-stability jump, because the model loses large quantities of mass from the equatorial regions.

Panels e) and f) of Fig. 4.3 show the equatorial velocities of our models. Comparing the velocities near the end of the
main-sequence, we see that the local scheme displays larger rotational velocities, due to the generally lower mass-loss and
normalised specific angular momentum losses as shown in the upper two panels. The effect is greatest in the 20 M� model, with
velocities increased by roughly 10% compared to the standard scheme.

4.4 Uncertainties
When attempting to describe a two-dimensional phenomenon with a one-dimensional model there are inevitably shortcomings.
Most stellar evolution codes compute the structure of a rotating star by applying certain corrections to the stellar structure
equations that are designed to produce the average properties along an isobar (for a detailed description see Heger, Langer and
Woosley 2000). This approximation may break down under certain conditions, for example when the surface temperature at the
equator is cool enough for helium-I to form yet the pole it is not, the opacity will vary greatly over the stellar surface causing
different physical conditions at the equator and pole. In such a case, average quantities will not capture this diversity and may
lead to different structures as computed by one and two-dimensional models.

A weakness of our wind scheme is that to determine the local mass-flux, we use a mass-loss recipe that was calculated
for non-rotating stars. Such a recipe naturally ignores rotational phenomena like non-spherical geometry and the effects of
limb-darkening. What is more, the ionisation of the wind is expected to be sensitive to radiation from various latitudes on the
stellar surface (Petrenz and Puls, 2000), which could effect the mass-loss rates.

A fundamental assumption of our scheme is that the wind is launched from the stellar surface and moves parallel to the
photon flux (which is assumed to correspond to the direction of the effective gravity). In reality, a wind is continually accelerated
until it reaches the terminal wind velocity and during this acceleration a wind particle may be influenced by photons streaming
at an oblique angle to the stellar surface. This would introduce a non-radial line force (particularly in combination with a
polar-angle dependent velocity field), which may alter the wind structure and angular momentum content (Owocki, Cranmer and
Gayley, 1996; Gayley and Owocki, 2000). What is more, in our model the effective gravity, and hence flux, have a non-radial
direction, while most one-dimensional mass-loss recipes assume a purely radial flux.

When running models at large critical velocity fractions, caution must be exercised, as one may be extrapolating from the
non-rotating wind recipe. For any given wind recipe, there are bounds in which the input parameters are valid and it is entirely
possible that under extreme rotation the local surface conditions fall outside of the prescribed bounds. Should this occur, a
second suitable wind recipe could be used to give the local mass flux for the effected regions, for example a cool star wind
recipe may be appropriate for describing the equatorial wind.

4.5 Applicability of the local mass-loss scheme
The pre-requisites for the mass-loss scheme presented here are that the star’s shape needs to be well described by the Roche
potential and the gravity darkening law of Espinosa Lara and Rieutord (2011) must be valid. This is in general true for both
convective and radiative stars that do not have near-Eddington luminosities and are rotating sub-critically (Espinosa Lara and
Rieutord, 2011), however there are further cases where these conditions are not met and other special cases which will be
discussed here.

For very luminous stars, the radiative acceleration may facilitate the unbinding of material from the stellar surface at lower
rotation velocities than the Keplerian velocity. As this effect is ignored in our formalism, our scheme is not appropriate for
very luminous objects. In light of the findings of Maeder and Meynet (2000), we would conservatively advise the limit of
applicability to be 60% of the Eddington luminosity. Improved gravity darkening laws and a more detailed account of the
stellar surface opacity could possibly allow for applying our scheme also at higher Eddington factors, but this still needs to be
investigated (see Sec. 4.2.2).

Furthermore, luminous stars may suffer the effects of inflation whereby radiation pressure "inflates" the star, producing a
very tenuous, extended envelope (Ishii, Ueno and Kato, 1999; Sanyal, Grassitelli et al., 2015). If the radiation pressure deviates
from spherical symmetry, then the strength of inflation will vary according to latitude, suggesting that the star’s shape is not
well described by the Roche potential. Our mass-loss scheme is therefore not applicable to inflated stellar models. Inflation is
expected to occur at masses above 30 M� for stars with galactic metallicity, but for much higher masses at lower metallicities
(Sanyal, Langer et al., 2017).
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Figure 4.3: Upper panels: evolution of global mass-loss rate as a function of time. The blue dashed line shows
the mass-loss rate computed from a non-rotating model. Central panels: evolution of normalised specific angular
momentum loss, as given by Eq. 4.19 (see text for details). In the limit of slow rotation this quantity is equal to
unity, shown by the blue dashed line. Lower panels: evolution of the equatorial rotational velocity as a function of
time. The left panels show a 10 M� model, the right panels a 20 M� model. Predictions of the local scheme, where
surface mass flux is determined by Eq. 4.16 and the global mass-loss rate given by Eq. 4.11, are given in red. The
standard scheme, where the mass loss rates are increased by Eq. 4.17 is depicted in black. All rotating models have
initial equatorial rotational velocities of 300 km s−1.
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A star may suffer the effects of additional forces which can alter the surface effective gravity beyond the Roche potential.
Examples include radial pulsations, accelerations from rapid expansion or contraction and a close binary companion. Such
cases would need to be dealt with separately, although our scheme could be extended to them.

While our scheme may be applied to rapid rotators, once a star reaches critical velocity, evolutionary models demand that the
star lose enough angular momentum to maintain sub-critical rotation. It is not entirely clear how this may happen, there are
several possibilities. The star may undergo a "mechanical mass-loss episode", losing the required angular momentum through
increased mass loss at the equator only (Granada, Ekström et al., 2013). The other extreme is to lose angular momentum via
an isotropic wind, as is currently done in MESA models, but one may also prescribe for mass to be lost from the surface in
any configuration. For at least some fast rotating stars in nature, a circumstellar decretion disc forms that can efficiently drain
angular momentum from the star (Krtička, Owocki and Meynet, 2011). For lower-mass stars (M/ 10M�), the required angular
momentum loss rates, and correspondingly required mass loss rates are low (Granada, Ekström et al., 2013), hence the evolution
of the star is largely insensitive to the mechanics of angular momentum loss at the critical velocity. This is not true for more
massive stars, which can lose upwards of 10% of their initial mass from rotating critically (cf. Table 1 of Granada, Ekström et al.
2013), so how exactly angular momentum is drained from a critical rotator becomes important. Therefore we advise caution
when stellar models achieve critical rotation.

A crucial aspect of our formulation is that it demands that the wind is sensitive only to the local conditions of where on the
surface it was launched from. An example where this condition is violated is the dust-driven winds of asymptotic giant branch
stars. Global pulsations may lead to dust formation in the outer atmosphere, which is essential for the wind driving (Winters
et al., 2000).

4.6 Comparison to other studies
Several authors have investigated the problem of stellar winds and rotation by directly taking into account rotation specific
physics. The prescription presented here is better described as an adaptation of a wind model for non-rotating stars, so it is
useful to compare our results to previous studies.

It has been reported that radiation-driven winds are most strongly affected by gravity darkening directly beneath the point
from which the wind was launched (Cranmer and Owocki, 1995). This suggests that the wind is only sensitive to the point form
which it is launched, justifying our use of a non-rotating wind model as our basis. It is also encouraging as limb-darkening,
which is not accounted for in our prescription, is deemed unimportant (Cranmer and Owocki, 1995).

Petrenz and Puls (2000) calculated wind models using the concept of a mean irradiating atmosphere and found the winds to
have a prolate structure, with increased mass-flux at the pole. Furthermore, for B-type stars, rotation is predicted to diminish
mass-loss rates, with models rotating at around 80% of critical velocity displaying mass-loss rates a few percent lower than
corresponding non-rotating models (c.f Table 4 of Petrenz and Puls 2000). Similarly, we predict a very weak rotation dependence
on mass-loss rates (away from the bi-stability jump), although our models can show enhanced or reduced winds depending on
the stellar parameters. Müller and Vink (2014) also find that mass-loss actually diminishes due to the effects of rotation, in
contrast to the rotationally enhanced wind schemes.

Pelupessy, Lamers and Vink (2000) focused on B[e] stars using models including the bi-stability jump effect. They report
that rotation, in general, enhances mass-flux from the poles but hardly changes that of the equator. The spatial variation in
mass-flux predicted by Pelupessy, Lamers and Vink (2000) shows a discontinuity owing to the bi-stability jump, albeit not as
steep as in our results (c.f. Fig. 9 with our Fig. 4.1). Pelupessy, Lamers and Vink (2000) predict the winds of a 20 M� star to
grow stronger with rotation, with rotation at 60% of critical velocity boosting mass-loss by 16% compared to the non-rotating
case (c.f. Table 3).

The works mentioned above computed only stationary models, however different stellar parameters were used in each case.
For example the 20 M� model of Petrenz and Puls (2000) had a radius of 20 R�, while that of Pelupessy, Lamers and Vink
(2000) was more than twice as large, 47 R�. The fact that the resulting relationships between rotation and mass-loss rates
disagree is therefore not surprising.

The work of Gagnier et al. (2019a) differs from this study twofold. Firstly, the two-dimensional ESTER code (Espinosa Lara
and Rieutord, 2013) was used to compute the stellar structure, whereas here we rely on a one-dimensional code. Secondly,
the local mass-flux was calculated by calibrating the one-dimensional CAK theory (Castor, Abbott and Klein, 1975) to the
wind recipe of Vink, de Koter and Lamers (2001). Given that models presented here and in Gagnier et al. (2019a) are based on
the same wind recipe of Vink, de Koter and Lamers (2001), a comparison between the two will highlight differences in the
underlying methods.

To compare our scheme to that of Gagnier et al. (2019a), a 15 M� model has been computed with solar metallicity as in Brott,
de Mink et al. (2011) and initial critical angular velocity fraction, ω = 0.5. Fig 4.4 compares the results of the two methods.
Firstly, we see that the equatorial effective temperatures predicted by both models agree to within around 2000K, and to within
several hundred Kelvin during the early evolution. This discrepancy can largely be credited to the differences of the structures
predicted by two and one-dimensional models and the implementation of rotational mixing.
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Figure 4.4: Comparison of the global mass-loss rates (left panel) and equatorial effective temperatures (right panel)
predicted by this work and that of Gagnier et al. (2019a). Shown are the results of 15 M� models with solar
metallicity and initial critical velocity fraction, ω = 0.5. Predictions of this work are plotted as grey lines, and
those of Gagnier et al. (2019a) as cyan lines. The x-axis depicts the central hydrogen mass fraction normalised to
the initial value. The panels in this figure are directly comparable to Figures 13 and 14 of Gagnier et al. (2019a).

A disadvantage of the method of Gagnier et al. (2019a) is that the required calibration of the surface mass-flux is sensitive to
the strength of surface gravity, meaning that properly, (as stars evolve to lower surface gravities) a new calibration must be
made at every timestep (see Sec. 4.2 of Gagnier et al. 2019b). However, as the calibration is onerous, it was only carried out for
models on the zero-age-main-sequence, meaning that "the local mass-flux may be underestimated by a factor ∼1.7 at most".
Our scheme does not suffer from this issue, which may explain partly why our model predicts slightly higher mass-loss rates in
panel a of Fig. 4.4. Both models however show the same general trend, with a gradual increase in mass-loss rates once the
equatorial effective temperature cools below 22-23kK. The relative increase in mass-loss rates brought about by the bistability
jump is approximately the same in both models. The jump temperature differs slightly in the two models because the jump
temperature is sensitive to the stellar luminosity (see Eq. 16 of Gagnier et al. 2019a). Both models naturally have different
luminosities owing to their different structures, as mentioned earlier. We find it encouraging that our relatively simple scheme
behaves similarly to a two-dimensional, more advanced model.

4.7 Conclusions
We have presented a new and simple to implement prescription for the mass and angular momentum loss rates of rotating
massive stars. This represents an improvement over the widely used rotationally enhanced mass-loss schemes as we calculate
the two-dimensional mass-flux over the stellar surface and are able to compute the angular momentum loss resulting from
an anisotropic wind originating from a distorted star. Our method involves using a mass-loss recipe for non-rotating stars to
determine the local mass-flux across the surface of a rotating star, which is then integrated to give global mass and angular
momentum loss rates.

In general we notice that, away from the bi-stability jump temperature, mass-loss rates are slightly diminished compared to
the rotationally enhanced mass-loss scheme. The local mass-flux scheme has the effect of smoothing out the bi-stability jump as
the increase in mass-loss rate is implemented locally on the star’s surface, not globally, also observed in the models of Gagnier
et al. (2019a). Our models show that the presence of the bistability-jump causes a strong relationship between rotation and
mass-loss. If the bistability-jump does not in fact operate in nature, as suggested by theoretical wind models of Björklund et al.
(2022), moderate and even fast rotation is not predicted to strongly alter mass-loss compared to the non-rotating case. We
see evidence that the detailed relationship between rotation and wind strength is complex, with mass-loss rates being either
decreased or increased depending on the surface properties of the star.

Our aim to provide a scheme for one-dimensional stellar evolution codes will of course mean that simplifications must be
made. In spite of our scheme’s shortcomings, comparisons with similar, more physically comprehensive works deliver a broad
agreement in global mass-loss rates.

Our methods are relevant to several areas of stellar astrophysics where the evolution of angular momentum plays a decisive
role. For example, Be stars are known to be fast rotators, so are expected to have strongly anisotropic winds and large distortions.
Models such as those presented here may therefore be used to investigate evolutionary properties of Be stars. Secondly, the
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evolution of models along a chemically homogeneous pathway can be interrupted by spin-down caused by stellar winds
(S. .-.-C. Yoon, Langer and Norman, 2006). The calculations presented here suggest that angular momentum loss has been
generally overestimated in stellar models, suggesting that chemically homogeneous evolution (e.g. Hastings, Langer and
Koenigsberger 2020) may be more common or easier to maintain than previously thought. In the future, our wind prescription
may be implemented in the next grids of stellar evolution models in order to gain further insights into the physics of rotating
massive stars.
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Appendix

A Shapes of rotating stars

Here we derive the shape of the surface of a rotating star. We assume that the star is well described as a point mass enclosed by
a massless envelope and that the polar radius in unaffected by rotation. The surface of the star is then an equipotential given by
the Roche potential and reads

GM
r(θ)

+
1
2

Ω2r(θ)2sin2(θ) = constant, (4.20)

with M representing the stellar mass, Ω the angular velocity (which is assumed to be constant across both the surface and
through the interior of the star), r(θ) the radial co-ordinate and θ the co-latitude. We parametrise the strength of rotation with the
Keplerian angular velocity, defined using the equatorial radius Re as

Ω2
Kep =

GM

R3
e

. (4.21)

We let

ω = Ω/ΩKep. (4.22)

It is important to stress that the derivation that follows is only valid for the above parametrisation of rotation.
Combining Eqns. 4.20, 4.21 and 4.22 gives
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), (4.23)

which after defining

r̃ = r/Re, (4.24)

further simplifies to

r̃3 − 2 + ω2

ω2sin2(θ)
r̃ +

2
ω2sin2(θ)

= 0. (4.25)

Eq. 4.25 is a cubic in the form x3 + px + q = 0 (known as a depressed cubic) and has the general solution
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for k = 0, 1, 2 corresponding to the 3 cubic roots (Zwillinger, 1996).
Here we have p = − 2+ω2

ω2sin2(θ)
and q = 2

ω2 sin2(θ)
giving
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The periodicity of the cosine function means that if y = cos(x) then −y = cos(x + nπ) where n is an integer so that
arccos(−y) = x + nπ and x = arccos(y) − nπ. Thus Eq. 4.27 becomes
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To be physical, the solution must be independent of n, which is only achieved when k = 1. Choosing n = −1 results in
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83



Chapter 4 A model of anisotropic winds from rotating stars for evolutionary calculations

From Eqn. 4.23 one can deduce the ratio of equatorial to polar radii, Re
Rp

as

Re

Rp
= 1 +

1
2
ω2. (4.30)

The final solution is arrived at by combining Eqns. 4.29 and 4.30 and reads
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As expected, the expression above gives the equatorial radius at critical rotation to be 1.5 times the polar radius ( r(ω=1,θ=π/2)
Rp

= 1.5).
We note that Eq. 4.31 differs from Equation 26 used by Cranmer and Owocki (1995) owing to the use of different definitions of
the critical velocity (Cranmer and Owocki (1995) use Ω2

crit ∝ M/(1.5Rp)3 ).

B Surface properties of fast rotators close to the zero-age-main-sequence
Our numerical models are unable to compute the structure of a rotating star with initial rotation exceeding around 70% of the
critical velocity. However the wind properties of very fast rotating stars on the zero-age-main-sequence may be determined via
extrapolation. The wind scheme presented in this paper requires knowledge of the effective gravity and effective temperature
profile of a star. To calculate these profiles, only the polar radius, luminosity, mass and rotation rate are required.

To calculate the luminosity of fast rotators on the zero-age-main-sequence, we extrapolate linearly from our models with
initial critical fractions between 0.4 and 0.6. We extrapolate the luminosity normalised to the value of the non-rotating model
against the intial fraction of critical velocity, where all values are defined at the point when the central hydrogen mass fraction
decreases by 3% from its initial value (this we term the zero-age-main-sequence, as it is the earliest point in which the models
find themselves in equilibrium). This extrapolation is shown in Fig. 4.1 for 10 and 20 M� models. We find that rotation rate and
luminosity are inversely proportional. This effect is rather weak, with luminosity decreasing by approximately 6% at 60% of
critical rotation. The extrapolations suggest that at up to 90% of the critical velocity, the luminosity is reduced by no more than
10% compared to the non-rotating case.

In line with the assumptions of the Roche potential, the polar radius is not affected by rotation, so this value may be assumed
from a non-rotating MESA model, depicted graphically by the horizontal dashed yellow line in Fig. 4.1. Indeed, as evidenced
by Fig. 4.1 the numerical models predict that to within a few percent, the polar radius remains unchanged by rotation.

The results of our extrapolations compare favourably to the computed stellar structures of Ekström et al. (2008). One-
dimensional models of a 20 M� star predict that the luminosity decreases by around 8% over the course of being spun up
from stationary to critical rotation (Ekström et al., 2008, Fig. 5). While the polar radius is judged to shrink very slightly with
increasing rotation, but this is at most a 2% effect (Ekström et al., 2008, Fig. 2), thus justifying the assumption of the Roche
potential.
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CHAPTER 5

Constraints on mass-transfer from Be +
stripped star binaries

Summary

Mass transfer arising from Roche-lobe overflow in a binary star can significantly alter the evolutionary pathway of stars.
Several arguments, both observational and theoretical, suggest that not all of the material leaving the donor star is accreted by
the accretor star. The exact mechanics of mass-transfer however are poorly understood and the degree of mass-transfer efficiency
is not well known. As many binary interaction products undergo at least one mass-transfer phase, a robust understanding of
mass-transfer efficiency is crucial for the study of binary stars in general.

This work aims to determine mass-transfer efficiencies by comparing a suite of binary evolution calculations with observations
of Be + stripped star binaries. Be + stripped star binaries are in the stage just after mass transfer has terminated and so represent
the best chance to deduce the physics of mass transfer, without needing to consider further complications such as supernova
kicks. Furthermore, angular momentum loss resulting from non-conservative mass transfer is assessed. The observed component
masses and orbital periods of three Be + stripped star systems are compared against a large grid of binary evolution calculations
with varying mass-transfer efficiencies and angular momentum loss. A statistical test is performed to determine the favoured
mass-transfer parameters. It is seen that mass-transfer efficiencies of around 50% and relatively weak angular momentum losses
are preferred. Importantly, these values are significantly different from those adopted in current binary evolution calculations.

5.1 Introduction
Interacting binary stars are believed to be responsible for astrophysical phenomena such as type Ia supernovae, Be X-ray
binaries, compact object mergers and many more. Every interacting binary will undergo at least one mass-transfer episode,
be it stable or unstable. The detailed mechanics of mass-transfer is in general poorly understood, with one of the greatest
uncertainties coming from whether mass leaving the donor star is actually accreted by the accretor star, or whether that mass
is ejected from the system. The mass-transfer efficiency affects both the mass-ratio and the orbital evolution of the system,
possibly altering the final evolutionary outcome. Thus the properties of nearly all binary interaction products depend heavily on
the assumed mass-transfer efficiency.

For binaries which undergo inefficient mass-transfer (other wise known as non-conservative), it is not known how much
orbital angular momentum is removed from the binary by the ejected material. Many binary evolution calculations (e.g. de
Mink, Pols and Hilditch 2007; Schootemeijer, Götberg et al. 2018; Langer et al. 2020; Sen et al. 2022) rely on the anisotropic
fast-wind approximation (sometimes known as Jeans mass-loss), whereby ejected material carries the specific orbital angular
momentum of the accretor (Soberman, Phinney and van den Heuvel, 1997). This approximation may be difficult to realise as a
large amount of matter must acquire enough kinetic energy to escape the system without interacting with it. The luminosities of
typical OB type stars might not always be capable of providing this energy, although another, unknown energy source could be
involved. A more likely scenario would be that material floats around the system before eventually being ejected, interacting
with both stars and exchanging energy and angular momentum with the orbit (Brookshaw and Tavani, 1993; MacLeod and
Loeb, 2020).

Recently, Be-subdwarf binaries have received much attention as they can exhibit similar spectral properties to black-hole
binaries (Abdul-Masih, Banyard et al., 2020). Unfortunately for those seeking black-holes, several candidate black-hole binary
systems have turned out to contain a subdwarf instead of a black-hole (Shenar et al., 2020; Bodensteiner, Shenar, Mahy et al.,
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2020). A Be-subdwarf system consists of a more massive main-sequence star which is believed to have accreted mass and
angular momentum, becoming a rapid rotator and thus a Be star, in orbit around a stripped, helium-burning companion. As
mass-ratios are typically extreme (resulting in low radial velocity variations) and the stripped companions are often dim in
visible wavebands, detection of subdwarves orbiting Be stars remains a challenge. Recently, several claims have been made that
most Be stars might in fact host a hidden companion (El-Badry and Quataert, 2021) and more systems are being discovered
thanks to dedicated searches (L. Wang, Gies and Peters, 2018; L. Wang, Gies, Peters et al., 2021).

In the Be-subdwarf phase, the orbital properties have mostly only been affected by mass-transfer (although stellar winds do
remove mass and angular momentum, in B stars, their effects are negligible compared to mass-transfer episodes). During the
mass-transfer episode, the accretor can be enveloped in an optically thick cloud (Broz et al., 2021), making direct observation
difficult. Thus the Be-subdwarf systems, being the earliest evolutionary stage after mass-transfer in which both stars are visible,
offer us an excellent opportunity to determine how the mass-transfer process governs binary evolution.

This work aims to confront observations of Be-subdwarf binaries with binary evolution calculations in order to constrain
mass-transfer efficiency and angular momentum loss during mass-transfer episodes. Using parameters to describe mass-transfer
efficiency and angular momentum loss, we determine the orbital evolution of binaries, tracking the masses of each component
and the orbital periods. Stellar masses and orbital periods are compared to observations via a χ-squared statistic in order to
determine the favoured mass-transfer parameters.

The observations are introduced in Section 5.2. Section 5.3 outlines our parametrisation of mass-transfer and explains the
binary evolution calculations used. To determine the favoured mass-transfer parameters a comparison is made between the
observations and evolutionary calculations in Section 5.4. Section 5.5 hosts a comparison with other studies. Suggestions for
further lines of investigation and interpretation of the results are given in Section 5.6.

5.2 Observed systems
A literature review revealed around 25 known or suspected Be-subdwarf systems with determined periods, listed in Table 5.1.
This number is increasing rapidly, and we may look forward to uncovering many more objects in the near future. There are
several Be stars which are known to have subdwarf companions, but an orbit has not yet been determined (L. Wang, Gies and
Peters, 2018; L. Wang, Gies, Peters et al., 2021; Klement, Schaefer et al., 2022).

Table 5.1 contains three stars which are strictly not confirmed Be-subdwarf systems, but are nevertheless interesting. We
note that the nature of the companions of the γ Cas stars is unknown, although it has been argued that γ Cas stars are Be
+ white-dwarf systems (Gies, L. Wang and Klement, 2023). Regulus is a fast rotating B star (not Be) which is conjectured
to have accreted material from the currently pre-white-dwarf companion (Gies, Lester et al., 2020). κ Dra. is a single lined
spectroscopic binary in which the nature of the 0.8 M� component (Saad et al., 2005) remains unknown, with no hot companion
reliably detected (L. Wang, Gies and Peters, 2018) and a white-dwarf companion remaining a possibility. 66 Oph is a B2Ve star
in a wide and eccentric orbit with a 3 M� object Hutter et al. (2021) whose nature is poorly understood. The unknown object
appears itself to be a double-lined spectroscopic binary with a 10 day period (Stefl, Hadrava et al. 2004 J. Bodensteiner priv.
communication). A subdwarf was not detected in the system (L. Wang, Gies and Peters, 2018), leaving two open possibilities:
the system contains a black hole, or is a Be star orbiting an inner binary. Both scenarios are indeed exciting. In the case that the
companion is itself a close binary (which must consist of two main-sequence stars due to the short period) this system would
be one of the first known binaries containing a Be and main-sequence star, providing the "smoking gun" for Be production
channels involving single star evolution (Bodensteiner, Shenar and Sana, 2020).

To determine binary component masses, the most common approach takes advantage of periodic Doppler shifts in spectral
lines. These shifts are produced by the orbital motion of the stars and yield a velocity semi-amplitude that represents the largest
velocity of the star along the line of sight. That Doppler shift only reveals velocities along the line of sight means that only the
star’s orbital velocity multiplied by the sine of the orbital inclination to the line of sight can be measured. The orbital inclination
is generally unknown, meaning that only the ratio of component masses may be determined by radial velocity variations. To
circumvent this problem, the mass of the brightest star, ie. the Be star, is often estimated from its spectral type (e.g. Shenar et al.
2020). Be stars are spectrally atypical owing to their fast rotation causing blending of spectral lines, a reduction of the surface
gravity and effective temperature (von Zeipel, 1924) and light contribution from the Be disc all resulting in equivalent mass B
and Be stars having different spectra. These effects thus make determination of a Be star’s mass from its spectral type more
complex than has been accounted for.

Another, more quantitative approach is to compare derived effective temperature and luminosity of the Be star with
evolutionary models in the Hertzsprung-Russell diagram (e.g. El-Badry and Quataert 2021). However, this is also not without
its problems. In addition to those mentioned above, the location of a fast rotating star in the Hertzsprung-Russell diagram
depends on the angle at which the rotation axis is oriented to the observer. The centrifugal force is strongest at the stellar equator,
causing the equatorial effective surface gravity to be weaker. Weaker gravity results in a cooler local effective temperature, and
hence a dimmer equator via the von Zeipel theorem (von Zeipel, 1924). This effect is known as gravity darkening and causes
rotating stars viewed pole-on to appear brighter and hotter than those viewed equator-on. At near-critical rotation, the location
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Name MBe/M� MD/M� period/days Notes Ref.
SAO 49725 13 0.2-0.5 26.11 γ Cas. star Nazé et al. (2022)
59 Cyg 6.3-9.4 0.6-0.9 28.2 Peters, Pewett et al. (2013)
O Pup 11-15 0.7-1.0 28.9 Koubský, Kotková, Votruba et al. (2012)
Fy CMa 10-13 1.1-1.5 37.3 Peters, Gies et al. (2008)
Regulus 3.7 ± 1.4 0.31 ± 0.10 40.11 fast rotator, not Be. Donor pre-WD Gies, Lester et al. (2020)
HR 6819 6.7+1.9

−1.5 0.47+0.28
−0.22 40.3 El-Badry and Quataert (2021)

κ Dra 4.8 ± 0.8 0.8 61.52 subdwarf not detected (L. Wang, Gies and Peters, 2018) Saad et al. (2005)
V2119 Cyg 8.65 ± 0.35 1.62 ± 0.28 63.146 Interferometrically observed Klement, Schaefer et al. (2022)
V810 Cas 12.5 0.7-0.8 75.8 γ Cas. star Nazé et al. (2022)
LB-1 7 ± 2 1.5 ± 0.4 78.8 Shenar et al. (2020)
HR 2142 10.5 0.7 80.9 Peters, L. Wang et al. (2016)
V558 Lyr 8 0.7-0.8 83.3 γ Cas. star Nazé et al. (2022)
π Agr 15 2.4 ± 0.5 84.1 γ Cas. star K. S. Bjorkman et al. (2002)
HD 55606 6.0-6.6 0.83-0.9 93.8 Chojnowski et al. (2018)
HD 161306 15 0.9 99.9 Koubský, Kotková, Kraus et al. (2014)
HD 45995 10 1.0 ± 0.1 103.1 γ Cas. star Nazé et al. (2022)
V782 Cas 9 0.6-0.7 122.0 γ Cas. star Nazé et al. (2022)
V2156 Cyg 11 0.7-0.8 126.6 Nazé et al. (2022)
Φ Per 9.6 ± 0.3 1.2 ± 0.2 126.70 Interferometrically observed Mourard et al. (2015)
ζ Tau 11 0.9-1.0 133.0 Ruzdjak et al. (2009)
ξ Oph 10 1.7-2.0 138.8 Abt and Levy (1978)
60 Cyg 7.3 ± 1.1 1.2 ± 0.2 147.68 Interferometrically observed Klement, Schaefer et al. (2022)
γ Cas 13 0.98 203.6 γ Cas. star Nemravová et al. (2012)
66 Oph 9.6 3.4 23421.1 eccentric orbit Hutter et al. (2021)
7 Vul 6 ± 1 0.6 ± 0.1 63.42 Harmanec et al. (2020)

Table 5.1: Properties of Be-subdwarf systems with determined orbits in order of increasing period. Note the
subdwarf status of some companions is uncertain, see text for details. The orbital periods have negligible
uncertainties, typically less than 0.01 days. We note that the nature of the companions of the γ Cas. stars is
unknown.

of a star in the Hertzsprung-Russell diagram (cf. Fig. 38 of Paxton, Smolec et al. (2019) or colour-magnitude diagram (cf. Fig.
4 of D’Antona et al. 2015) is strongly dependant on the inclination angle. Without knowing the inclination angle of a Be star, it
becomes very difficult to assign an evolutionary mass. A third method is to use functions which predict mass and radius from
effective temperature that have been calibrated using eclipsing binaries (Harmanec, 1988; Koubský, Harmanec et al., 2000).
However this also suffers from the issues brought about by fast rotation discussed previously.

Far stronger constraints of stellar masses can be provided by combining spectroscopic and interferometric observations.
An interferometer reveals an object’s 2-dimensional motion as projected on the sky, whereas spectroscopic observations give
the motion perpendicular to the sky. Thus by levering both techniques, the movement of a binary component can be traced
in 3-dimensions and dynamical masses can be measured using Kepler’s laws. To date, this has been done for 3 Be-subdwarf
systems: Φ Per (Mourard et al., 2015), 60 Cyg (Klement, Schaefer et al., 2022) and V2119 Cyg (Klement, Schaefer et al.,
2022).

It is telling to note that for 60 Cyg, the Be star’s dynamical mass was measured to be 7.3 ± 1.1 M� (Klement, Schaefer et al.,
2022). While Koubský, Harmanec et al. (2000) had found that by using the effective temperature of the star to determine the
mass, one arrives at a value of 11.8 M�. The discrepency between these two measurements serves to emphasise the difficulty in
estimating a Be star’s mass. This work shall therefore focus on the 3 systems which have been observed interferometrically as
the resulting masses are deemed to be more accurate than measurements made using surface properties (spectral type, luminosity
and effective temperature).

5.3 Method

5.3.1 Mass-transfer parameters

In order to quantify mass-transfer efficiency and angular momentum loss, we define a parameter for each respectively. We term
the mass-transfer efficiency β, and let the rate of mass gain of the accretor, ṀA be related to the rate of mass loss of the donor,
ṀD through

ṀA = −βṀD. (5.1)
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Note that by definition the donor’s rate of change of mass is negative. Conservative mass-transfer is thus described by β = 1,
while fully non-conservative mass-transfer is given by β = 0.

In (partly) non-conservative binary evolution, mass is lost from the system, and this mass must also remove orbital angular
momentum. To describe the loss of orbital angular momentum, we assume that mass leaving the system carries away the
specific angular momentum of a massless particle which is located along the line joining the two centre of masses of the stars
and a distance rej from the system’s centre of mass. This geometry is sketched in Fig. 5.1. The specific angular momentum of
ejected material, j is then given by

j = r2
ejω, (5.2)

where ω is the orbital frequency of the binary.
We define the angular momentum loss parameter γ as the distance rej normalised by the distance from the binary centre of

mass to the accretor centre of mass,rA, as

γ =
rej

rA
=

rej(MD + MA)

aMD
, (5.3)

with a representing the orbital separation and MD,MA the donor and accretor masses respectively. The parameter γ is designed
that γ = 1 corresponds to the isotropic reemission model, whereby material is ejected as a fast isotropic wind from the surface
of the accretor. Using the definition of γ, the specific angular momentum of ejected material becomes

j = γ2a2
(

MD

MD + MA

)2

ω. (5.4)

For an assumed mass-transfer efficiency, the orbital angular momentum loss rate, J̇, after applying Kepler’s third law to eliminate
the dependency on the orbital period ω becomes

J̇ = ṀD(1 − β)γ2(Ga)
1
2 M2

D
(
MD + MA

)− 3
2 . (5.5)

An upper limit for γ is given by considering that a co-rotating particle lying outside of the second Lagrangian point will be
ejected from the binary, hence the second Lagrangian point represents the maximum specific angular momentum loss possible.
For an equal mass binary, the centre of mass is located halfway between the two stars, i.e. rA = 0.5a and the second Lagrangian
point is approximately 1.7a from the donor’s centre of mass. This means that the γ value associated with the second Lagrange
point is (1.7 − 0.5)/0.5 = 2.4. This is taken to be the maximum realistic value of γ. A particle leaving the system must remove
some angular momentum, so the lower limit for γ is 0.

5.3.2 Extremely rapid binary evolution

We aim to determine the mass-transfer parameters that best reproduce observed masses and orbital periods of observed
Be-subdwarf binaries. To this end, we need only follow the evolution of the binary component masses and orbital angular
momentum, which can be done using an "extremely rapid" binary evolution model. An example of an extremely rapid binary
evolution calculation is given in Appendix A. The philosophy is that for any binary system with given initial component
masses and initial orbital period and assuming fixed mass-transfer parameters, one can calculate the orbital evolution of the
system during mass transfer without solving any stellar structure equations. To achieve this, we must make several simplifying
assumptions.

Firstly we assume that the donor star loses its entire hydrogen envelope, leaving behind a helium core whose mass is the
helium core mass of an equivalent mass single star at the terminal-age-main-sequence. For Case B mass-transfer (where the
donor has depleted its supply of core hydrogen), this is a good approximation. Whereas for Case A (where the donor is still core
hydrogen burning), the core mass may be slightly underestimated, as during the stripping of the donor, the hydrogen burning
core recedes. We rely on numerical models calculated using MESA (Paxton, Smolec et al., 2019) to relate a star’s initial mass
to its terminal-age-main-sequence helium core mass, with the resulting relationship given in Fig. 5.2. The models are identical
to those of Schootemeijer, Langer et al. (2019) with overshooting parameter αOV=0.335, semi-convection parameter αSC=1 and
no rotation, but computed with galactic metallicity as set out in Brott, de Mink et al. (2011).

Secondly we assume that the both evolution of stellar masses and the orbital period is only affected by the mass-transfer
episode. In reality stellar winds also play a role, however for B-type stars, winds are typically weak and the dominating process
acting on the binary is certainly mass-transfer. Lastly, the binaries are assumed to have a circular orbit at all times and each star
is modelled as a point mass.

For a binary with given initial donor mass MD,i, initial accretor mass MA,i, initial orbital period pi and mass-transfer
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Figure 5.1: Illustration of the geometry of a binary system. The centre of mass is depicted by a black cross, the
accretor and donor are shown as discs (labelled respectively). Mass is assumed to be ejected without ineracting
with the binary from the ejection point, depicted by a red circle. The orbital separation is marked as a.
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Figure 5.2: Left panel: helium core mass at terminal-age-main-sequence as a function of initial mass for our MESA
models (black line) and the relation given by Pols et al. (1991b) with no overshooting (blue dashed line). Right
panel: ratio of helium core mass at terminal-age-main-sequence to initial mass as a function of initial mass.
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parameters β and γ, the initial orbital angular momentum is

Ji =

(
G2

2π

) 1
3

MA,i MD,i

(
MD,i + MA,i

)− 1
3 p

1
3
i . (5.6)

From the initial donor mass, the donor mass at the end of mass-transfer is given by Fig. 5.2. A numerical integration is carried
out where the donor mass is decreased step-wise by dm, causing the accretor mass to increase by βdm. Consequently the orbital
angular momentum decreases by d j,

d j = dm(1 − β)γ2(Ga)
1
2 M2

D
(
MD + MA

)− 3
2 , (5.7)

where the orbital separation, a, is found using Kepler’s third law.
The process continues until the donor mass prescribed by Fig. 5.2 is attained. For the value of dm, 0.001 M� is chosen. In

this way for chosen initial parameters, we can calculate the component masses and the orbital period after mass-transfer has
stripped the donor of its hydrogen envelope.

5.3.3 Merger criteria

For mass-transfer to remain stable, the accretor star must remain in thermal equilibrium while accreting. If the mass-transfer
rate is too high, the accretor will not be able to accept material and a common envelope situation will ensue. We shall assume
that common envelope evolution will always lead to a merging of the two stars. To assess whether stable mass-transfer occurs,
we compare the stars’ thermal timescales to one another. The thermal timescale for a star of mass M, radius R, luminosity L is

τth ∝
GM2

RL
. (5.8)

We define the thermal mass change rate as

Ṁth =
M
τth
. (5.9)

To assess the stability of mass-transfer we must compare the thermal mass change rate of the accretor to the rate at which
material is deposited onto the accretor. To this end, we define K as the ratio of the donor and accretor thermal mass change
rates, factoring in the mass-transfer efficiency like

K = β
Ṁth,D

Ṁth,A
. (5.10)

We assess this ratio at the initiation of mass transfer, ie. the first point at which the donor fills its Roche lobe. For a given
binary system, the volume-equivalent radius of the donor’s Roche lobe, RL, is calculated as (Eggleton, 1983)

RL = a
0.49

(
MD/MA

)2/3

0.6
(
MD/MA

)2/3
+ ln

(
1 +

[
MD/MA

]1/3
) .

Using our single star models, we find the properties of both the donor and accretor at the time when the donor’s radius is RL.
With these values, we calculate the ratio of thermal mass change rates for the binary. At the onset of mass-transfer, the donor is
more luminous and has a larger radius and hence a larger thermal mass change rate than the accretor. Thus the ratio given in
Eq.5.10 is greater than unity. We judge a merger to occur when the donor’s thermal mass change rate exceeds 10 times that of
the accretor’s, ie. a merger occurs where K > 10.

Figure 5.3 shows contours of constant values of the thermal mass change ratio, with systems assumed to undergo stable
mass-transfer marked in green. We see that the region of stability extends towards lower periods and equal mass-ratios. This
is because the thermal timescale is inversely proportional to the radius, so for wider binaries, the donor has a larger radius at
the start of mass-transfer, meaning the mass-transfer rate is higher meaning the mass-transfer is more likely to be unstable.
Similarly equal mass-ratios are preferred due to the steep mass-luminosity relationship causing the accretor’s thermal mass
change rate to become ever lower as the mass-ratio decreases.

We note that the picture of accretor limited mass-transfer presented here is not the only criteria that can be employed. One
may also examine the donor’s response to being stripped (Soberman, Phinney and van den Heuvel, 1997; Hurley, Tout and Pols,
2002; Eldridge et al., 2017). A further alternative is to consider whether enough energy exists in the system to eject material
during non-conservative mass-transfer (Marchant, 2017b; Langer et al., 2020).
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Figure 5.3: Contours of the logarithm of thermal mass change ratio as given by Eq. 5.10 as a function of initial
mass-ratio, qi, and initial period, Pi for systems with initial donor mass of 7.2 M�. Contour values are labelled on
the plot. Left panel shows conservative mass-transfer (β = 1). Right panel shows non-conservative mass-transfer
(β = 0.2). The green region shows systems with thermal mass change ratios less than 10, which are assumed to
undergo stable mass-transfer.

5.3.4 Goodness of fit test
To find the preferred mass-transfer parameters, we use a χ2 statistic, which measures the deviation of observed parameters, Oi,
to expected parameters, Ei, as

χ2 =

i∑ (
Oi − Ei

)2

σ2
i

, (5.11)

with σi being the observational uncertainty. For this work the three observed parameters are the Be star mass, subdwarf mass
and orbital period of a Be-subdwarf binary.

The expected values are calculated from a grid of extremely rapid binary evolution models with initial donor masses in range
7-10.5 M� with spacing 0.1 M�, initial mass ratios in range 0.1-1 with steps of 0.025 and initial periods in range 1-1000 days
with logarithmic steps of 0.075 dex. Mass-transfer parameters considered are β ranging from 0.1 to 0.9 in steps of 0.1 and γ
from 0 to 2 in steps of 0.25. This results in a grid of 4.4 million individual systems. Our calculations are compared with three
binaries, as justified in Sec. 5.2; V2119 Cyg, Φ Pers and 60 Cyg. To avoid an extreme dependance of our results on the orbital
period, we use a relative uncertainty of 10% for the orbital period, in line with the relative uncertainties for the star masses.

5.4 Results

5.4.1 Parameter trends
Figure 5.4 shows χ2 values for individual systems calculated with the observed parameters of Φ Pers assuming an initial donor
mass of 7.0 M� and four combinations of mass-transfer parameters. We see that near-conservative mass-transfer (β = 0.9)
favours more extreme initial mass-ratios, while non-conservative evolution (β = 0.5) finds the best solutions have larger initial
mass-ratios. This is because in conservative evolution, the mass of the accretor increases, so to match the current mass of the Be
star in Φ Pers, the accretor must have a lower initial mass, resulting in a low initial mass-ratio value. For non-conservative
evolution, the accretor mass does not change (or at least not as much), hence the accretor must be born close to its current mass
and the initial mass-ratio must be more equal.

The angular momentum loss parameter, γ, affects only the final periods of systems, and naturally has little to no effect on
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Figure 5.4: χ2 values for Φ Pers as a function of initial mass ratio, qi and initial period, Pi, for varying mass-transfer
efficiency, β, and angular momentum loss parameter, γ as given in the plots. In all panels the initial donor mass is
7.0 M�. The grey line depicts binaries whose thermal mass change ratio as given by Eq. 5.10 is 10. Only systems
to the right of this line are assumed to undergo stable mass-transfer.

conservative mass-transfer. When angular momentum loss in increased, the best fitting systems are forced to longer initial
periods, as more initial angular momentum is needed to match the observed period. In this way the angular momentum loss
tunes the initial period required to explain the observed period of the binary.

In Fig. 5.4 we see that for near-conservative mass-transfer (β = 0.9), the best fitting systems have initial mass-ratio of
approximately 0.6 and initial periods around 10 days, in good agreement with Schootemeijer, Götberg et al. (2018). However,
these best fitting systems are not expected to undergo stable mass-transfer, as they have relatively extreme mass-ratios, resulting
in a large discrepancy in the thermal timescales of the donor and accretor. Therefore we conclude that for Φ Pers, conservative
evolution is unlikely. For non-conservative mass-transfer, systems with larger initial mass-ratios produce better χ2 statistics.
Importantly, the best solutions are now inside the region of stable mass-transfer, and are deemed viable.

In the non-conservative case, angular momentum loss causes a shift in the initial periods of the best solutions, with large
angular momentum loss demanding longer initial periods (ie. more initial angular momentum) to match the observed period
of the system. Fig. 5.5 shows χ2 values for V2119 Cyg. For non-conservative evolution (β = 0.4), we see that when angular
momentum loss is high (γ = 2.0), the best fitting solutions are raised to higher initial periods, outside of the region of stable
mass-transfer. While for lower angular momentum loss (γ = 0.5), the best solutions lie comfortably inside the boundary for
stable mass-transfer.

Figures 5.4 and 5.5 show that the merger criteria have a large impact on determining the initial parameters of Be-subdwarf
systems. The occurrence of mergers in the parameter space is sensitive to both mass-transfer efficiency and angular momentum
loss. It is therefore of crucial importance that the merger criteria are well understood.
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Figure 5.5: χ2 values for V2119 Cyg as a function of initial mass ratio, qi and initial period, Pi, for varying
mass-transfer efficiency, β, and angular momentum loss parameter, γ as given in the plots. In all panels the initial
donor mass is 8.0 M�. The grey line depicts binaries whose thermal mass change ratio as given by Eq. 5.10 is 10.
Only systems to the right of this line are assumed to undergo stable mass-transfer.

5.4.2 Favoured parameters
From our grid of calculations, we would like to uncover the mass-transfer parameters which produce the best fits to the
observations. In order to achieve this, we must take care in designing a metric to select the favoured parameters. The
simplest metric would be to take the parameters of the best fitting model for each system. However, for each observed system,
approximately half of the mass-transfer parameter combinations have a χ2 value of less than 3 (meaning that, on average, each
prediction agrees to the observation within the uncertainty). For each system, the lowest χ2 value is of the order 10−3, so our
results may be over-fitted if we simply select models with the lowest χ2 values and will certainly depend on the model grid
spacings.

Instead, we propose to use the fraction of models which agree with the observed values to within the observational error,
such that they have χ2 values for each individual parameter being less than 1 (ie. χ2

i < 1). In an conceptual sense, this metric
measures how large the island of good solutions is compared to the parameter space. We do not count any models that are
deemed to undergo unstable mass-transfer, as outlined in Sec. 5.3.3, in the fraction of models with a good agreement to the
observations. The goodness of fit according to this metric is shown in Fig. 5.6 for each of the three systems.

We shall discuss the results of each system individually, starting with φ Pers The current subdwarf mass of 1.2 M� suggests
an initial donor mass of around 7 M� (see Fig. 5.2). The current Be star mass of 9.6 M�, rules out totally non-conservative
mass-transfer as the accretor must be initially less massive than the donor, which is not possible if the Be star had not accreted
any material. Thus the rather extreme mass-ratio of φ Pers, MD/MBe = 0.125, rules out non-conservative mass-transfer. Fig. 5.6
therefore shows that for φ Pers, there are no models that fit the observations well with mass-transfer efficiencies less than 0.3.
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Figure 5.6: Fractions of models that fit the observational parameters to within the observational errors as a function
of mass-transfer efficiency, β, and angular momentum loss, γ. Each panel represents a different Be-subdwarf binary
as given in the plot.

We find that near conservative mass-transfer is also unlikely, as to match the current binary parameters, the initial mass-ratio
must be small (that is the accretor must have a low initial mass), such that the thermal timescales of the donor and accretor have
a large discrepency and mass-transfer is unlikely to be stable as argued in Sec. 5.3.3. We thus see that the favoured mass-transfer
efficiencies are in the range 0.4-0.6. We see a preference for γ values below 1.0. This is due to the fact that long initial periods
are required if angular momentum loss is high and that the parameter space for stable mass-transfer narrows at longer periods
(see Fig. 5.3), meaning more systems merge when angular momentum loss is high.

60 Cyg has a similar orbital period and subdwarf mass to φ Pers, but a significantly lower Be star mass of 7.2 M�, resulting
in a mass-ratio MD/MBe = 0.164. This opens the possibility of 60 Cyg having evolved partially non-conservatively. The same
arguments as for φ Pers disfavour fully conservative evolution. For 60 Cyg we judge the mass-transfer efficiency to be around
0.2-0.3. 60 Cyg shows best fitting γ values of around 0.25.

The final system considered, V2119 Cyg has a Be star mass of 8.65 M� that sits between the two others. The subdwarf residing
in V2119 Cyg is the most massive of our systems, with a mass of 1.62 M�. The mass-ratio then becomes MD/MBe = 0.187, the
largest of the three systems. Again, because of the merger criteria, few good solutions are found for near conservative evolution.
The relatively large mass-ratio allows non-conservative evolution. As such the likely mass-transfer efficiency values lie in the
range 0.3-0.5. Similarly to 60 Cyg, V2119 Cyg displays best fitting γ values below 0.5.

It is interesting to note that our three systems seem to fall into two categories: those who show evidence of more conservative
mass-transfer (β ∼ 0.5) and larger angular momentum loss (γ ∼ 1.0), and those with lower mass-transfer efficiencies (β < 0.4)
and lower angular momentum loss (γ < 0.5). This may be due to physical processes, for example case A and case B mass-
transfer. Our limited sample of observed systems prohibits further investigation, but future study may confirm or deny this
perceived bimodality.

Generally, we see that moderate mass-transfer efficiencies of around 30-50% are preferred. Angular momentum loss is
predicted to be weaker than that of a fast wind blown from the accretor (ie. γ < 1.0).

5.5 Comparison with other works

Several efforts have been made to determine mass-transfer efficiency by confronting theoretical models to observations. Here, a
comparison shall be made between these works and the results presented here.

Petrovic, Langer and van der Hucht (2005) focussed on Wolf-Rayet + O-star binaries, which are significantly more massive
than Be + subdwarf binaries but are otherwise in a comparable evolutionary phase as Be + subdwarf systems. The binaries were
modelled using three different methods of varying sophistication, each supporting the conclusion that mass-transfer efficiency is
about 10%. The third method of Petrovic, Langer and van der Hucht (2005) limited accretion based on the spin of the accretor
star. Initially the binaries were modelled assuming efficient mass-transfer and that when the accretor attains critical velocity,
mass-transfer effectively becomes totally non-conservative. Material is assumed to be ejected from the surface of the accretor as
a fast wind (corresponding to γ = 1 in this work). This is a parameter-free prescription that can naturally produce a range of
mass-transfer efficiencies owing to the effect of tides or strong winds retarding the spin-up of the accretor. For wide systems,
where tides have minimal impact, the mass-transfer efficiency is typically less than 10% owing to the efficient accretion of
angular momentum (Packet, 1981). Two of the three Wolf-Rayet + O-star systems studied by Petrovic, Langer and van der
Hucht (2005) could be explained well by this model of mass-transfer. This same prescription can describe the observed periods
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and mass-ratios of massive Algol binaries well, but is not so successful with lower mass systems (Sen et al., 2022). It may
not be surprising that the mass-transfer efficiencies of very massive systems (M > 30 M�) differ to the less massive systems
(M ≈10 M�) considered in this work, owing to the presence of many energetic particles surrounding very massive stars.

Through studying massive contact binaries, with component masses in the range 1-35 M�, de Mink, Pols and Hilditch (2007)
conclude that "no single value of mas-transfer efficiency (β) can explain all systems". Concerningly, it is found that "a large
fraction of the semi-detached systems cannot be fitted well with any assumption for the mass transfer efficiency". de Mink, Pols
and Hilditch (2007) found evidence that initially wider systems tend to fit better to less conservative models, supporting the
scenario where accretion is limited by the accretor’s spin.

In the Small Magellanic Cloud, the spectral type distribution of Be stars in Be-Xray binaries seems to differ to that of
apparently single Be stars. That no Be-Xray components later than around spectral type B5 exist, suggests that these stars have
all accreted significant amounts of matter, thus explaining the lack of early stars. A population synthesis study determined that
the properties of the Be-Xray binaries are best matched by an accretion efficiency greater than 30% (Vinciguerra et al., 2020).
This finding is in broad agreement with this work, which finds mass-transfer efficiencies in the range 30-50%.

Phi Pers was analysed using the rapid binary evolution code binary_c by Schootemeijer, Götberg et al. (2018), who argued
that the system must have evolved through near-conservative mass-transfer, in contrast to the results presented here. The
difference lies in the merger criteria. In binary_c a system merges when the donor is unable to retreat inside its Roche lobe. We
find a good agreement with Schootemeijer, Götberg et al. (2018) if we assume that no systems merge. However, when our
merger criteria is applied (see Sec. 5.3.3), many of the conservative models are predicted to merge. This is because to match
the current system mass, a conservative model must have a rather unequal mass-ratio, which in turn leads to a large difference
between the thermal timescales of accretor and donor, making accretion unstable. This indicates the sensitivity of our results,
and of binary evolution in general, on the conditions required for mergers.

5.6 Conclusions

The extremely rapid binary evolution calculations used here are designed to compute the orbital properties of binaries over a
very large parameter space, and accordingly are missing some detailed physics such as the effects of tides and stellar winds on
the angular momentum content of the binary and its components. Furthermore, it is assumed that a donor is always stripped to
its bare helium core, which may not be accurate for case A systems, where the growth of the helium core is affected by the
stripping of the star. Lastly, as the radii of the stars are not computed, our scheme here does not consider systems where the
orbit narrows so much during mass-transfer that the stars merge. These shortcomings can be circumvented by the use of a
detailed binary evolution code. The extremely rapid calculations provide the approximate behaviour of binary systems, and only
certain promising systems need to be followed up with detailed calculations, reducing the parameter space significantly.

For the time being, insights into mass-transfer efficiency and angular momentum loss must be made through direct comparison
to observations. In this regard, we may look forward to more Be + stripped star systems being identified, as well as further
interferometric observations being made. As discussed in Sec. 5.2, current mass estimates of Be stars suffer from distinct
inaccuracies, which may be overcome in the future. The surface properties of a Be star can be very different to the surface
properties of a "normal", slowly rotating B star of the same mass due to the effects of gravity darkening, light from the decretion
disc and potentially rotational mixing and mass accretion. As all of these effects can at present be modelled, it is entirely
possible that the mapping between spectral type and mass may be updated for Be stars, incorporating the mentioned effects.
This would allow for more reliable mass estimates for Be stars, as well as fast rotating stars in general.

The results presented in this work favour intermediate mass-transfer efficiencies (around 50%) and weak angular momentum
loss compared to a fast wind lost from the accretor (γ < 1.0). In light of this, current binary evolution models, which typically
model non-conservative mass-transfer as a fast wind blown from the accretor (ie. γ = 1) may need to be refined. Arguments
relating the available energy (presumed to be the stellar luminosity) for accelerating a fast wind to the energy required to
overcome the gravitational potential of the binary, reveal that it is unlikely that two B stars can eject the amounts of material
demanded by binary evolution calculations as a fast wind. A more realistic scenario is that the wind is much slower, and because
of that trades energy and angular momentum with the binary before eventually leaving the system. Work on such cases has been
made, showing that angular momentum loss can be reduced compared to the fast wind model (Brookshaw and Tavani, 1993;
MacLeod and Loeb, 2020).

Current models limit the accretion of material once critical rotation of the accretor is achieved, typically resulting in very
low (less than 10%) mass-transfer efficiencies. A key assumption of these models is that material is accreted from a Keplerian
accretion disc. For a sub-critically rotating star, there exists a sharp discontinuity in angular velocity between the stellar surface
and the inner edge of a Keplerian accretion disc. It may be reasonable to assume that this discontinuity is unphysical in an
accreting star, as magnetic interactions could remove angular velocity gradients between the star and the inner disc (just like they
do inside the star itself Spruit 2002). Employing a "no slip" boundary condition between angular velocity of the star and inner
accretion disc would reduce the specific angular momentum of accreted material, meaning that more mass can be transferred
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before critical rotation is reached and non-conservative evolution ensues. This would naturally increase the mass-transfer
efficiency, perhaps in line with the results presented here.

Appendix

A Extremely rapid binary evolution code example

The Python code below details how an extremely rapid binary evolution code calculates the orbital evolution of a binary system.

from __future__ import division
import numpy as np
import pandas as pd

#some constants in cgs units
G=6.6743e-08
Msun=1.988409870698051e+33 # g
Rsun=69570000000.0 # cm

def Keplers_third_for_a(m1,m2,a):
"""given masses of components and separation of binary system, gives binary
period
m1 = primary mass / Msun
m2= secondary mass / Msun
a = orbital separation / Rsun

returns T = period / days"""

T_s_sq = (a*Rsun)**3 / (G*Msun*(m1+m2) / (4 * np.pi**2 ) )
T_days = np.sqrt(T_s_sq)/(24*60**2)
return T_days

def Keplers_third(m1,m2,T):
"""given masses of components and binary period, gives separation of binary
system
m1 = primary mass / Msun
m2= secondary mass / Msun
T = period / days

returns a = orbital separation / Rsun"""

T_s = T*24*60**2 # period in seconds
a_cubed = T_s**2 *G*Msun*(m1+m2)/(4 * np.pi**2 )
a_m = a_cubed**(1/3.0)
a= a_m/Rsun
return a

def calc_J(m1,m2,a):
"""returns orbital angular momentum (in cgs units) for a circular binary
m1 = primary mass / g
m2= secondary mass / g
a = orbital separation / cm"""
return np.sqrt(G*a/(m1+m2)) * m1*m2

def calc_a(m1,m2,J):
"""returns orbital separation (in cgs units) for a circular binary
m1 = primary mass / g
m2= secondary mass / g
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J = orbital angular momentum / cgs units"""
return ((m1+m2)/G)*(J/(m1*m2))**2

def evolve_system(md_i, ma_i, p_i,md_f, beta, gamma, dm):
"""evolves binary system with

md_i = initial donor mass /msun
ma_i = initial accretor mass /msun
p_i = initial period / days
md_f = final donor mass /msun
beta = mt efficiency
gamma = angular momentum loss parameter
dm = amount of mass lost per iteration /msun """

a_i = Keplers_third(md_i,ma_i,p_i)
md_i = md_i*Msun
ma_i = ma_i*Msun
a_i = a_i*Rsun
dm = dm*Msun
md_f = md_f*Msun
md=md_i
ma= ma_i
a = a_i
J = calc_J(md_i, ma_i, a_i)

res=[pd.DataFrame({’md_Msun’:md/Msun,’ma_Msun’:ma/Msun,’a_Rsun’:a/Rsun,’p_days’
:p_i, ’J’:J}, index=[0])]
i=1
while md> md_f:

md= md - dm
ma = ma+ beta* dm
dj = dm * (1-beta) * gamma**2 * md**2 * (md+ma)**(-1.5)* np.sqrt(G*a)
J = J-dj
a = calc_a(md,ma,J)
p = Keplers_third_for_a(ma/Msun,md/Msun,a/Rsun)
res_i = pd.DataFrame({’md_Msun’:md/Msun,’ma_Msun’:ma/Msun,’a_Rsun’:a/Rsun,’

p_days’:p, ’J’:J}, index=[i])
res.append(res_i)
i+=1

#res = pd.concat(res)
return res_i

if __name__ == ’__main__’:
md_i = 8.0 # initial donor mass/Msun
ma_i = 6.0 # initial accretor mass/Msun
p_i = 10.0 # initial period/days
md_f = 1.5 # final donor mass/Msun
beta = 0.5 # mass transfer efficiency
gamma = 1.0 # angular momentum loss parameter

print(’Running system with:\ninitial donor mass = 8 Msun\ninitial accretor mass
= 6 Msun’)
print(’initial period = 10 days’)
print(’beta = 0.5\ngamma=1.0’)
print(’final donor mass = 1.5 Msun’)
print(’’)
print(’final orbital properites are:’)
r=evolve_system(md_i, ma_i, p_i,md_f, beta, gamma, dm=0.01)
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print(r)

100



CHAPTER 6

Summary and Outlook

Classical emission line stars make up a significant fraction of the massive star population in environments ranging from young
open clusters (Milone, Marino et al., 2018; Bodensteiner, Sana et al., 2020) to dwarf galaxies (Schootemeijer, Lennon et al.,
2022). This thesis explores the origin of rapid rotation that is believed to underpin the emission line phenomenon. Two distinct
formation channels are investigated: that of single and binary star evolution. Understanding the contribution of each formation
channel to emission line star populations allows constraints on several key, but uncertain aspects of stellar physics including
stellar winds, internal angular momentum transport and the dynamics of mass-transfer in binary systems. Most importantly,
knowledge of the formation channel reveals the future evolution of these stars, allowing insights into the lives of massive stars
in general.

The young open cluster NGC 330 is taken as a test bed. This cluster hosts one of the richest populations of massive stars in
the Small Magellanic Cloud, including a sizeable collection of emission line stars (Milone, Marino et al., 2018; Bodensteiner,
Sana et al., 2020). This thesis investigates the viability of two emission line star formation channels in explaining the populations
in NGC 330: that of single star evolution and binary evolution. Furthermore, as both channels suffer from distinct theoretical
uncertainties, an attempt is made at constraining these uncertainties.

This thesis is structured as follows. Chapter 2 explores the single star channel and predicts relative numbers of emission
line stars. Chapter 3 deals with the binary evolution channel through a simple and flexible toy model that is adapted to fit the
emission line star population in NGC 330, thus elucidating the binary channel’s effectiveness in producing emission line stars.
Chapter 4 develops a model of winds from fast rotating stars that is an improvement upon what current evolutionary models
assume. Finally Chapter 5 uses Be + stripped star binaries to constrain the mass-transfer efficiency and angular momentum loss
during binary interaction.

Chapter 2 uses the previously published evolutionary models of Brott, de Mink et al. (2011) to assess the spin evolution
of single rotating stars. A synthetic population is produced assuming an initial rotational velocity distribution derived from
observations. The population is coeval and so represents an open star cluster. The relative fractions of stars rotating faster than a
threshold rate is assessed and compared to the numbers of emission line stars in the cluster NGC 330. The models can only
explain the high Be star fractions near the main-sequence turn-off when the emission line phenomena threshold is relaxed to
70% or more of the critical velocity. However, at any rotation threshold, the models cannot reproduce the high Be star fractions
up to two magnitudes below the main-sequence turn-off, as the spin-up mechanism is predicted by the models to reach high
rotation rates only when the star is close to core hydrogen depletion, that is evolved. Recent measurements of young stars in
open clusters suggest that the majority of stars are born with slower roation rates than was assumed in this chapter (C. Wang,
Hastings et al., 2023), further aggravating the single star channel’s difficulty in producing Be stars. The failure of the models
to describe the Be star population in NGC 330 leads to the conclusion that the single star channel cannot dominate Be star
formation, and must at the very least be complimented by the binary evolution channel.

Motivated by the findings of the previous Chapter, Chapter 3 studies the binary evolution channel. The results of detailed
binary evolution calculations are plagued by distinct uncertainties, such as the occurrence of mergers and the mass-transfer
efficiency. To allow an assessment of Be star production that encompasses these uncertainties, an analytic toy model of binary
evolution is developed. We find that under certain distinct, although extreme conditions, binary evolution can match the Be
star population in NGC 330 well. These conditions are that every star is born as a member of a binary, that mass-transfer is
inefficient, that approximately one-eighth of the binaries merge and that every binary that does not merge will produce a Be star.
We argue that although some of these conditions may appear at first glance unlikely, they might be realised in nature.

The spin evolution of single stars is highly sensitive to the angular momentum budget. Rotating stars lose angular momentum
through stellar winds, which is the focus of Chapter 4. Owing to the centrifugal force, a rotating star has a spatially variable
surface gravity, and accordingly a spatially variable effective temperature. Such a star ought to host an anisotropic wind; that
is the mass-loss of the equatorial regions is different to that of the polar regions. Wind anisotropies can effect the angular
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momentum loss of a star, possibly altering its spin evolution. Current models, such as those analysed in Chapter 2, do not take
these effects into account. In Chapter 4 a simple prescription that can be implemented in one-dimensional stellar evolution
codes in developed and explored. The new prescription uses the local surface properties of the star to determine the mass and
angular momentum loss rates, fully accounting for both the spatial variations in surface properties and the oblate shape of the
star. It is seen that previous less physically accurate prescriptions for the mass and angular momentum loss of rotating stars may
have overestimated the angular momentum loss. Therefore the single star Be production channel may be more effective than
seen in Chapter 2.

A key uncertainty in binary evolution is the mass-transfer efficiency, which is investigated in Chapter 5. A Be + stripped star
system represents a binary just after mass-transfer is completed and thus represents the best possible opportunity to constrain
the physics of binary interaction. The observed component masses and orbital periods of three Be + stripped star binaries are
compared to a large grid of binary evolution calculations. The mass-transfer efficiency and angular momentum loss associated
with non-conservative mass-transfer are treated as free parameters in the evolutionary calculations. It is found that the best
fits to the observed systems are given by intermediate mass-transfer efficiencies, in the range 30-50% and with low angular
momentum loss, lower than that lost as a fast wind blown from the accretor. This picture of mass-transfer contradicts the
physics that is commonly employed in binary evolution calculations; namely either extremely conservative or non-conservative
mass-transfer and angular momentum loss modelled as a fast wind originating from the accretor. Suggestions for further work
on this topic are given.

Both the single and binary evolution channels may have the potential to dominate the production of emission line stars,
although both suffer from considerable uncertainties. It is argued in Chapter 2 that the single star channel cannot dominate
Be star production, although it can contribute significantly in the later evolutionary states, if the threshold velocity for the Be
phenomenon is low enough. In light of how little is known about winds of rotating stars and specifically the angular momentum
loss associated therewith, a population of single stars may spin up very efficiently to near critical velocities. On the other hand,
the binary evolution channel can reproduce the population of Be stars in NGC 330 under certain assumptions. It is not at all
clear whether these assumptions are met in nature. For example, the requirement that mass-transfer must be very inefficient
found in Chapter 3 appears not to be realised, as found in Chapter 5.

At the time of writing (early 2023), much attention is being paid to the binary evolution channel. The fact that many Be-Xray
binaries and several Be + stripped star systems are known and that there are no Be stars that have been confirmed to originate
from single star evolution provides a strong argument for the dominance of the binary channel. However the results of this
thesis cannot fully endorse one channel over the other, with the most probable situation being that both channels co-exist to
produce emission line stars.

The field does however remain dynamic and there are several anticipated efforts on both the observational and theoretical
sides that promise to advance understanding. Telescopes all over the world, and flying around it, are searching for companions
of massive stars. Although detection remains a challenge, emission line stars are being found in increasing numbers to host
companions that suggest binary interaction must have occurred, like subdwarves and white dwarves. The true population of Be
binaries remains uncovered and will shed light on the Be stars’ previous history.

Similarly observational evidence for the single star channel is being unearthed. A hydrogen burning star in orbit around
a Be star would provide a strong argument that the single star channel occurs in nature. This is because the presence of
a main-sequence companion excludes the possibility of binary interaction occurring, and the Be star must have come into
existence through the single star channel. It has been claimed that no such binary systems exist (Bodensteiner, Shenar and Sana,
2020), yet very recently several candidates have been proposed; ν Geminorum (Klement, Hadrava et al., 2021) and Achernar
(Kervella et al., 2022).

There are several properties that may distinguish a Be star’s formation pathway. The rotation rate is one of them, with
Chapter 2 suggesting that if Be stars rotate very close to the critical velocity ( > 90%), then it is unlikely that the single star
channel can produce significant numbers of Be stars. Measurements of Be star’s rotation rates have been made, but they all use
one-dimensional techniques that are poorly suited to studying very fast rotators, which are oblate and hence not well described
by one-dimensional models (Abdul-Masih, 2023). Once the stars’ spatially variable properties are considered, this may alter the
measured rotation rates. Several methods for self-consistently calculating the spectra of a fast rotating star exist (Abdul-Masih,
Sana et al., 2020; Hennicker et al., 2022; Abdul-Masih, 2023) but they are yet to be applied to a sample of emission line stars.

Our theoretical understanding of emission line stars can be strengthened in several areas. The evolution of rotating stars with
anisotropic winds is largely unexplored. The methods set out in Chapter 4 are well suited to studying the spin evolution of stars
hosting anisotropic winds, and may answer the question of how effective the single star spin-up mechanism is. Furthermore,
improvements in the theoretical models of massive stars such as the development of two-dimensional evolutionary models can
further improve our understanding. An example is defining the threshold rotation velocity at which a decretion disc forms
because over the non-uniform surface of a fast rotating star, the surface flux and opacities can vary significantly, resulting in a
different force balance compared to the simpler one-dimensional case. These avenues of investigation give hope of a dynamic
future for the study of emission line stars.
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ABSTRACT

Context. Be stars are rapidly rotating B main sequence stars that show line emission due to an outflowing disc. By studying the
evolution of rotating single star models, we can assess their contribution to the observed Be star populations.
Aims. We identify the main effects that cause single stars to approach critical rotation as functions of initial mass and metallicity, and
predict the properties of populations of rotating single stars.
Methods. We perform population synthesis with single-star models of initial masses ranging between 3 and 30 M� and initial equa-
torial rotation velocities between 0 and 600 km s−1 at compositions representing the Milky Way and the Large and Small Magellanic
Clouds. These models include efficient core–envelope coupling mediated by internal magnetic fields and correspond to the maximum
efficiency of Be star production. We predict Be star fractions and the positions of fast-rotating stars in the colour–magnitude diagram.
Results. We identify stellar wind mass-loss and the convective core mass fraction as the key parameters determining the time depen-
dance of the stellar rotation rates. Using empirical distributions of initial rotational velocities, our single-star models can reproduce
the trends observed in Be star fractions with mass and metallicity. However, they fail to produce a significant number of stars rotating
very close to the critical velocity. We also find that rapidly rotating Be stars in the Magellanic Clouds should have significant surface
nitrogen enrichment, which may be in conflict with abundance determinations of Be stars.
Conclusions. Single-star evolution might explain the high number of Be stars if 70 to 80% of critical rotation would be sufficient to
produce the Be phenomenon. However, even in this case, the unexplained presence of many Be stars far below the cluster turn-off
indicates the importance of the binary channel for Be star production.

Key words. stars: emission-line, Be – stars: rotation – stars: evolution

1. Introduction

Ever since their discovery over 150 years ago (Secchi 1866),
Be stars have offered a promising, albeit misted window into
massive star evolution and structure. It was proposed by Struve
(1931) that Be stars are fast rotators, whose emission lines orig-
inate from a circumstellar decretion disc, a picture which has
been maintained until today (Rivinius et al. 2013). Nevertheless,
it is still not clear how fast a B-type star must rotate in order to
become a Be star.

For a decretion disc to form, the equatorial rotation veloc-
ity vrot is expected to be a significant fraction of the critical
rotation velocity, vcrit, defined as the rotation velocity at which
material at the equator becomes unbound from the star. Obser-
vational evidence suggests that the threshold rotation rate for
the Be phenomenon is mass dependant, and could be as low as
vrot/vcrit = 0.6 for stars more massive than 8.6 M� and as high as
vrot/vcrit = 0.96 for stars with M < 4 M� (Huang et al. 2010).
Similarly, Zorec et al. (2016) find that the Be phenomenon is
characterised by a wide range of true velocity ratios (0.3 <
vrot/vcrit < 0.95) and that the probability that Be stars are crit-
ical rotators is small. In this case one must look for an additional
mechanism to feed the Be disc. Pulsations seem promising as
they can serve to kick matter away from the surface of a star,
however it is found that not all Be stars pulsate (Baade et al.
2002) and that among those that do there is a wide range of
pulsation frequencies and types (Rivinius et al. 2013). Another
possibility is that the disc is fed through outbursts of magneti-
cally active starspots, similar to coronal mass ejections as seen

in the Sun, as suggested by Balona & Ozuyar (2019) based on
recent TESS results.

On the other hand, Townsend et al. (2004) have argued that
all Be stars in fact rotate very close (vrot/vcrit > 0.95) to the crit-
ical velocity, with those which have low measured rotation rates
being strongly affected by gravity darkening. Following the Von
Zeipel law (von Zeipel 1924), gravity darkening in a fast-rotating
star makes the stellar pole, which has a low rotational veloc-
ity, more luminous than the equator which has a high rotational
velocity, resulting in the star appearing as though it is rotating
slower than in reality.

Further questions surrounding Be stars pertain to why the phe-
nomenon seems to be restricted mostly to B-type stars and why
Be stars are more common in certain spectral classes than others.
ObservationsintheMilkyWayshowthatthefractionofBestarsina
certainspectralclassvariesacrossspectral typewithBe-starsbeing
most common in the B1–B2 classification, where the Be fraction
is 34%. In comparison, the fraction of Be stars in the B9 classifi-
cation is 8% and the total fraction of B stars that are Be stars was
measured to be 17% (Zorec & Briot 1997). Furthermore, Oe stars
seem to be rather rare, with less than 20 having been detected in the
Milky Way (Li et al. 2018). It is not clear whether this is caused by
processes within O stars themselves, the mechanisms responsible
forformingadiscaroundafast rotatingstar,or theconditionsunder
which very massive stars form.

The existence of around 150 (Raguzova & Popov 2005) detec-
ted binary systems consisting of a Be star and a compact object
(so called Be/X-ray binaries) demonstrates that binary interac-
tions can spin up a star significantly (Kriz & Harmanec 1975;
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Pols et al. 1991; Liu et al. 2006; Langer 2012). In order to build
a full model of the Be phenomenon, binary evolution must be as
well understood as the channels for forming single Be stars.

van Bever & Vanbeveren (1997) used binary star evolution
calculations to predict that at most 20% of the Be star pop-
ulation results from binary interactions. Despite this, observa-
tions of surface nitrogen abundances in Magellanic Cloud Be
stars are in disagreement with fast-rotating single star models
(Dunstall et al. 2011). Therefore, the dominant Be star forma-
tion channel and the differences between the single and binary
Be population remain to be identified.

Considerable efforts have been made to predict the rela-
tive fractions of Be stars through single star modelling, most
notably by Ekström et al. (2008). These models include cou-
pling between core and envelope by hydrodynamic viscosi-
ties through the shear instability. However, a stronger coupling
may be produced by internal magnetic fields known as the
Tayler-Spruit dynamo (Spruit 2002) which produces very effi-
cient angular momentum transport throughout the star that
causes near-solid-body rotation to occur. The models analysed
here include such effects, and therefore employ the maximum
efficiency of spinning up the surface layers due to the core
contraction during hydrogen burning, which is a key factor in
the production of single Be stars. At present, the Tayler-Spruit
dynamo is used to explain relatively slow rotation rates in white
dwarfs (Suijs et al. 2008) and young pulsars (Heger et al. 2005).

In Sect. 2 the models are introduced and our approaches
are outlined. In Sect. 3, models from the grid are analysed
under conditions of fast and slow rotation for Milky Way and
Small Magellanic Cloud metallicities, the factors governing
the approach to the critical velocity are investigated, and the
expected surface nitrogen abundances of Be stars are investi-
gated. In Sect. 4, population synthesis is performed to calculate
the expected fractions of single Be stars in clusters of differing
ages and metallicities and predict the positions of fast rotating
stars in the colour–magnitude diagram.

2. Method

2.1. Stellar models

We analyse the single star evolutionary models of Brott et al.
(2011) to predict the properties of rotating single stars through-
out their main sequence evolution. We consider masses from
3 M� to 30 M� at various initial rotation velocities ranging
from zero to approximately 600 km s−1. Because the model grid
is spaced in initial rotational velocities, but the initial critical
rotation velocity increases with mass, our grid does not contain
models with initial values of vrot/vcrit greater than around 0.7 for
initial masses greater than 25 M�.

Three initial chemical compositions represent metallicities
of the Milky Way (MW), Large Magellanic Could (LMC) and
Small Magellanic Cloud (SMC). The models include internal
transport of angular momentum via the Taylor-Spruit dynamo
(Spruit 2002) which has the effect of enforcing near-solid-body
rotation throughout most of the main sequence evolution. The
adopted mass-loss scheme is given by Vink et al. (2000). An
enhancement of the mass loss due to rotation is used as out-
lined in Yoon & Langer (2005), whereby the mass-loss rates are
increased by a factor depending on the ratio of the rotation veloc-
ity to the critical velocity like

Ṁ(Ω) = Ṁ(0)
(

1
1 − 3rot

3crit

)0.43

(1)

where

3crit =

√
GM

R
(1 − Γ) ; Γ =

κL
4πcGM

· (2)

For a detailed description of the models see Brott et al.
(2011).

2.2. Population synthesis

To predict properties of populations of rotating stars we use pop-
ulation synthesis to model open star clusters (i.e. collections of
coeval stars without any continuous star formation) at various
ages. For a cluster age t, we select pairs of random values from a
Salpeter initial mass distribution (with exponent 2.35) and a dis-
tribution of initial critical velocity fraction, Mi and vrot/vcrit i. We
then find the masses, M1,M2 on the model grid that are strad-
dling the chosen mass value, such that M1 < Mi < M2. For
M1 and M2 we interpolate the hydrogen burning lifetimes, tMS
as a function of initial critical velocity fraction to obtain the
hydrogen-burning lifetimes at the chosen value, vrot/vcrit i. The
hydrogen-burning lifetime, tMS,i, of a model with mass Mi and
initial rotation vrot/vcrit i is then found by interpolating between
the hydrogen-burning lifetimes of M1 and M2. The fractional
lifetime is then given by t/tMS,i. If the fractional lifetime is
greater than 1, the star will no longer be hydrogen burning and so
the process is abandoned and new samples are drawn. We then
select models with masses M1 and M2 at fractional hydrogen-
burning times t/tMS,i. An interpolation of the quantity of interest,
Q across initial critical velocity fraction gives the values of Q
for masses M1,M2 with initial rotation vrot/vcrit i and fractional
hydrogen-burning time t/tMS,i. One final interpolation between
M1 and M2 gives the predicted quantity of the selected mass
Mi at the given cluster age. The quantities of interest are lumi-
nosity, critical velocity fraction at the current time, and effective
temperature.

The initial rotational velocity distribution used was taken
from VLT-FLAMES observations of early B stars in the
30 Doradus region of the LMC (Dufton et al. 2013) and is shown
in Fig. 1. The deconvolved distribution of equatorial rotational
velocities was converted to a distribution in critical velocity
fraction by applying a mapping between the two as determined
from the 15 M� LMC models at ZAMS and then normalising
such that the integral over the whole probability density func-
tion equals unity. It is noted that for the heaviest masses on
the grid, the distribution extends beyond its limits. When such
a massive, very-fast-rotating star is chosen from the distribu-
tions, instead the fastest rotator in the grid is used. Observations
in 30 Doradus show that no O stars are observed to rotate with
deconvolved equatorial velocities much greater than 500 km s−1

(Ramírez-Agudelo et al. 2013; Dufton et al. 2011). For a 25 M�
star to rotate at a critical velocity fraction of 0.7, = an equatorial
rotation velocity of the order 700 km s−1 would be required. It is
therefore safe to assume that O stars do not enter the ZAMS with
initial critical velocity fractions much greater than 0.65, or that
if they do, they spin down very quickly.

We note that adopting the observed distribution of rota-
tional velocities of Dufton et al. (2013) as the initial velocity
distribution for stars in our synthetic populations may introduce
an inconsistency, since the sample of Dufton et al. (2013) con-
sists of field stars of all ages. However, as discussed in textbf
Dufton et al. (2013) and Sect. 3.1 below, the rotational velocities
of the considered single stars are expected to change very little
during their main sequence evolution. If binary evolution affects
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Fig. 1. Deconvolved rotation distribution of early B stars as observed by
VLT-FLAMES Survey (Dufton et al. 2013). The distribution was con-
verted to vrot/vcrit using 15 M� LMC models at ZAMS. The upper scale
shows how the critical velocity fraction values, vrot/vcrit, match the equa-
torial velocities, vrot.

this distribution de Mink et al. (2013), then we would overesti-
mate the number of stars which are born rotating very rapidly. In
this case, the predicted number of Be stars from our models may
be considered as upper limits.

To compare the models with observations of the SMC
open cluster NCG 330 (Milone et al. 2018) in the colour–
magnitude diagram, the bolometric luminosities and effective
temperature are converted to absolute magnitudes in the Hub-
ble Space Telescope Wide-Field Camera 3 filters F814W and
F336W by interpolating tables based on synthetic stellar spectra
(Girardi et al. 2002). The values of distance modulus and red-
dening adopted are (m − M) = 18.92 and E(B − V) = 0.06
respectively. The absorption coefficients used are AF814W =
2.04E(B − V) and AF336W = 5.16E(B − V) (Milone et al. 2009).
The effects of gravity darkening are included as described by
Espinosa Lara & Rieutord (2011), whereby the effective temper-
ature and luminosity of a star are multiplied by parameters that
depend on the inclination angle and fraction of angular crit-
ical velocity. Using these corrected effective temperature and
luminosity values, we then calculate the absolute magnitudes
as described above. The inclination angles, i, in our synthetic
population are chosen such that cos(i) is uniformly distributed
between 0 and 1, meaning that one is more likely to observe any
given star equator-on than pole-on. Such a distribution describes
a random orientation of the rotation axis.

3. Results

3.1. Spin evolution

During the evolution of a slowly rotating star during core hydro-
gen burning, a strong chemical gradient develops between the
convective core and the radiative envelope. The core density
increases, and as a reaction the envelope must expand in order
to maintain hydrostatic and thermal equilibrium. Equation (2)
shows that as the stellar radius increases, the critical velocity
decreases, and therefore during main sequence evolution, the
critical velocity will fall.

In the absence of internal angular momentum transport, as
core density increases, the local conservation of angular momen-
tum demands that the angular velocity of the core increases.
Likewise, as the envelope expands, the angular velocity of the
envelope decreases. This results in an angular velocity gradi-
ent developing between the convective core and radiative enve-
lope. However when the core and envelope are coupled via
angular momentum transport, angular momentum is transported
from the core to the envelope, decreasing the angular velocity
gradient throughout the star. The physical processes responsi-
ble for the angular momentum transport in the models studied
here are magnetic torques arising from the Tayler-Spruit dynamo
(Spruit 2002), which leads to near solid body rotation. While
the envelope is expanding and the star is rotating as a solid
body, the critical rotation velocity decreases while the equato-
rial rotation velocity drops only slowly or even increases (see
Sect. 3.3).

Figure 2 gives examples of the evolution of critical velocity,
equatorial velocity, and the fraction of critical velocity during
main sequence evolution for MW and SMC models with initial
masses of 5, 15, and 25 M�. All models in the plot have an initial
critical velocity fraction of approximately 0.6. Although the less
massive models have slower equatorial velocities, they also have
lower critical velocities (because of a relatively weak depen-
dance on radius with mass), making the critical velocity fraction
nearly the same for all models in the plot. It is seen that for the
5 M� models the equatorial rotation velocity remains nearly con-
stant, while the critical velocity decreases. For the 15 M� mod-
els, the equatorial rotation velocity increases due to the effects
of angular momentum transport. As a result, the critical veloc-
ity fraction is generally increasing during hydrogen burning such
that the stars are evolving closer to critical rotation, unless angu-
lar momentum is drained at a high rate due to mass loss (see
Sect. 3.2).

3.2. The effect of mass-loss

The dominating effect of mass-loss through stellar winds is to
remove angular momentum, not mass. This is because even in
the absence of magnetic fields, the rate of angular momentum
loss relative to the total angular momentum is about ten times
higher than the rate of mass loss relative to the stellar mass
(Langer 1998). Thus, the mass-loss of a given star may strongly
affect its spin evolution.

Panels a, c, and e of Fig. 2 show that models at MW metal-
licity experience a turn-over in the evolution of their critical
velocity fraction. This is because in the late stages of hydrogen
burning, the mass-loss rate of a given star increases significantly
which has the effect of removing angular momentum from the
surface at a rate that cannot be compensated by internal angu-
lar momentum transport mechanisms, meaning that solid body
rotation is no longer a good approximation and the equatorial
velocity decreases. This period of strong mass loss is caused by
the iron opacity bistability in which partial recombination of Fe
ions at effective temperatures of around 22 kK causes a sharp
increase in opacity and hence mass loss (Lamers et al. 1995).
This behaviour is strongly dependent on metallicity and is there-
fore weaker in the SMC or LMC models. Comparing panels c
and d of Fig. 2, it can be seen that despite both MW and SMC
models starting with approximately equal critical velocity frac-
tions, the SMC model achieves a much larger critical veloc-
ity fraction at the end of the main sequence. This comparison
between MW and SMC models illustrates the effect of mass-loss
on the approach to the critical velocity.
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Fig. 2. Evolution of equatorial rotational velocity vrot (thick dot-dashed), critical velocity vcrit (dashed), and the critical velocity fraction vrot/vcrit
(solid red) for 5 M� (panels a, b), 15 M� (panels c, d), and 25 M� (panels e, f) models at MW metallicity (panels a, c, e) and SMC metallicity
(panels b, d, f). The initial critical velocity fraction values are all approximately 0.6. The X-axis indicates the fractional main sequence lifetime,
t/tMS.

Figure 3 shows the ratio of angular momentum at the end
of hydrogen burning to the initial angular momentum for mod-
els of varying mass and initial critical velocity fraction for MW
and SMC models. It is clear that almost every SMC model loses
much less angular momentum than the corresponding model
at MW metallicity. The exceptions are fast rotating massive
SMC models which undergo quasi-chemically homogeneous
evolution, and during so become very luminous which leads to
increased mass-loss rates. For SMC models, one may judge that
mass-loss becomes irrelevant to the angular-momentum budget
below masses of around 10 M�, where most models (except very
fast initial rotators, e.g. with vrot/vcrit > 0.7) retain more than
90% of their angular momentum. For MW models, we see that
only slowly rotating models less massive than 5 M� retain more
than 90% of their angular momentum. As expected, the effect
of mass loss is strongly metallicity dependent. It is also seen
that below 15 . . . 20 M�, angular momentum loss becomes less
dependent on mass.

Figure 3 shows that for any given mass the fraction of angular
momentumlost isastrongfunctionoftheinitialrotation.Forexam-
ple, a 5 M� model at MW metallicity can lose between 2 and 30%
of its initial angular momentum. One contributing factor is the life-
timeeffect,wherebyunder theeffectsofrotation, rotationalmixing
causeshydrogentobemixedintothecentreofthestarandsohydro-
genburningcancontinueforalongertime.Forallofourmodels,the
hydrogen-burninglifetimeenhancementbetweenthenon-rotating
model and that with an initial rotation velocity of 600 km s−1 never
exceeds a factor of 1.5. Therefore, for models losing only small
fractions of their total angular momentum as slow rotators (such as
low-mass MW metallicity models and all SMC metallicity mod-
els), the lifetime effect cannot fully explain the increase in angular
momentum loss.

Another effect is rotationally enhanced mass loss. As a
star approaches the critical rotation velocity, material at the

equator becomes less tightly bound due to the centrifugal force,
and therefore one would expect angular momentum lost through
winds to increase with rotation velocity. In the models this is
governed by Eq. (1). With vrot/vcrit = 0.8, the mass-loss rates are
doubled, so rotationally enhanced mass loss plays only a large
role when very high critical rotation fractions are achieved. As
an example, the 5 M� models at MW metallicity in Fig. 3 show
that in the range of initial vrot/vcrit from 0 to 0.4, the total angular
momentum lost is almost the same. However, when approaching
critical rotation, the enhancement factor becomes divergent, so
models rotating near the critical velocity experience tremendous
mass loss.

A further effect of rotationally induced mixing is to increase
the overall mean molecular weight in the star, µ, compared
to models with no rotationally induced mixing. Homologous
models suggest a strong dependence on luminosity with mean
molecular weight such that L ∝ µ4 (Kippenhahn & Weigert
1990). In turn, mass-loss rates are dependant on luminosity;
for the wind prescription used in the models the dependance
is approximately Ṁ ∝ L2 (Vink et al. 2000). Therefore, rota-
tionally induced mixing leads to higher mass loss and angular
momentum loss. For models which experience quasi-chemical
homogeneous evolution where the star can become a helium star,
this effect becomes very apparent. Models which undergo quasi-
chemical homogeneous evolution for the duration of hydro-
gen burning (defined by a monotonically increasing surface
helium mass fraction) are marked with black circles in Fig. 3.
Similarly, models which undergo a phase of quasi-chemical
homogeneous evolution (defined by having a slowly increas-
ing difference between surface and central helium mass frac-
tion for longer than one-third of the hydrogen-burning lifetime)
are marked by a red circle. Although these models do not have
high initial critical rotation fractions, they still lose large frac-
tions of their angular momentum. Quasi-homogeneous evolution
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Fig. 3. Ratio of angular momentum at the end of hydrogen burning Lfinal
to angular momentum at the start of hydrogen burning Linitial, as a func-
tion of mass for MW (top) and SMC (bottom) metallicities. The colour
of the points represents the initial critical velocity fraction vrot/vcrit.
Models with a growing helium surface abundance throughout the dura-
tion of their evolution are marked by a black circle. Models with a grow-
ing helium surface abundance for part of their evolution are marked by
a red circle.

occurs more readily in the lower metallicity models because as
mass loss is a strong function of metallicity, the MW metallicity
models slow down relatively quickly, causing rotational mixing
to become less effective, and the homogeneous evolution stops
(Yoon et al. 2006).

3.3. The effect of convective core mass

During the main sequence evolution of a massive star, the con-
vective core contracts while the radiative envelope expands. The
conservation of angular momentum therefore demands that in
the absence of any internal angular momentum transport, the
convective core and radiative envelope increase and decrease,
respectively, their overall angular velocity (i.e. the core “spins
up” while the envelope “spins down”). This tells us that to
enforce solid body rotation during core contraction and enve-
lope expansion, angular momentum must be transported from
the core to the envelope. This is achieved by magnetic inter-
actions which transport angular momentum along the angular
velocity gradient within the star.

Let us now consider two extreme examples. In a rotating
star with a negligible envelope mass, the core will dominate the
angular momentum budget. Therefore, to maintain a constant

rotational velocity during envelope expansion, a relatively low
angular momentum transport rate is required. On the other hand,
for an envelope-dominated star to rotate at a constant velocity
while the envelope is expanding, the angular momentum trans-
port rate from core to envelope must be high. It is thus likely that
internal angular momentum transport mechanisms are unable to
meet this demand, and as a result the rotational velocity of the
stellar surface will decrease due to the effect of local angular
momentum conservation.

In our models, there is an inner region of the star from which
angular momentum is being transported and there is an outer
region which the angular momentum is being transported to.
In between these regions there must be a point which neither
gains nor loses any specific angular momentum. The location of
this angular momentum “valve” will give an indication as to the
strength of the core mass effect as discussed above. Figures 4a
and b show the specific angular momentum profiles of a 5 and
15 M� model at one time early in their evolution and one time
near the end of hydrogen burning. Hydrogen mass fraction pro-
files are plotted to indicate the stage of evolution. The models
shown are the same as in Figs. 2b and d and have equal ini-
tial critical velocity fractions of 0.6. It can be seen that there is
a point for each mass at which the specific angular momentum
does not change.

Figure 4c shows this more clearly, where the difference
in angular momentum at both times, divided by the angular
momentum at the earlier time, ∆ j/ j1, is plotted. Here, regions
where angular momentum is gained have a positive value,
whereas regions where angular momentum is lost have a nega-
tive value. For the more massive model, the point with a constant
specific angular momentum is closer to the edge of the star than
for the less massive model. For the 15 M� model, approximately
90% of the total mass is acting as a donor of angular momen-
tum, while for the 5 M� model this figure is 80%. Using the
arguments above, the 15 M� model will therefore approach the
critical rotation velocity more easily. Furthermore, by inspecting
the area under the curves in the region where ∆ j/ j1 is positive in
Fig. 4c one can determine how much relative angular momentum
is gained. For example, if a region from m

M = mi to m
M = 1 had

doubled its total angular momentum, the integral
∫ 1

mi
∆ j/ j1d( m

M )
would be equal to (2 − 1)(1 −mi). Figure 4c shows that the rela-
tive angular momentum gain of the matter in the envelope of the
5 M� model is greater than that of the 15 M� model. This tells
us that to maintain near-solid-body rotation, a relatively small
amount of angular momentum must be transported in the more
massive model.

3.4. The effect of efficient rotational mixing

When a star rotates initially at high velocities, quasi-chemically
homogeneous evolution can occur. During such evolution, rota-
tional mixing is so efficient that any chemical gradient between
core and envelope cannot develop, meaning that the radiative
envelope does not expand and the radius of the star remains
roughly constant (Maeder 1987; Yoon et al. 2006). However,
because the luminosity of a quasi-chemically homogeneously
evolving star approaches the Eddington limit, the critical veloc-
ity of such a star decreases (through Eq. (2)). Furthermore, the
increased luminosity causes a strong increase in the mass-loss
rate, meaning that the equatorial velocities of stars undergoing
quasi-chemically homogeneous evolution are likely to decrease
with time. Such stars therefore evolve with a decreasing criti-
cal velocity fraction while quasi-chemically homogeneous evo-
lution occurs.
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Fig. 4. a and b: specific angular momentum (solid lines) and hydrogen mass fraction (dotted lines) profiles for two SMC models of masses 5 and
15 M� and initial equatorial velocities of 370 and 470 km s−1 respectively. These are the same models plotted in panels b and d of Fig. 2 and both
models have initial critical velocity fractions of around 0.6. Profiles are plotted for models where central helium mass fraction is 0.45 (black), and
0.91 (orange). c: for each model in panels a and b the fractional difference in specific angular momentum is plotted between the two times. The
blue line represents the 5 M� model,the orange the 15 M� model. The dotted red line gives a reference for no angular momentum transport. The
X-axis in all plots indicates the fractional mass co-ordinate.

This behaviour is shown for 25 M� models in Figs. 2e and f.
It can be seen that the highest critical velocity fractions occur
during the early part of the stars’ lifetime because the criti-
cal velocities (dashed lines) decrease relatively slowly while
the equatorial velocities (dot-dashed lines) fall due to angular
momentum loss. In the MW model, quasi-chemically homoge-
neous evolution is shutdown when the star reaches an age of
around 80% of the hydrogen burning lifetime and from this point
on the star evolves normally and advances towards the critical
velocity. The phase of quasi-chemically homogeneous evolu-
tion ends because as the rotational velocity decreases, rotational
mixing processes become less efficient and a chemical gradient
eventually develops in the star which provides a barrier to mix-
ing through buoyancy forces (Heger et al. 2000) and effectively
“turns off” quasi-chemically homogeneous evolution.

For a star to evolve to a high critical velocity fraction,
it must have a significant initial rotation velocity but also be
rotating slowly enough to avoid quasi-chemically homogeneous
evolution. As the minimum rotation rate required for quasi-
chemically homogeneous evolution decreases with increasing
mass (Yoon et al. 2006), very massive stars rotate at high critical
velocity fractions for only very short fractions of their lifetimes,
thus explaining the rarity of Oe stars.

3.5. Nitrogen enrichment

Here we address the question of whether or not Be stars formed
through a single star evolving towards the critical velocity are
expected to show significant surface nitrogen enrichment, where
nitrogen is the product of hydrogen burning and is brought to
the stellar surface through rotationally induced mixing. Figure 5
shows the evolution of both surface nitrogen abundance and crit-
ical velocity fraction as a function of the fractional hydrogen-
burning lifetime. Displayed are models with initial masses of 5,
15, and 25 M� with SMC, LMC, and MW metallicities. As dis-
cussed by Brott et al. (2011) the relative increase of the surface
nitrogen abundance decreases with increasing metallicity, and
this is why we see weaker nitrogen enrichment in the MW mod-
els than in the LMC and SMC models. It is also clear that rota-
tionally induced mixing is more efficient in more massive stars,
owing to the effects of increased radiation pressure in these latter
objects (Maeder 1987; Yoon et al. 2006).

In light of the results shown in the bottom panels of Fig. 5,
we expect that in the Milky Way, nitrogen is never enhanced

by much more than a factor of ten for models that rotate near
critical velocity. On the other hand, the LMC and SMC models
that attain near critical rotation velocities show surface nitrogen
enhancements of at least a factor of 10 and up to approximately
a factor of 30.

We therefore judge that single Be stars in the LMC should
have surface nitrogen abundances ε = 12 + log(N/H) no smaller
than around 7.7, and in the SMC no smaller than around 7.4.
In the Milky Way, we do not expect the single Be stars to have
outstanding nitrogen surface abundances.

4. Population synthesis results

4.1. Predicted fractions of Be stars

In this section, we discuss synthetic populations of coeval, rotat-
ing single stars as described in Sect. 2.2. These results can then
be compared to the number of Be stars observed in young star
clusters of various ages. From our models, we derive the frac-
tion of Be stars within one bolometric magnitude (assumed to
be equal to one visual magnitude) of the turn-off. We consider a
stellar model to correspond to a Be star when its rotational veloc-
ity exceeds a predefined fraction of critical rotation. Figure 6
shows the result as a function of age for various threshold criti-
cal velocity fractions and metallicities.

A striking feature of this plot is the maximum in Be fraction
for all metallicities near 10 Myr. At t = 0 there are no Be stars
because, as discussed earlier, the initial rotation distribution pre-
vents O stars entering the ZAMS with vrot/vcrit fractions greater
than around 0.7. The 30 M� models take approximately 5 Myr
to evolve towards critical rotation, and shortly after which they
leave the main sequence. From 5 to 10 Myr the Be fraction grows
sharply as angular momentum loss from winds diminishes. From
10 to 20 Myr the Be fraction falls because of the core-mass effect
as discussed in Sect. 3.3. Comparing the hydrogen-burning life-
times of non-rotating MW models, it is found that populations
with ages from 10 to 20 Myr have a main sequence turn-off mass
of around 17 M�. These models are in a “Goldilocks” situation
where they are massive enough to have an appreciable convec-
tive core but not so massive as to lose large amounts of angular
momentum.

Furthermore, we see that the Be fraction increases at ear-
lier times for the lower metallicity models and that there is
a clear trend in metallicity which shows that single Be stars
become more common with decreasing metallicity. Both of these
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Fig. 5. Surface nitrogen enrichment factor, computed as the nitrogen mass fraction divided by the initial nitrogen mass fraction as a function of
the fractional hydrogen-burning lifetime, t/tMS, for models with initial rotational velocities between 0 and 600 km s−1 and initial masses of 5, 15,
and 25 M� as marked in the plot. Top, middle, and bottom panels: SMC, LMC, and MW compositions, respectively. The colour scale corresponds
to the critical rotation fraction, vrot/vcrit. For each metallicity, various nitrogen abundances, ε = 12 + log(N/H), are displayed as dotted black lines
with the value given in the plots of the left column.

features are a result of the fact that the strength of angu-
lar momentum loss is metallicity dependant as discussed in
Sect. 3.2.

It is also found that the Be fraction is strongly dependant
on the chosen Be criterion. When a critical velocity fraction,
vrot/vcrit, of 0.7 is chosen as the Be criterion, we predict Be
fractions in the Magellanic Clouds in the range 15−35%. Con-
versely, when we restrict Be stars to being nearly critical rotators
(vrot/vcrit > 0.98), the Magellanic Cloud Be fraction lies in the
range of 0−10% and is almost zero for population ages greater
than 50 Myr.

4.2. Fast rotators in the colour–magnitude diagram

Using the procedure outlined in Sect. 2.2 we built synthetic
colour–magnitude diagrams to indicate the expected positions of
fast rotators. Figure 7 shows the colour–magnitude diagram posi-
tions and critical velocity fractions of our SMC models with a
coeval age of 35 Myr. Over-plotted on our theoretical predictions
are Hubble Space Telescope observations of the SMC cluster
NGC 330 (Milone et al. 2009), We see that the nearly critically

rotating stars are located very close to the turn-off, as can be
expected by the fact that our models only achieve high fractions
of critical rotation near core hydrogen exhaustion (see Figs. 2
and A.1). Figure 7 also shows the effects of gravity darken-
ing, with the slowly rotating models almost confined to a single
isochrone while the fast rotators suffer strong gravity darkening
and display a wider range of colours due to a relatively large
spread in effective temperatures. Appendix B shows the same
colour–magnitude diagram but ignoring the effects of gravity
darkening for comparison.

In the following analysis we assume that the Hα emitters
in NGC 330 are Be stars. The observations in Fig. 7 show that
most of the observed Hα emitters are redder than the ordinary
main sequence stars. This segregation is not a unique feature
to NGC 330, with many LMC and SMC clusters exhibiting the
same trait (Milone et al. 2018). Telting et al. (1998) have sug-
gested through observations of Be stars, the spectra of which
spectra show rapid switching between containing emission lines
and not, that the decretion disc can contribute up to 40% of a
Be star’s flux. Because our models do not include the contribu-
tion of a Be star’s decretion disc to the observed fluxes, it is not
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Fig. 6. Fractions of stars rotating faster than various values of the critical rotation fraction, vrot/vcrit, as given in the top left corner of each plot,
in our synthetic coeval single star populations as function of their age. Considered only are stars brighter than one bolometric magnitude below
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meaningful to compare the colours of our fast-rotating models
with those of observed Be stars. However, assuming that the
error on the magnitudes of our synthetic Be stars is at most
0.35 mag, we may consider the relationship between the relative
number of Be stars and apparent magnitude.

Figure 8 shows the Be fraction of our model predictions in
F814W apparent magnitude bins for various threshold rotation
rates for stellar models to be considered a Be star. We see that our
model Be stars are strongly biased to being located near the main
sequence turn-off, around mF814W = 15.4 mag, where depending
on how fast we require a Be star to rotate, the Be fraction is
between 30 and 90%. Figure 8 compares our model predictions
to Be star counts in NGC 330 (Milone et al. 2018). The obser-
vations show that in NGC 330 the Be fraction is approximately
0.6, and it remains rather constant within a wide magnitude
range of 17.0−15.6 mag. This result is quantitatively confirmed
by a recent study of Bodensteiner et al. (2020), who used MUSE
spectroscopy to identify Be stars in the core of NGC 330.

Comparing our models with the observations, Fig. 8 reveals
that when assuming that Be stars are required to rotate only at
70% or more of the critical rotation velocity, our single star mod-
els agree with the observed Be star count in NGC 330 at the turn
off region. However, they strikingly fail in two respects. Firstly,
even adopting the least stringent threshold value for Be stars, our
models fail to produce the large number of observed Be stars.
Secondly, our models cannot reproduce the fact that the Be star
fraction in NGC 330 is constant over a range of 1.5 mag.

Here, the second failure appears to have the greatest conse-
quences. The total number of Be star can in principle be boosted

by lowering the rotation threshold for considering the models a
Be star, or by adopting larger initial rotation velocities. How-
ever, it is an intrinsic feature of the rotating single star models
to increase the ratio of rotation to critical rotation velocity with
time (Fig. 5; see also Ekström et al. 2008). Thus, it appears quite
unlikely that the observed population of Be stars in NGC 330 can
be explained solely by single star evolution.

5. Discussion

5.1. Uncertainties

It is important to keep in mind that models are simply that and
at some point they must fail to reflect the behaviour of real stars.
Martins & Palacios (2013) found that the hydrogen-burning life-
times given by models studied here differ from those of MESA
models by approximately 15%. As this is merely a discrepancy
in the clock, but not in the physical behaviour of the models
(Marchant 2017), this is concerning, but should not change the
main results presented here.

Another issue is the treatment of mass loss, which is a strong
factor in determining the evolution of a model towards the crit-
ical velocity. The mass-loss prescription used (Vink et al. 2000)
was calibrated for models in the range 15−20 M�, so it may be
questionable whether this scheme is accurate for models outside
this range. Furthermore, the correct treatment of a star rotat-
ing close to the critical velocity is complex. Near the critical
velocity, two distinct winds are expected to form, a cold equato-
rial wind (which carries away angular momentum) and a warm
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white columns. It is assumed that Hα emitters are Be stars. Over plotted
as coloured lines are our model predictions in the same magnitude bins
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polar wind (which carries away less angular momentum). It is
not apparent which wind has the dominating effect, although
the winds of models presented here always carry away angular

momentum. Equation (1) demands that as a star approaches the
critical rotation velocity, the mass-loss rate becomes infinite. It
is also questionable whether or not this is correct treatment of
the mass loss of a critically rotating star.

In the SMC, Rímulo et al. (2018) matched light-curve mod-
els to observations of 54 Be stars and determined that the typical
mass-loss rate of a Be star in the mass range 10−20 M� is of
the order 10−10 M� yr−1. Our models predict that only stars with
initial masses of less than around 10 M� have such mass-loss
rates on the main sequence. This discrepancy highlights the fact
that the models studied here are one-dimensional and hence may
struggle to accurately represent the mass loss of a rotating star
(which is a two-dimensional problem).

Our definition of a Be star is a B star that is rotating close
to the critical velocity. However it would appear that nature has
a slightly different definition, with pulsations perhaps playing
a role (Rivinius et al. 2001; Neiner & Mathis 2014). Pulsations
could serve to kick matter off of the stellar surface and aid the
formation of a circumstellar disc. Observations with the CoRoT
space telescope show that Be stars display pulsations that can
transport angular momentum through the star (Huat et al. 2009),
thus affecting the evolution of rotation velocities. The interac-
tion of rotation and pulsations is out of the scope of this work
and the results of such endeavours are eagerly awaited. Fur-
thermore, recent observations with the TESS space telescope
imply that the Be star disc could be fed by mass ejections from
starspots (Balona & Ozuyar 2019). Be stars are complex objects,
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with rotation being a key ingredient of the Be phenomenon, but
perhaps not the only one.

Our population synthesis results are dependant on the ini-
tial rotation distribution that is assumed. Whereas Dufton et al.
(2013) used high quality data, a large and unbiased sample of
stars, and corrected for effects such as macro-turbulence, other
rotational velocity distributions are available (Martayan et al.
2006; Hunter et al. 2008; Huang et al. 2010). While our quan-
titative results might change using one of these other distribu-
tions, we do not expect a change in the qualitative behaviour of
our results, which appears to be determined by the evolutionary
factors discussed in Sect. 3

5.2. Comparison with previous models

The frequencies of single Be stars have been predicted from
models by Ekström et al. (2008) and Granada et al. (2013,
2016). A major difference between these sets of models and the
models studied here is the inclusion of the effects of an internal
magnetic field which strongly couples the core and envelope, and
may increase the predicted numbers of critically rotating stars.

Ekström et al. (2008) predict at solar metallicity and an age
of 25 Myr the fraction of stars with a brightness of up to two
magnitudes below the turn-off and rotating at the critical veloc-
ity is 5%, compared to 0% found here. However when one looks
at the fraction of stars rotating faster than vrot/vcrit = 0.7 at
20 Myr, Ekström et al. (2008) finds a Be fraction of around 15%,
compared to 8% found here. Both sets of models agree that at
ages greater than around 40 Myr, almost no stars rotate at the
critical velocity. Ekström et al. (2008) used a Gaussian-like ini-
tial rotation distribution with a peak at Ω/Ωcrit = 0.6, which
in the Roche model corresponds to vrot/vcrit ≈ 0.4, and there-
fore is judged to be a similar initial rotation distribution to the
one used in this work. As demonstrated by Ekström et al. (2008)
mass-loss rates play a crucial role in the evolution of the surface
rotation. In our models above 10 M�, a turnover in vrot/vcrit is
caused by strong mass loss at late times (see Fig. 2). When using
the Kudritzki & Puls (2000) mass-loss scheme, Ekström et al.
(2008) found this turnover not to occur, and so those models
spend more time at high vrot/vcrit values and so Be stars become
more common. It is therefore concluded that mass loss is equally
as important as angular momentum transport in producing stars
which rotate close to the critical velocity at galactic metallic-
ity. At Z = 0.002 (a metallicity similar to our SMC models),
Ekström et al. (2008) calculate a maximum in Be fraction at an
age of 10 Myr of around 10%, in good agreement with the results
presented here.

Both Ekström et al. (2008) and Granada et al. (2013) find
that Be stars should become rarer at lower metallicities, which
is in contradiction to the results presented here and the gen-
eral trend seen by observers (Iqbal & Keller 2013; Maeder et al.
1999; Martayan et al. 2010).

5.3. Comparison with further observations

Iqbal & Keller (2013) observed Be star fractions within 1 visual
magnitude of the turnoff in LMC and SMC clusters. Such obser-
vations are directly comparable with Fig. 6, with the data over-
plotted on our predictions. In clusters of ages from 7 to 8 Myr
the Be fraction decreases from 15% to 0%. When defining the
Be criterion to be 0.9 vrot/vcrit, a similar behaviour is found
albeit at later ages. Iqbal & Keller (2013) also find that Be frac-
tions increase with decreasing metallicity, in agreement with our
models.

Both Maeder et al. (1999) and Martayan et al. (2010) found
that Be stars are three to five times more frequent in the SMC
than the galaxy, again in fairly good agreement with the model
predictions. Martayan et al. (2010) reported that the distribution
of Be star frequency across spectral types does not depend on
metallicity. As Fig. 6 shows similar trends for all metallicities,
this behaviour is confirmed by our models.

Observations from Tarasov (2017) show that Be stars
become most common in clusters with ages of 12−20 Myr,
in relatively good agreement to the model predictions.
Golden-Marx et al. (2016) found that in the SMC the frequency
of Oe stars is strongly peaked around O9 spectral types. Further-
more, the Oe to O star fraction was measured as 0.26, compared
to 0.03 for the MW. This measurement supports our result that
very few stars with high critical velocity fractions and ages of
less than 10 Myr should be found in the MW, but are found at
lower metallicities (see lower panels of Fig. 6).

Owing to the fact that the results of our population synthe-
sis rely strongly on the adopted initial rotation distribution, one
may question whether it is appropriate to assume that stars in the
MW and Magellanic Clouds have equivalent initial critical rota-
tion fractions. Whether the observed trends in Be fraction with
metallicity are due to stellar evolution or a metallicity-dependant
rotation distribution is not clear. If lower metallicity stars were to
rotate significantly faster, rotationally enhanced mass loss would
hinder the formation of Be stars at lower metallicities, therefore
there is a limit to how much faster stars at lower metallicities can
rotate. Even though Penny et al. (2004) found no significant dif-
ference between rotational velocities of O-type stars in the Milky
Way and Magellanic Clouds, Keller (2004) concludes that LMC
stars are more rapidly rotating than stars in the Milky Way. It is
curious to consider that even if LMC stars have faster equato-
rial velocities, due to their compactness they have larger critical
velocities, and hence perhaps the same initial vrot/vcrit as galactic
stars.

5.4. Comparing the single and binary star formation
channels of Be stars

Whereas in this work we focus on the single star formation chan-
nel for Be stars, it is evident that Be stars can also be formed
through close binary evolution. The main mechanism is spin-
up by accretion, which is expected to occur as a consequence
of mass transfer (Langer 2012). The class of Be/X-ray binaries
(Reig 2011) provides strong support for this picture. Pols et al.
(1991) showed through detailed models that Be stars may be pro-
duced by mass accretion from a companion star in the course of
close binary evolution. Using simplified binary evolution calcu-
lations, Shao & Li (2014) demonstrated that potentially a large
enough number of them could emerge from binary evolution to
explain the currently observed Be star populations. In the follow-
ing, we discuss several basic differences which can be expected
between Be stars formed through binary interaction and those
formed through the single star channel.

As we have seen above, when using the rotational veloc-
ity distribution of Dufton et al. (2013), it is difficult for single
star models to achieve very-close-to-critical rotation (lower right
panel of Fig. 6). To remedy this would require that a signif-
icant fraction of stars be born with near critical rotation. For
low enough mass or metallicity, this group of stars would the
remain rapidly rotating throughout their main sequence life-
time. Such a picture appears not to be supported by observations
(McSwain & Gies 2005). Accordingly, single star evolution only
appears to be able to explain significant Be star populations if
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decretion discs are also able to form in stars rotating significantly
below critical.

In mass-transferring binary evolution models, this is dif-
ferent. The angular-momentum of the mass-gainer increases
quickly, such that critical rotation can be achieved after a rel-
ative mass increase of the mass-gainer of 10% or less (Packet
1981). During mass transfer there is no fine-tuning mechanism
that switches off accretion when a given rotation rate is reached;
instead the only limit is critical rotation. Therefore, all mass-
transferring binaries where tides do not limit the spin-up of
the mass-gainer – which is the vast majority – are expected to
produce a critically rotating main sequence star (Langer 2012).
After the accretion phase, the two mechanisms that affect the
single stars, namely, spin-down by mass loss and spin-up due
to core contraction, will also affect the spun-up mass-gainer.
Whereas the wind-induced drainage of angular momentum may
spin down some of the most massive mass-gainers, the core con-
traction accompanying central hydrogen burning ensures that
most of them remain at critical rotation for the rest of their main
sequence evolution.

Consequently, whereas single star evolution leads to an
increase of the rotation velocity relative to its critical value in
many cases, the binary channel can produce a much larger num-
ber of stars living at critical rotation for a long time. Further-
more, Wang et al. (2020) find that the initial mass ratio limit for
stable mass transfer leads naturally to a restriction of binary-
produced Be stars to within about two magnitudes of the cluster
turn-off, which compares well with observations when interpret-
ing the Hα emitting stars in NGC 330 as Be stars (Milone et al.
2018).

A further important difference between the Be stars produced
via single and binary evolution concerns their expected surface
abundances. As discussed above, the mass-gainer of a binary
system may only accrete a small amount of mass to spin up. In
this case, only material from the outer envelope of the donor star
is incorporated into the mass-gainer. As this material is generally
not enriched in hydrogen-burning products, one would expect Be
stars formed through the binary channel to not be significantly
polluted by accretion. Detailed binary evolution models with
LMC metallicity (Langer et al., in prep.) suggest that the surface
nitrogen mass fraction of spun-up mass gainers is at most tripled
compared to the baseline nitrogen abundance. Additionally, the
spun-up mass-gainers in the models of Langer et al. (in prep.)
had ordinary rotation rates before the mass-transfer episode. As
such, they established a strong mean molecular weight barrier
between core and envelope, which prevents any significant rota-
tionally induced mixing after their spin-up.

In Sect. 3.5 we argue that single Be stars ought to have
much larger surface nitrogen enhancements (by as much as a
factor 30; cf., Fig. 5). A diagnostic to discriminate single and
binary Be stars would then be their surface nitrogen abundances.
Dunstall et al. (2011) find that in the LMC cluster NGC 2004,
only two Be stars from a sample of 11 were measured to have
a nitrogen abundance of ε = 12 + log(N/H) greater than 7.8,
while the other 9 Be stars had ε of less than 7.4. This observed
bimodal distribution supports the idea of the binary and single
Be star formation channels producing populations with different
nitrogen enrichments, and would suggest that in NGC 2004 the
binary formation channel dominates. Also, Dunstall et al. (2011)
found that the nitrogen abundances of the majority of the LMC
Be stars observed in the VLT-FLAMES Survey of Massive Stars
are not consistent with single star evolution. Moreover, the Be
star NGC 330-B 12 was found to be almost devoid of nitrogen
lines and to possess a spectrum inconsistent with single star

evolution models (Lennon et al. 2005), providing further evi-
dence that Be stars can be formed by binary interactions.

Finally, we note that a key difference between Be stars
produced by the two channels concerns their potential binary
companions. Since the initial rotational velocity distribution
for single stars and stars in binaries appears to be similar
(Ramírez-Agudelo et al. 2015), we would expect a significant
fraction of Be stars formed through the single star channel
(i.e. without accretion-induced spin-up) to have unevolved main
sequence companions. However, essentially no such stars are
known. Vice versa, whereas massive binary-produced Be stars
may be single since they lost their companion when it produced
a supernova explosion, the lower mass binary-produced Be stars
should all have evolved companions: subdwarfs or white dwarfs.
While those are very hard to detect (Schootemeijer et al. 2018),
recent studies of disc truncation of apparently single Be stars
suggest that unseen companions are indeed present in the major-
ity of cases (Klement et al. 2019).

6. Conclusions

We have identified and discussed three factors which affect a
star’s evolution towards the critical velocity throughout main
sequence evolution. Mass loss through stellar winds has the
effect of removing angular momentum from a star, and thus hin-
ders its approach to critical velocity. The ratio of convective core
mass to the total stellar mass strongly affects the internal angular
momentum transport, which is crucial for an expanding enve-
lope to maintain a fast rotational velocity. Lastly, the occurrence
of quasi-chemically homogeneous evolution prevents the stellar
envelope from expanding, thus preventing the critical velocity
from decreasing, and also increases the angular momentum lost
through stellar winds.

When using an observed distribution of B star rotational
velocities to construct synthetic stellar populations, we find that
our single star models predict few stars rotating at near-critical
velocities, although we do predict as many as 35% of OB stars
to rotate at more than 70% of their critical velocity. We therefore
conclude that if Be stars are near-critical rotators, then single
star models cannot explain the observed numbers of Be stars. In
this case, most Be stars must be the product of mass-transfer in
binary systems.

If Be stars instead only rotate at 70−80% of their critical
velocity, then the observed Be star fractions can be reasonably
described by single star evolution (see Fig. 6). However, in the
∼40 Myr old SMC cluster NGC 330, Be stars are observed in
significant numbers down to almost two magnitudes below the
main sequence turn-off. Independent of the rotation threshold
for the Be phenomenon, our single star models predict that Be
stars should be located only in a narrow luminosity range near
the turn-off (see Fig. 8), which disagrees with observations of
NGC 330.

Whereas significant uncertainties remain, specifically in rec-
onciling how stars that appear to rotate at 70% of their critical
velocity can still form decretion discs and why so few Be stars
are observed to rotate near their critical velocity, it appears evi-
dent that the observed Be star populations cannot be explained
by single star evolution alone, and that it may not be the domi-
nant channel for Be star formation. Nevertheless, single star evo-
lution will contribute, most strongly so in the age range from 8
to 20 Myr, at least at subsolar metallicity.

Furthermore, our single star models predict that the sur-
faces of rapidly rotating single stars should be contaminated with
freshly synthesised nitrogen, the more so the faster the rotation.
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In spun-up mass-gainers of binary systems, this is not neces-
sarily so. The observations of non- or weakly nitrogen-enriched
surfaces in several groups of Be stars therefore strengthens the
conclusion that the majority of these objects cannot originate
from single star evolution.
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Appendix A: Initial conditions required to reach
near-critical velocities

In Sect. 3.1 we discuss the evolution of rotational velocities of
various models, when the models all have the same relative ini-
tial rotation rates. Here we explore how the approach to the crit-
ical velocity depends on the initial rotation rate by performing
interpolations between the models. Figure A.1 shows the crit-
ical velocity fraction as a function of time and initial rotation
rate for differing stellar masses and metallicities. The colour of
each point on the plot shows the critical velocity fraction at a
particular fractional hydrogen-burning lifetime, t/tMS, and ini-
tial critical velocity fraction value. By following horizontal lines
in the plot, one traces the evolution of a single model through its
evolution.

For 5 M� models at both SMC and MW metallicities, the
star evolves generally towards higher critical velocity fractions;
as one traces a horizontal line, one moves always into regimes
of higher critical velocity fractions. The exception is the 5 M�
MW models with vrot/vcrit > 0.7, which at the end of hydro-
gen burning spin down through increased rotationally enhanced
mass loss. Looking at 15 M� models at SMC metallicity, one
sees also that there is a constant evolution towards higher crit-
ical velocity fractions. On the other hand, 15 M� models with
MW metallicity evolve to higher critical velocity fractions until

around 80% of the hydrogen-burning lifetime, at which point
they spin down due to angular momentum loss through winds
(as discussed in Sect. 3.2). The 25 M� models behave in a more
complicated way because the initially very fast-rotating models
can undergo quasi-chemically homogeneous evolution (as dis-
cussed in Sect. 3.4). In the right panels of Fig. A.1 one can see
the two regimes according to whether or not the critical velocity
fraction is increasing or decreasing. We can see that for 25 M�
MW models with initial vrot/vcrit ≈ 0.7, they evolve at first to
lower critical velocity fractions then after t/tMS ≈ 0.6 they begin
to evolve towards higher critical velocity fractions. This occurs
because initially the star is evolving quasi-chemically homoge-
neously, during which time rotation rates and hence rotationally
induced mixing efficiency drops until quasi-chemically homo-
geneous evolution is shut down, at which point the star begins
to evolve with an expanding envelope and approaches the criti-
cal velocity. For similarly initially fast-rotating SMC models the
same behaviour does not occur, which is due to the weaker stellar
winds at lower metallicities.

Figure A.1 also shows us that the models only reach criti-
cal rotation (the black areas in the figure) very near core hydro-
gen exhaustion. Furthermore, the minimum initial rotation rate
required to reach near critical rotation decreases with increas-
ing mass due to angular momentum transport efficiency (as dis-
cussed in Sect. 3.3).
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indicate the critical velocity fraction, vrot/vcrit as given in the legend.
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Appendix B: Synthetic colour–magnitude diagram
without gravity darkening

In Fig. B.1 we present the results of our population synthesis
to simulate the colour–magnitude diagram of NGC 330 while

ignoring the effects of gravity darkening. It is seen that along the
main sequence there is a one-to-one relation between the cur-
rent critical velocity fraction and the mF336W − mF814W colour,
with faster rotators being redder. Such a relation is destroyed by
gravity darkening (see Fig. 7).
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Fig. B.1. Synthetic colour–magnitude diagram of a 35 Myr star cluster at SMC metallicity, where each dot represents one single star and the colour
gives the critical velocity fraction, vrot/vcrit as indicated by the colour bar. Gravity darkening is not included. Over plotted are observations of SMC
cluster NGC 330 (Milone et al. 2018), with Hα emitters marked by orange squares and normal stars as orange star symbols. Right panel: region
indicated by the red box in the left panel. To convert the models to apparent magnitudes a distance modulus of 18.92 mag and a reddening of
0.06 mag were used.
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ABSTRACT

Context. Binary evolution can result in fast-rotating stars through accretion of angular momentum during mass-transfer phases. These
fast-rotating stars are predicted to be observable as Be stars. Current models struggle to produce a satisfactory description of Be star
populations, even though numerous pieces of observational evidence indicate that the accretion process might be the dominant Be
formation channel.
Aims. Given the distinct uncertainties in detailed binary evolution calculations, we investigate a rigorous and model-independent
upper limit for the production of Be stars through binary interaction and aim to confront this limit with observations of Be stars in
young star clusters.
Methods. Using extreme assumptions, we calculate the number ratio of post-interaction to pre-interaction binary systems in a coeval
population. This ratio describes an upper limit to Be star formation through mass transfer. A detailed comparison is made between
our derived upper limit and relevant observations of Be stars, which allows us to probe several aspects of binary star physics.
Results. We find that in coeval populations, binary interaction can at most account for one-third of all main-sequence stars being Be
stars. Near the cluster turn-off region, this limit appears to be realised in the clusters studied. Away from the turn-off, a good fit to
the observed Be fraction as a function of mass is obtained by applying simple assumptions about which systems undergo unstable
mass-transfer produces.
Conclusions. We find that assuming distinct physics, binary evolution alone can in principle match the high numbers of Be stars that
are observed in open clusters. Whether the required binary physics is realised in nature remains to be investigated.

Key words. stars: emission-line, Be – binaries: general – stars: evolution – stars: massive – stars: rotation

1. Introduction

Be stars are massive main-sequence stars that display emis-
sion features in their spectra. Since their discovery more than
150 years ago (Secchi 1866), we have advanced our understand-
ing to explain the emission as a result of a decretion-disc, which
is being ionised by the central star (Struve 1931), but it is still
unclear how a Be star gains its disc. Observations conclusively
show that Be stars rotate significantly faster than their B coun-
terparts (Struve 1931; Porter 1996; Huang et al. 2010; Zorec
et al. 2016), such that the centripetal force potentially matches
the gravitational force at the equator (Collins & Truax 1995;
Townsend et al. 2004). However, the fundamental origin of this
fast rotation is still unknown with both single and binary star
channels having been proposed to play a role.

One way to achieve such rotation is for a star to be spun up
by mass transfer in a binary system (Kriz & Harmanec 1975;
Pols et al. 1991; Liu et al. 2006; Langer 2012). When a star
accretes material, it also accretes angular momentum, which in
the absence of tidal forces can lead to critical rotation of the
accreting star, allowing material to become unbound and form a
disc. The accretion of angular momentum is an efficient process,
with a star needing to accrete typically a few percent of its own
mass to rotate critically (Packet 1981).

In wide systems that initiate mass-transfer after the primary
has exhausted hydrogen in the core (so-called Case B mass
transfer), tidal forces are generally weak for the accretor star,

and it can be spun up to near-critical velocities. Furthermore,
rapid rotators can also originate from close systems that undergo
mass transfer while the donor is still core hydrogen-burning(so-
called Case A mass transfer). Although tides inhibit the spin-
up of the accretor during the initial mass-transfer phases, these
phases cause a widening of the binary (Petrovic et al. 2005) so
that when the donor expands to become a giant star (initiating
Case AB mass transfer), many systems are wide enough to ren-
der tides ineffective, allowing the mass gainer to rotate super-
synchronously (Sen et al., in prep.). Therefore rapidly rotating
mass gainers can originate from both short- and long-period sys-
tems. What is common between these cases is that the spun-up
star is usually produced after the initially more massive star in
the system has exhausted its central supply of hydrogen.

In binary systems that produce a Be star and in which the pri-
mary star is not massive enough to undergo a supernova explo-
sion, a short-lived helium star or long-lived white dwarf would
be the companion to the Be star. Despite the difficulty of detec-
tion, both of these types of systems have been observed (Li
et al. 2012; Schootemeijer et al. 2018; Shenar et al. 2020; Coe
et al. 2020). Furthermore, studies of Be star discs have found
that many are truncated, suggesting that they are acted upon by
unseen companions (Klement et al. 2017, 2019).

When the mass donor does explode as a supernova, the
majority of systems are expected to become unbound(due to a
supernova kick) (Brandt & Podsiadlowski 1995) and the Be star
will probably have no companion. The fact that this does not
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occur in every case is evidenced by large numbers of Be-Xray
binaries (Raguzova & Popov 2005), which consist of a neutron
star in an eccentric orbit around a Be star such that Xrays are
produced when the Be disc and neutron star interact. When the
binary is disrupted, the Be star would likely be a runaway star.
Boubert & Evans (2018) and Dorigo Jones et al. (2020) both
found the peculiar space velocities of Be stars in the Gaia cata-
logue to be consistent with a binary origin of Be stars.

Observations show the Be phenomenon to be more common
at lower metallicities (Maeder et al. 1999; Martayan et al. 2010;
Iqbal & Keller 2013), in good agreement with predictions of sin-
gle star models whereby metal-rich stars suffer stronger angu-
lar momentum losses through winds, thus making fast-rotators
rarer at higher metallicities (Hastings et al. 2020). Naively,
this trend is difficult to explain in the binary framework. How-
ever, further observational characteristics of Be stars have been
uncovered that are difficult to explain with a single-star for-
mation channel. Initially fast-rotating single stars are expected
to exhibit enhanced surface nitrogen abundances, as rotational
mixing dredges up CNO-processed material to the photosphere.
However, there appears to be an incompatibility between mod-
els of rotating single stars and measurements of nitrogen
abundances in Be stars, with many Be stars showing much
lower nitrogen abundances than expected (Lennon et al. 2005;
Dunstall et al. 2011; Ahmed & Sigut 2017; Hastings et al.
2020). On the other hand, spun-up mass gainers might not be
rich in surface nitrogen. Although the physics governing the
details of mass transfer remains uncertain, accretion may be
limited by the angular momentum content of the gainer, such
that accretion becomes non-conservative once critical rotation is
achieved (Wang et al. 2020; Langer et al. 2020). Another fac-
tor is the strong mean molecular weight barrier established from
hydrogen burning, which prevents efficient rotational mixing
in the critically rotating mass gainer (Kippenhahn et al. 1974;
Pinsonneault et al. 1989).

As demonstrated by Ekström et al. (2008) and Hastings
et al. (2020), single stars may achieve near-critical rotation dur-
ing the late stages of hydrogen burning, in contrast to obser-
vations showing that Be stars have a range of fractional main-
sequence ages (Zorec et al. 2005; McSwain & Gies 2005; Milone
et al. 2018). If Be stars are mostly single, we would expect
pre-interaction binaries to host Be primaries because regardless
of which proposed single-star mechanism causes the Be phe-
nomenon, it should work for stars in a pre-interaction binary
just as well as for single stars. It is thus telling that almost no
Be stars with a main-sequence companion have been detected
(Bodensteiner et al. 2020b).

Despite the numerous pieces of evidence that support the
dominance of a binary formation channel, several uncertain-
ties in binary evolution prevent a solid and accurate theoreti-
cal description of Be star populations. Proof of the difficulty of
modelling the production of Be stars is given by the contrasting
results of previous authors. It has been concluded that binaries
are responsible for either all (Shao & Li 2014), half (Pols et al.
1991) or only a small minority (van Bever & Vanbeveren 1997)
of galactic Be stars. This difference is mostly due to different
assumptions on mass-transfer efficiency and the stability of mass
transfer.

In light of these uncertainties, we find it useful to deter-
mine a model-free upper limit to Be star production from mass
transfer in binary systems. Assessment of this limit can provide
insight into whether it is at all possible for Be stars to be formed
exclusively in binaries, and to which extent other formation
mechanisms must be invoked. Under the assumption that binary

evolution dominates the production of Be stars, we can also
probe uncertain binary physics. We use recent high-quality
observations of Be stars in open clusters (Milone et al. 2018)
to rigorously test our simple picture.

In Sect. 2 we explain the procedure with which we calcu-
lated an upper limit to Be star production from mass transfer in
binary systems. The results of this endeavour are presented in
Sect. 3. In Sect. 4 we compare our results to the numbers of Be
stars observed in young open clusters. We infer the conditions
for stable mass transfer that are required for our prescription to
reproduce the Be fractions along the main sequences of young
open clusters in Sect. 5. Uncertainties and the implications of
the upper limit are discussed in Sect. 6. Concluding remarks are
given in Sect. 7.

2. Method

2.1. Hypothetical population of interacting binary stars

In order to calculate an upper limit to the numbers of Be stars that
may be produced, we take extreme assumptions. The of which is
that the initial binary fraction in the population is 1; that is, every
star is born as a member of a binary. Nextly, as the hydrogen-
burning episode of a massive star comprises about 90% of the
total lifetime of a star, we then assumed that as soon as a pri-
mary star leaves the main sequence, stable mass transfer occurs
on a very short timescale, instantly producing a Be star. In our
model, a Be star is produced regardless of the initial period, pri-
mary mass, or mass ratio of the system, so that every secondary
star will at some point during its lifetime become a Be star. In
this framework, the orbital period distribution becomes irrele-
vant. Furthermore, we shall assume that once a Be star is formed,
it remains so for the rest of its lifetime.

For simplicity, we ignore the effects of mass loss through
stellar winds, such that every system remains at its initial mass
ratio, q, until mass transfer occurs (which may be either conser-
vative or non-conservative). Moreover, because the stellar mass-
luminosity relation is very steep, we define each binary system
by its most luminous component, so that each binary can be
assigned an equivalent single-star mass. To facilitate compari-
son with open cluster observations, our synthetic population is
assumed to be coeval.

Other properties of our population are not designed to max-
imise the efficiency of Be star formation, and are more or less
standard in binary evolution calculations. We denote the initial
masses of the initially more massive star as M1 and the initial
mass of the initially less massive star as M2,i and define the ini-
tial mass ratio, q, as

q =
M2,i

M1
, (1)

such that

0 < q ≤ 1. (2)

We considered a population of binary stars in which the dis-
tribution of initial primary mass follows a power law like

ξ(M1) = ξ0Mα
1 , (3)

and the distribution of initial mass ratios is described similarly
as

f (q) = f0qκ, (4)

where ξ0 and f0 are normalising constants to ensure that the
integral over the whole parameter space is unity (as befitting
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a probability-density function). For example, the value of f0 is
easily computed as

f0 =
κ + 1

1 − qκ+1
min

, (5)

where qmin is the minimum mass-ratio in our population and is
nominally set to qmin = 0.1 to match the observing campaigns
of Sana et al. (2012, 2013). It is assumed that systems born with
mass ratios lower than this value are likely to be unstable and
merge either during their formation or early in their evolution
and hence are not considered.

Mass gain of the accretor shall be parametrised by assuming
that a total mass of ∆M is accreted, giving the relation between
final and initial masses of the accretor as

M2, f = M2,i(1 + ∆M/M2,i), (6)

with ∆M/M2,i being a free parameter.
Our assumptions on the population are summarised in the list

below.
1. initial binary fraction is 1
2. every system will undergo stable Case B mass transfer and

form a Be star, regardless of period or mass ratio
3. once a primary star leaves the main sequence, a Be star is

immediately formed
4. once a Be star is formed, it remains so for the rest of its

lifetime
5. the accretor star gains mass ∆M, with the relative mass gain

∆M/M2,i being a free parameter.
6. the effects of wind mass loss are ignored so that a system

remains at its initial mass ratio until mass transfer occurs.
7. the distribution of initial primary masses follows a power

law, ξ(M1) ∝ Mα
1

8. the distribution of initial mass ratios follows a power law,
f (q) ∝ qκ

9. only considered are binaries with a mass ratio greater than
qmin, which is set to 0.1.

10. when both stars are burning hydrogen, the luminosity of a
binary system is given by that of the primary. When the pri-
mary has evolved off the main sequence, the luminosity of
the system is naturally that of the secondary.

According to our assumptions, every secondary star with a post-
main-sequence companion is a Be star, meaning that the number
of Be stars with a given mass M is

n(Be) = n(M2, f = M & M1 > MTO), (7)

where MTO is the turn-off mass of our coeval population. In our
model the number of non-Be stars is given by the number of
primaries at a given mass. The Be fraction, φBe(M) is defined as
the number fraction of Be stars to all stars at a given mass. In a
coeval population, this becomes

φBe(M) =
n(M2, f = M & M1 > MTO)

n(M2, f = M & M1 > MTO) + n(M1 = M)
(8)

=

[
1 +

n(M1 = M)
n(M2, f = M & M1 > MTO)

]−1

. (9)

In our model, the mass of a Be star is related to its initial mass,
M2,i, and the relative mass gain, ∆M/M2,i via Eq. (6), such that
the expression above becomes

φBe(M) =

1 +
n(M1 = M)

n(M2,i = M
1+∆M/M2,i

& M1 > MTO)


−1

. (10)

With the aid of Eqs. (1) and (6), the condition

M1 > MTO (11)

can be rewritten as

q <
M2,i

MTO
, (12)

leading to

q <
M2, f

MTO(1 + ∆M/M2,i)
· (13)

This results in

φBe(M)=

1 +
n(M1 = M)

n(M2,i =
M

1+∆M/M2,i
& q < M

MTO(1+∆M/M2,i)
)


−1

· (14)

To study coeval populations, a more convenient approach
is to find the Be fraction as a function of the fractional main-
sequence turn-off mass, M/MTO. This produces the expression

φBe(M/MTO)

=

[
1 +

n(M1 = M/MTO)
n(M2,i = M

MTO(1+∆M/M2,i)
& q < M

MTO(1+∆M/M2,i)
)

]−1
, (15)

which shall be our basis for exploring the Be fraction in coeval
populations.

To evaluate the Be fraction, it is necessary to determine the
relative numbers of primary stars to the number of secondary
stars at a given mass. We may write that the number of primary
stars with a given mass, n(M1), is the integral of the primary
mass distribution across an infinitesimally small mass range,
dM1, multiplied by the total number of stars in the population,
ntot, as

n(M1) = ntotξ(M1)dM1 = ntotξ0Mα
1 dM1. (16)

To tackle the number of secondary stars at a given mass is
sightly more involved as we do not have directly the distribu-
tion of secondary masses, instead it is inferred from the primary
mass and mass-ratio distributions. First consider a population in
which there exists only a single mass-ratio, q0, i.e. the mass-ratio
distribution is a delta-Dirac function. If one is interested in the
number of secondary stars with initial mass M2,i, one must count
the number of primaries with mass M2,i/q0, so we have

n(M2,i & q0) = ntotξ

(
M2,i

q0

)
d
(

M2,i

q0

)
, (17)

with d
( M2,i

q0

)
representing an infinitesimally small change in M2,i

q0
.

Any distribution may be expressed as an infinite sum
of appropriately weighted delta-Dirac distributions, with the
weighting coming from the probability-density function. For the
general case, we therefore have

n(M2,i) = ntot

∫ 1

qmin

f (q)ξ
(

M2,i

q

)
d
(

M2,i

q

)
dq. (18)

It is then clear that the limits of the integral above place con-
straints on the initial mass ratios counted. The number of sys-
tems with a given initial secondary mass M2,i and initial mass
ratios between qmin and qmax can thus be written as

n(M2,i & qmin < q < qmax) = ntot

∫ qmax

qmin

f (q)ξ
(

M2,i

q

)
d
(

M2,i

q

)
dq.

(19)
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The differential d
( M2,i

q

)
in Eq. (19) is quite cumbersome,

therefore we chose to let

r =
M2,i

q
. (20)

We may now write

n(M2,i & qmin < q < qmax) = ntot

∫ qmax

qmin

f (q)ξ(r)drdq. (21)

We have

M2,i = qM1, (22)

thus

dM2,i = qdM1 + M1dq. (23)

As we are interested in the number of secondary stars at a fixed
mass, dM2,i = 0,

dq = − q
M1

dM1. (24)

Differentiating r gives

dr =
−M2,i

q2 dq. (25)

Combining Eqs. (24) and (25) results in

dr =
1
q

M2,i

M1
dM1. (26)

Inserting this into our expression for n(M2,i & qmin < q < qmax)
(Eq. (21)) gives

n(M2,i & qmin < q < qmax) = ntot

∫ qmax

qmin

f (q)ξ
(

M2,i

q

)
1
q

M2,i

M1
dM1dq.

(27)

We now divide Eq. (16) by Eq. (27), leaving

n(M1)
n(M2,i & qmin < q < qmax)

=
M1ξ(M1)

M2,i
∫ qmax

qmin
f (q)ξ

( M2,i

q

)
1
q dq
· (28)

When the distributions for initial primary mass and mass ratio,
Eqs. (3) and (4), are inserted, Eq. (28) simplifies further to

n(M1)
n(M2,i & qmin < q < qmax)

=

(
M1

M2,i

)α+1 1∫ qmax

qmin
f0qκ−α−1dq

· (29)

This result may be readily checked against Monte Carlo sam-
pling of the primary mass and mass-ratio distributions.

Equation (29) can be used to directly determine the Be frac-
tion (Eq. (15)) by setting M1 = M/MTO, M2,i = M

MTO(1+∆M/M2,i)

and qmax = M
MTO(1+∆M/M2,i)

. This leaves

φBe(M/MTO) =

1 +
(1 + ∆M/M2,i)(α+1)

∫ M
(1+∆M/M2,i )MTO

qmin
f0qκ−α−1dq



−1

, (30)

where the integral has a simple analytic solution. Equation (30)
describes the Be star fraction as a function of the fractional
turn-off mass, M/MTO, for our model open cluster. As the mass
dependence in Eq. (30) is expressed by the fractional turn-off
mass, is not necessary to specify the turn-off mass.

2.2. Limits for the remaining parameters

All that remains is to explore Eq. (30) in a suitable parameter
space. The parameters we have are α, κ, and ∆M/M2,i, which
are the primary mass distribution exponent, the initial mass-
ratio distribution exponent, and the relative accretor mass gain,
respectively.

The canonical value for the exponent of the initial mass
function (IMF), α, is given by the Salpeter IMF, α = −2.35
(Salpeter 1955). However, recent observations of young stars in
the 30 Doradus starburst region instead suggest α = −1.90+0.37

−0.26
(Schneider et al. 2018). Similarly, in the R136 star-forming
region, an exponent of α = −2.0 ± 0.3 was found (Bestenlehner
et al. 2020). On the other hand, it has also been proposed that the
IMF follows an even steeper law with α = −2.7 (Scalo 1986).
Therefore we consider the range −1.9 < α < −2.7.

Observations of Galactic O-type stars show that the mass-
ratio distribution follows a power law with exponent κ = −0.1 ±
0.6 (Sana et al. 2012) for 0.1 < q < 1. In the Large Magel-
lanic Cloud, the mass ratios of massive binaries appear to be
distributed differently, with κ = −1.0 ± 0.4 again in the range
0.1 < q < 1 (Sana et al. 2013). There are many claims that
mass ratios of binaries favour either low values (Trimble 1990;
Tout 1991; Hogeveen 1991) or follow a uniform distribution
(Kobulnicky & Fryer 2007; Kouwenhoven et al. 2007). In light
of these findings, we consider κ values in the range −1 < κ < 0.

Estimates of the accretor mass gain, ∆M/M2,i, obtained
by demanding that mass transfer stops when the mass gainer
reaches critical rotation, tell us that ∆M/M2,i is 0.1 at most and in
most cases is about 0.02, depending on the angular momentum
content and physical structure of the mass gainer before accre-
tion (Packet 1981; Petrovic et al. 2005; Wang et al. 2020). It has
been found that around 70% of the mass leaving the donor must
be ejected from the system to explain the observed distributions
of Be star masses in Be X-ray binaries (Vinciguerra et al. 2020).
However, it must be noted that because it is expected that up
to 90% of massive binary systems are broken apart by a super-
nova kick (Brandt & Podsiadlowski 1995), Be X-ray binaries
represent a small fraction of the population and may therefore
well contain strong biases. Furthermore, it is thought that mass
transfer must be highly non-conservative to explain the observed
populations of Wolf-Rayet O-star binaries (Petrovic et al. 2005;
Shao & Li 2016). On the other hand, several systems show evi-
dence that near-conservative mass transfer has taken place (de
Mink et al. 2007; Schootemeijer et al. 2018; Brož et al. 2021).
To fully explore the effects of mass-transfer efficiency on Be star
populations, we consider the full range 0 < ∆M/M2,i < 1.

3. Results

The results of Eq. (30) are plotted in Fig. 1 for the extremal
parameters outlined in Sect. 2.2. The primary mass distribution
affects the absolute numbers of Be stars because for a shallower
distribution (α closer to 0), there is an abundance of massive
binaries, such that many systems contain post-main-sequence
primaries, and therefore the number of Be stars increases. Con-
versely, when α � 0, the population contains fewer pri-
maries of mass greater than the turn-off mass, and the Be count
decreases.

The effect of the mass-ratio distribution can be understood
by considering a population with a high value of κ such that sec-
ondary stars have a similar mass to their companion. In this case,
when the primary leaves the main sequence, the secondary will
be rather evolved, and hence most Be stars will be found near
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Fig. 1. Maximum Be fraction, ΦBe, in a coeval population as defined by Eq. (30) plotted as a function of fractional main-sequence turn-off mass,
M/MTO, for varying parameters. Left and right panels: ∆M/M2,i = 0 and 1, respectively. The colour of the lines represents differing κ values. Red
is κ = 0 and blue is κ = −1. Dashed lines show α = −1.9 and solid lines show α = −2.7, as indicated by the annotations.

the turn-off. On the other hand, in a population with a low κ,
the opposite is true; the secondary stars will have lower masses
compared to the turn-off mass, and Be stars will be more evenly
distributed along the main sequence, as shown in Fig. 1.

Figure 1 shows how a varying mass gain changes the Be
count, with accretors that gain more mass producing fewer Be
stars. This can be understood by considering a Be star of mass
0.9MTO that is produced by inefficient mass transfer. For the pri-
mary to exceed the turn-off mass, the initial mass ratio of the
system must be lower than 0.9. If this star had gained 0.1MTO,
the initial mass would be 0.8MTO and the initial mass ratio must
be lower than 0.8. This shows that mass gain restricts the num-
ber of systems that are able to produce Be stars of a given mass,
and a low mass-transfer efficiency leads to higher numbers of Be
stars being produced at a given mass.

Figure 1 shows that the largest Be fractions are produced
when mass transfer is inefficient (∆M/M2,i = 0) and the IMF is
shallow. The mass-ratio distribution then tunes the distribution
of Be stars along the main sequence. Therefore it is judged that
most Be stars are produced with the parameters ∆M/M2,i = 0,
α = −1.9 and −1 < κ < 0. Depending on the chosen parameters,
the maximum Be fraction is in the range 0.2–0.35 near the main-
sequence turn-off.

4. Comparison to observations

To contextualise to our results, we attempt here a comparison
with observations using high-quality Hubble Space Telescope
photometry of young Small and Large Magellanic Cloud open
clusters in which Be stars are revealed as bright objects in a
narrow-band filter centred on Hα (Milone et al. 2018). Pho-
tometry was performed with Hubble wide-band filters F814W
and F336W and the narrow-band F656N filter, allowing colour-
magnitude diagrams in which Be stars are identified from Hα
photometry to be produced.

As many spectroscopically confirmed Be stars in NGC 330
are bright in Hα (Bodensteiner et al. 2020a), we judge Hα emis-
sion to be a good proxy for Be stars. It is possible for the accre-
tion discs of Algol-type binaries to exhibit Hα emission (Peters
1989), but these systems are expected to make up only about 3%
of the total population (de Mink et al. 2014; Sen et al., in prep.).
Furthermore, some field stars may be Hα emitters. Milone et al.

(2018) noted that no more than one-tenth of the stars in the clus-
ter field are suspected field stars. Field stars will also contam-
inate the population of stars that do not emit in Hα, therefore
their presence is not expected to significantly alter the relative
fractions of Hα emitters and non-emitters.

Be star fractions have previously been measured as
a function of magnitude (Keller et al. 1999; Milone et al. 2018;
Bodensteiner et al. 2020a). We find it worthwhile to repeat this
exercise, including several factors that were previously over-
looked.

Our goal is to measure the observed Be fraction as a function
of mass along the main sequence of an open cluster. To do this,
we must note the two major differences between a Be star and
a “normal” B star: fast rotation, and the presence of a decretion
disc. The effect of the centrifugal force means that a fast-rotating
star has a reduced effective gravity at the equator. According to
the von Zeipel theorem (von Zeipel 1924), this results in a lower
effective temperature. Therefore fast-rotating stars are cooler and
redder than their non-rotating counterparts. Furthermore, light
from a Be star consists of radiation from the star itself and also
of light from the decretion disc. Typically, the average tempera-
ture of the disc is about 70% of the effective temperature of the
star itself (Sigut et al. 2009), and so the disc is expected to emit
mostly in visible and infrared wavelengths.

In a colour-magnitude diagram, the magnitude in a red filter
is plotted on the y-axis, and a colour defined by the blue and
red filter (B–R) on the x-axis. When a star becomes brighter
in the red filter, it therefore moves to the right and upwards in
the colour-magnitude diagram. This effect means that to count
the Be stars as a function of mass, we must do so in bins that
are sloped with respect to the x-axis. The gradient of this slope
depends on how much redder a near-critically rotating star is
than a slow rotator at the same mass, and on how much light
the decretion disc radiates.

As no reliable numerical models exist of stars rotating at the
critical velocity, we shall adopt a simple model to relate the lumi-
nosity and temperature of a critical rotator to an equivalent non-
rotating star. After having been spun up, a star will change its
shape, becoming oblate. At the same time, we do not expect a
great difference in luminosity between a star before and after
the spin-up. This is because stars are generally very centrally
condensed, such that the centrifugal force is small compared
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to gravity in the regions where nuclear burning occurs, meaning
that (excluding the effects of rotational mixing) central tem-
peratures and thus luminosities are not very sensitive to rota-
tion, in agreement with models (Brott et al. 2011; Paxton et al.
2019). Following the Stefan-Boltzmann law, because of the
increased surface area of a critical rotator, the effective tem-
perature decreases. Using the Roche model (see Appendix A),
one can show that a critically rotating star has a surface area
of approximately 1.58 × 4πR2

p, with Rp being the polar radius.
This corresponds to a decrease in effective temperature by a fac-
tor of 1.58−

1
4 ≈ 0.89. Knowing this, we can construct isochrones

describing the intrinsic properties of critically rotating stars from
non-rotating isochrones.

A further complication that is brought about by gravity dark-
ening is that a fast-rotating star appears cooler and dimmer when
viewed equator-on as compared to pole-on. Assuming a random
orientation of the inclination axis, the mean value of the sine of
the inclination angle is π/4, corresponding to a mean inclination
angle of 51.8◦. To take the mean effect of gravity darkening into
account, we employed the model of Espinosa Lara & Rieutord
(2011) as implemented in MESA (Paxton et al. 2019). Here, the
projected luminosity and effective temperature, Lproj, Teff,proj are
related to the intrinsic luminosity and effective temperature, L,
Teff by

Lproj = CT (ω, i)L (31)
Teff,proj = CL(ω, i)Teff, (32)

with CT and CL depending on the fraction of critical velocity, ω,
and inclination angle i.

The temperatures and luminosities of critically rotating stars
are found by using the coefficients CT (ω = 1, i = 51.8◦) = 1.02
and CL(ω = 1, i = 51.8◦) = 1.22. It is a rather curious feature
of the gravity darkening model that at the mean inclination, the
coefficients exceed unity, meaning the average effect of gravity
darkening is not darkening at all, but brightening. Finally, by
interpolating tables of synthetic stellar spectra (Choi et al. 2016)
to produce magnitudes in Hubble filters, we are able to produce
an isochrone of critical rotators, as shown in Fig. 2.

The contribution of a Be star’s disc to its total flux is more
difficult to assess. It has been noted that a loss of spectral emis-
sion features in certain Be stars coincides with a dimming of
about 0.3–0.5 magnitudes in the R and V filters (Carciofi et al.
2012; Labadie-Bartz et al. 2017; Rímulo et al. 2018). If the loss
of emission features is interpreted as the disappearance of the
disc, one can take this change in brightness to equal the flux con-
tribution of the disc. By comparing the colour of our isochrones
with the colours of Be stars in NGC 330, we can assess how
much the Be disc shines, as in Fig. 2. After assuming that the
disc shines in the F814W filter but not in the F336W filter, we
find a reasonable fit to the Hα emitters when a disc brightness of
0.25mF814W is adopted, as shown by the solid and dashed purple
lines in Fig. 2.

For NGC 330, we find that in the regions of the colour-
magnitude diagram containing Be stars, stars of equal mass on
the non-rotating and Be star isochrones are connected by lines
of gradient −dmF814W

d(mF336W−mF814W ) = 2. For NGC 2164, again assuming
a constant disc magnitude of 0.25mF814W , the gradient is found
to be 1.8. These differing values are caused by the ways in which
stellar spectra, and hence magnitude in a given filter, vary with
luminosity and effective temperature.

Figure 3 shows the colour-magnitude diagrams of NGC 330
and NGC 2164 with the Be fraction as counted in slanted bins
with gradients of 2.0 and 1.8, respectively. It is noted that as
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Fig. 2. Colour-magnitude diagram of NGC 330 focused on the turn-off
region. Hα emitters are marked in red. An isochrone of non-rotating stars
is plotted in blue (see Appendix B for model details). Green and red
isochrones depict critically rotating stars viewed pole-on and equator-
on, respectively, as derived from a simple model of critical rotators (see
Appendix A). The solid purple isochrone represents critically rotating
stars viewed at the mean inclination angle when the rotation axis is ran-
domly oriented (51.8◦), and for the dotted purple isochrone, 0.25mF814W
has been added to simulate the decretion disc. The isochrone age is
30 Myr, the distance modulus is µ = 18.8 mag, and the reddening of
E(B–V) = 0.1 mag. Data are from Milone et al. (2018).

compared to counting the Be fraction in bins of constant mF814W
magnitude (i.e. horizontal bins), the values measured here are
lower. This is because due to the effects described above, the
sequence of Be stars is brighter than the sequence of B stars with
the same mass. Therefore a horizontal bin contains relatively
massive B stars and relatively low mass Be stars. According to
the initial mass function, higher-mass stars are less populous,
and hence the Be fraction is higher when horizontal bins are used
solely because fewer B stars are counted.

We used isochrones of rotating single stars based on
an extended model grid of Schootemeijer et al. (2019) (see
Appendix B for a thorough description) with an initial rotation
rate of vrot/vcrit = 0.6 to assign mass ranges to each bin, so that
the Be fraction can be evaluated as a function of mass. The bins
were placed so that the outer edge of the last bin was at the
point at which hydrogen has been exhausted in the stellar core.
We chose a value of vrot/vcrit = 0.6, as suggested by Gossage
et al. (2019) and Wang et al. (in prep.). This produced equatorial
rotation velocities that broadly agree with spectroscopic obser-
vations (Dufton et al. 2013; Marino et al. 2018; Sun et al. 2019;
Kamann et al. 2020). The reddening and distance modulus val-
ues were tailored to give the best fit to the cluster and agree well
with previous isochrone fittings for these clusters (Milone et al.
2018). The isochrone fits are shown in Fig. 3.

The isochrones allowed us to measure the turn-off mass and
the masses associated with each bin. This enables a direct com-
parison between the theory presented in Sect. 3 and observations.
Figure 4 shows this comparison. Uncertainties on the Be fraction
are given by the standard error, σ, assuming a binomial distribu-
tion as

σ =
√

Φ(1 − Φ)/N, (33)

with Φ being the measured Be fraction and N the total number
of stars in a given bin.
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Fig. 3. Colour-magnitude diagrams with isochrone fits and Be star counts for the Small Magellanic Cloud cluster NGC 330 (left) and Large
Magellanic Cloud cluster NGC 2164 (right). Hα emitters are marked in red. Bottom panels: Be fraction counted in bins as defined in the top
panels. The errors are given by the binomial counting error. The bins have a gradient of 2.0 and 1.8 for NGC 330 and NGC 2164, respectively.
Mass values associated with the bins are provided by the isochrone fit. For both clusters, the isochrone depicts stars with initial rotation equal to
0.6vrot/vcrit. For NGC 330, the isochrone age is 30 Myr, the distance modulus µ= 18.8 mag, and the reddening is E(B–V) = 0.1 mag. For NGC 2164,
the age is 80 Myr, µ= 18.3 mag, and E(B–V) = 0.12 mag. Data are from Milone et al. (2018).
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Fig. 4. Comparison of theory and observations. Be fraction as a function
of fractional main-sequence turn-off mass in NGC 330 and NGC 2164,
as shown in Fig. 3. Dashed lines show the theoretical upper limit given
by Eq. (30) with α = −1.9, ∆M/M2,i = 0, and κ = −1.0, 0 (see Fig. 1),
as given by the legend.

We find that although the two clusters have different metal-
licities and ages, they appear to have similar Be fractions as a
function of relative turn-off mass. This may be an indication that

the dominant Be production channel is universal, regardless of
its nature.

In both clusters the Be fraction steadily increases from zero
to about 0.4 in the range 60–80% of the turn-off mass. Near
the turn-off, the Be fraction is found to be approximately 0.4,
with a significant counting uncertainty because relatively few
stars occupy this region. When these uncertainties are taken into
account, our upper limit can describe the numbers of Be stars in
the upper part of the main-sequence. It is important to note that
because it is difficult to perform an isochrone fit, the Be frac-
tions near the turn-off are particularly uncertain. A small change
in the isochrone fit results in a large change in the measured
Be fraction (see Sect. 6.1 for a quantitative discussion). Even
though the measured Be fraction in NGC 330 at times exceeds
our upper limit, it is therefore reasonable to conclude that the
upper limit does provide a reasonable fit to the Be star numbers
near the turn-off. However, it fails to explain the lack of Be stars
below M/MTO ≈ 0.7. The reason may be that certain systems do
not form Be stars but merge instead, as we discuss in the next
section.

5. Inferring the initial conditions for stable mass
transfer

The observations presented in Sect. 4 show that our upper limit
can approximately describe the numbers of Be stars near the
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Fig. 5. (a) Adopted region of stable mass transfer in the primary mass-mass ratio plane. Regions coloured red experience unstable mass transfer
and merge. For green regions, mass transfer is stable, and a Be star is formed. The black and orange lines show systems with secondary masses
of 9 and 6 M�, respectively. (b) Results of a Monte Carlo simulation showing the Be fraction, ΦBe, when the stable mass-transfer region in (a) is
applied. Binary systems have a flat mass-ratio distribution (κ = 0), a primary mass distribution ξ(M1) ∝ M−1.9, and we have assumed inefficient
accretion (∆M/M2,i = 0). The black line shows a simulation with a turn-off mass of 9 M�, and the orange line a turn-off mass of 6 M�. The dashed
grey line shows the theoretical upper limit, as given by Eq. (30). Measured Be fractions of NGC 330 and NGC 2164 according to Fig. 3 are plotted
as black and orange crosses, respectively.

turn off, but fails to reproduce the sharp cut-off in the Be star
sequence We investigate the change required in our prescription
to reproduce this feature.

In reality, not every binary system undergoes stable mass
transfer to form a Be star. For the specific case when the donor is
in the Hertzsprung gap, as for Case AB or Case B mass transfer,
the mass transfer proceeds at the Kelvin-Helmholtz (or thermal)
timescale (Tout et al. 1997; Wellstein et al. 2001), meaning that if
there is a large discrepancy in the Kelvin-Helmholtz timescales
of the donor and accretor, the mass transfer will become unstable
and a common-envelope situation will ensue, most likely leading
to a stellar merger.

To model the occurrence of mergers, it is often assu-
med in simplified binary evolution calculations (Pols et al. 1991;
Hurley et al. 2002; Schneider et al. 2015) that systems below a
certain mass ratio will merge. This simple criterion is unsuit-
able to reproduce the observations shown in Fig. 3, however.
Equation (30) gives the Be star fraction as an integral quantity,
such that the Be star fraction at the main-sequence turn-off is the
accumulation of systems with mass ratios from qmin to 1. This
may be understood intuitively by noting that a Be star of mass
near the main-sequence turn-off mass can originate from either
an extreme mass-ratio system with a very massive primary or
from a system with mass ratio close to unity. When we demand
that all systems below a given mass-ratio merge, we therefore
naturally decrease the Be fraction at the turn-off, which we must
avoid to retrieve high numbers of Be stars at the turn-off.

To keep the Be fraction near the turn-off high and produce a
sharp break in the Be fraction at M/MTO ≈ 0.7, more sophisti-
cated criteria are needed, namely that depend on primary mass
and mass ratio. We propose that the systems most likely to suf-
fer unstable mass transfer are those with an extreme mass-ratio
and low primary mass because the components of these systems
have the largest difference in Kelvin-Helmholtz timescales. This
can be visualised in a grid of primary mass against mass ratio,
in which the bottom corner consists of systems that merge. In

this grid, systems with a fixed secondary mass are represented
by parabolae, as depicted in Fig. 5a. If the parabola representing
a secondary with the turn-off mass can avoid the region con-
taining merger progenitors, the Be fraction at the turn-off will
remain close to the maximum theoretical prediction. Then as the
secondary mass decreases, the parabolae will move into the cor-
ner with low mass ratio and low primary mass, and consequently,
the Be fraction will decrease.

To test our hypothesis, we performed a Monte Carlo simula-
tion in which systems were selected randomly from given distri-
butions of initial primary mass and initial mass ratio. As before,
we assumed that mass transfer is completely non-conservative
(∆M/M2,i = 0). By choosing a turn-off mass, we can calcu-
late the masses of Be stars in the simulation and thus assess the
Be fraction. The occurrence of mergers is decided using the sta-
ble mass-transfer region depicted in Fig. 5a. The motivation for
selecting this region is explained next. Analysis of mass trans-
fer from giant donors (Pavlovskii & Ivanova 2015) has indi-
cated that mass transfer from Hertzsprung-gap stars is stable
at mass ratios greater than around 0.6. We therefore assumed
that all systems with initial mass ratios greater than 0.6 undergo
stable mass transfer. The stability of mass transfer is deter-
mined by the donor’s reaction to mass loss, where stars with
radiative envelopes generally tend to contract as the envelope is
being stripped (Hjellming & Webbink 1987). This is reversed for
convective-envelope stars, which typically expand in response to
mass loss (Hjellming & Webbink 1987). Stellar structure calcu-
lations suggest that stars with a mass greater than around 60 M�
spend very little time as red giants, meaning that they mostly
have radiative envelopes (Schootemeijer et al. 2019; Klencki
et al. 2021) such that mass-transfer is much more likely to occur
when the donor has a radiative envelope. We therefore propose
that mass transfer is stable for all systems with a primary mass
exceeding 60 M�. The region of instability is then defined by a
linear interpolation between systems with M1 = 60 M�, q = 0.1
and M1 = 5 M�, q = 0.6, as depicted in Fig. 5a. We again
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assumed that the orbital period plays no role in determining the
stability of mass transfer, which allows us to avoid specifying an
orbital period distribution.

Merger products change the distribution of masses in a pop-
ulation and thus affect the Be fraction as a function of mass.
We assumed that Be stars are not merger products for two
reasons. Firstly, it is thought that although merger products
are initially fast-rotators, while thermal equilibrium is returned,
internal angular momentum redistribution causes a rapid spin-
down (Schneider et al. 2019). What is more, stellar mergers
may produce strongly magnetised stars (Ferrario et al. 2009;
Wickramasinghe et al. 2014; Schneider et al. 2019) that would
further spin down due to magnetic braking. Secondly, a merger
of a star with a helium core and a main-sequence object does
not produce a hydrogen-burning star owing to the higher mean
molecular weight and lower entropy of the helium-core star
(Langer 2012; Justham et al. 2014). As observations (Milone
et al. 2018) show Be stars to be concentrated on the main
sequence, we assumed that Be stars are unlikely to be produced
from the merging of two stars. For mergers, we assumed that
the fraction of mass lost during the merging process to the total
binary mass is equal to

µloss =
0.3q

1 + q2 (34)

(Glebbeek & Pols 2008), which equates to between 2 and 15%
over the range 0.1 < q < 1. As the mass lost during the merg-
ing process is assumed to be low, mergers always have a mass
exceeding the turn-off mass and do not affect the Be fractions on
the main sequence.

Figure 5b shows the results of the simulation for clusters
with turn-off masses of 9 and 6 M�, which roughly correspond to
NGC 330 and NGC 2164, respectively. The chosen criteria have
maintained a high Be fraction near the turn-off and also produced
a sudden end to the Be-sequence. They provide a reasonable fit
to the measured Be fractions in NGC 330 and NGC 2164. It is
remarkable that these simple, although physically motivated, sta-
ble mass-transfer criteria can successfully reproduce the num-
bers of Be stars in the open clusters studied here. Our empirical

mass-transfer stability criteria could be tested in the next gener-
ation of detailed binary evolution models.

6. Discussion

6.1. Uncertainties

The largest uncertainty in our procedure comes from the
isochrone fits. Most if not all open clusters display an
extended main-sequence turn-off, making the choice of a suit-
able isochrone age difficult. This is illustrated in Fig. 6, where
isochrones of two different ages are fitted to NGC 330 and the Be
fractions are evaluated. A small variation in the adopted age can
cause the Be count in some bins to vary by up to 0.2. The end of
the Be sequence is particularly affected. A similar sensitivity is
also found for small differences in the distance modulus, redden-
ing, and isochrone rotation rates. Based on Fig. 6, we judge that
the uncertainty on the measured Be fractions is approximately
0.1 without the counting error.

To measure the observed Be fraction as a function of mass,
we must use slanted bins. In calculating the gradient of these
bins, we have assumed that the Be star disc always adds
0.25mF814W to the magnitude of the star. This may be an over-
simplification, with Be stars of differing mass or evolutionary
status hosting relatively brighter or dimmer discs. Unfortunately,
this effect is difficult to observe and characterise and is also com-
pounded by the fact that Be stars can display spectral and pho-
tometric variability (Porter & Rivinius 2003). Sigut et al. (2009)
reported that the ratios of stellar effective temperature to mean
disc temperature and infrared excess are indeed functions of
spectral type.

Far older clusters, such as the 300 Myr old NGC 1856, have
much lower Be fractions than their younger counterparts (see
Milone et al. 2018, Fig. 17). Our simple model and mass-
transfer stability criteria predict that the Be fraction does not
vary strongly with turn-off mass and therefore is unable to
explain the turn-off Be fraction in NGC 1856 of about 0.2. How-
ever, this discrepancy may be partly explained by a changing
binary fraction with mass because it is known that more massive
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stars display a stronger preference for binary companionship
(Köhler et al. 2006; Kouwenhoven et al. 2009). Older clusters
that contain fewer binaries therefore naturally have fewer Be
stars produced from binary interaction. Another aspect behind
the emission line phenomenon is the ionising power of the
star. To produce an emission line, the central Be star must
ionise its decretion disc. Without sufficient ionising power, no
emission line will be observable even if a disc is present, and
hence the star will seem ordinary. The ionising photon emission
rate is known to be strongly dependent on effective temperature
(Sternberg et al. 2003). At some limiting mass, we therefore
expect the central star to be unable to ionise a disc. This effect
may play a role in lowering the Be fraction in older clusters and
causing a dearth of Be stars at low magnitudes in the colour-
magnitude diagram. The two clusters studied here have several
stars that are very red, even though they are not marked as Hα
emitters. They might be such “dormant Be stars”.

Lastly, we note that we assumed that the properties of binary
systems are distributed according to very simple laws. In real-
ity, however, the distributions may well be complex functions of
one another, for example the mass-ratio distribution might be a
function of the primary mass. The nature of these distributions is
set by poorly understood binary star formation mechanisms, as
outlined by Tokovinin & Moe (2020).

6.2. Mass-transfer efficiency

To construct our prediction of Be star fractions, we assumed
that no mass is accreted during mass transfer. This scenario fits
the observations reasonably well. It has been demonstrated that
for efficient mass transfer, the Be star fraction decreases, mean-
ing that the theoretical framework presented here would not fit
observations if mass transfer were efficient. This leads us to pro-
pose that if the binary Be formation channel is the dominant one,
mass transfer is far from conservative on average.

Binary models with conservative mass transfer predict Be
stars to be blue stragglers after having gained a lot of mass
(van Bever & Vanbeveren 1997). The observations presented in
Fig. 3 contradict this prediction. The vast majority of Be stars
lie either on the main sequence or are slightly redder than it.
This strengthens our conclusion that mass transfer is highly non-
conservative.

6.3. Initial binary fraction

To obtain our results, we assumed an initial binary fraction of 1,
which might be thought too extreme. We have demonstrated that
in a coeval population of binary systems, 30% of the systems at
most are post-interaction binaries (see Sect. 3). Pre-interaction
systems would therefore comprise not less than 70% of this pop-
ulation. Dedicated models show that under the assumption of a
constant star formation rate, 30+10

−15% of the massive stars are the
products of binary interaction (de Mink et al. 2014), in broad
agreement with this work.

Post-interaction binaries are either merger products, contain
a relatively low-mass post-main-sequence object (helium star,
black hole, neutron star, or white dwarf) with a main-sequence
(possibly emission-line) star or form a runaway star ejected from
the binary orbit after a supernova. These objects manifest them-
selves either as single stars or would be difficult to detect as bina-
ries (de Mink et al. 2011b,a). Even in a population whose initial
binary fraction is 1, apparently single stars are therefore present
in the proportions described above.

By examining radial velocity variations of very massive
stars, we may only measure the pre-interaction binary fraction
(as supernova kicks are believed to disrupt almost all binary sys-
tems (Brandt & Podsiadlowski 1995)), which has been observed
to be about 0.7 for O-type stars (Sana et al. 2012). We therefore
argue that the initial binary fraction is certainly greater than the
observed pre-interaction binary fraction. At this stage, we there-
fore must remain open to the possibility that an initial binary
fraction very close to one is indeed realised in nature.

7. Conclusions

In light of various uncertainties plaguing binary evolution cal-
culations, we have investigated whether binary evolution can
possibly reflect the large numbers of Be stars observed in open
clusters. Starting from the premise that any binary system,
regardless of primary mass, orbital period, or mass-ratio, will
undergo stable mass transfer to form a Be star, we have calcu-
lated a rigorous upper limit to the formation of Be stars through
this channel. It has been demonstrated that this binary evolution
does not allow more than about 30% of stars to have been spun
up through binary interaction and become emission-line objects.

After using isochrone fits to assign stars in the colour-
magnitude diagram masses, a count of the Hα emitters in two
open clusters revealed that for objects near the turn-off, our upper
limit provides a reasonable description of the numbers of Be
stars, especially when uncertainties arising from the counting
method are taken into account. The upper limit, however fails
to describe the sudden decrease in Be fraction that both clusters
exhibit at a mass approximately 70–80% of the turn-off mass.

This problem can be rectified by assuming that systems with
a low mass ratio and low primary mass merge. By adopting sim-
ple, although physically justified, stable mass-transfer criteria,
we have shown that a good fit to the observational data is pro-
duced by this postulate.

It has been demonstrated in a qualitative way that in coeval
populations, a larger mass gain of the donor results in a smaller
Be fraction at a given mass. Because the observed Be fractions
are very close to our upper limit when totally inefficient mass
transfer is assumed, it follows that to be able to explain such
high Be fractions, mass transfer must be non-conservative.

We have highlighted the distinction between the initial
binary fraction and the binary fraction that can be observed, and
we argued that these two quantities are not equal. This is so
because a population of binary stars will always contain post-
interaction systems that will appear to be single stars. The cal-
culations outlined in this work provide rough constraints on this
discrepancy, suggesting that the initial binary fraction is much
higher than previously thought.

In conclusion, our theoretical argument serves to reinforce
numerous observational arguments that suggest binary interac-
tions to be responsible for Be stars. We conclude that obser-
vations of Be stars in young open clusters (Milone et al. 2018;
Bodensteiner et al. 2020a) do not contradict the hypothesis that
Be stars originate exclusively from mass transfer in binary sys-
tems. We have shown that if all Be stars are binary interac-
tion products, somewhat extreme assumptions must be realised,
such as an initial binary fraction very close to unity, a shallow
initial mass function, and very non-conservative mass transfer.
Whether these conditions can be met by the stars in the sky
remains to be determined.
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Appendix A: Stars at the critical velocity

Here we investigate how critically rotating and slowly rotating
stars vary in terms of their effective temperatures and luminosi-
ties. Because stable and reliable numerical models of very fast
rotating stars are difficult to produce, we employ a simple ana-
lytic model.

The luminosity of a main-sequence star is generated from
nuclear reactions in the central region. As stars are centrally con-
densed, when a given star is spun up to the critical velocity, the
centripetal forces acting in the central regions are much weaker
than the force of gravity, meaning the structure of the core is
largely unchanged. Hence, the intrinsic luminosity is constant to
first order.

When a star is spun up, the outer structure changes, however.
The equatorial radius increases, and therefore so does the surface
area of the star, S . This then causes the effective temperature to
decrease, as evidenced by the Stefan-Boltzmann law,

L ∝ S T 4
eff . (A.1)

To characterise this change in effective temperature, we used
the Roche model, which describes a star in which all mass is
concentrated at the centre, and that rotates with constant angular
velocity Ω. In this framework, the effective potential with respect
to the radial coordinate r and latitude θ is

Ψ(r, θ) = −GM
r
− 1

2
Ω2r2sin2(θ). (A.2)

At the critical angular velocity, the polar radius, Rp, is equal
to the radius of an equivalent non-rotating star of the same mass,
whereas the equatorial radius, Re, is given by

Re =
3
2

Rp. (A.3)

Taking the x − y plane to be parallel to the axis of rotation,
where y represents the distance along the rotation axis and x the
perpendicular distance from the rotation axis, the surface of a
critically rotating star is described by
(
y

Re

)2

=

(
2

3 − x2/R2
e

)2

−
(

x
Re

)2

, (A.4)

(Zahn et al. 2010). The surface area of a star is (see Paxton et al.
2019, Appendix B) in general

S = 4π
∫ Re

0
x

√(
dy
dx

)2

+ 1 dx. (A.5)

After choosing units such that Re = 1, Eqs. (A.4) and (A.5) can
be solved numerically to give the surface area of a critical rotator,
S c, as

S c ≈ 4π × 0.7028. (A.6)

Compare this to the surface areas of non-rotating stars with radii
Re and Rp,

S 0(r = Re) = 4π (A.7)

and

S 0(r = Rp) = 4π
(

2
3

)2

≈ 4π × 0.4444. (A.8)

As expected, we have

S o(r = Rp) < S c < S o(r = Re). (A.9)

The surface area of a critically rotating star is about 1.58 times
larger than that of its non-rotating counterpart.

According to Eq. (A.1), the temperature of a star after it is
spun up to critical therefore decreases by a factor of 0.89.

Appendix B: Stellar isochrones

As our model predictions give the Be fraction as a function of
mass, we must extract masses from stars in the colour-magnitude
diagram to make an effective comparison with observations. To
this end, we employed isochrones of single rotating stars to
assign mass ranges to different areas of the colour-magnitude
diagram.

We used the grid of Schootemeijer et al. (2019), which was
extended to masses between 2 and 20 M� with slight changes to
internal mixing (see below).The code used was MESA (Paxton
et al. 2011, 2013, 2015, 2018, 2019). Models were computed at
initial rotation rates between 0 and 80% of the critical velocity
in steps of 10%. As is standard in MESA, the critical velocity is
defined as

vcrit =

√
GM

R
(1 − Γ), (B.1)

where Γ is the ratio of the luminosity to the Eddington lumi-
nosity, and is negligible for the models presented here. At early
times, the models undergo a relaxation period, during which the
critical velocity fraction can oscillate wildly. To circumvent this,
we defined the initial critical velocity fraction at the point when
the model has burnt 3% of its initial hydrogen content by mass.

The physics employed in the models is mostly identical to
that of Brott et al. (2011), except for the treatment of two mixing
processes. Stepped convective overshooting was adopted, which
extends the convective zone by αOV times the local pressure scale
height. A dependence of αOV on mass accounts for observational
trends (Castro et al. 2014; Claret & Torres 2016; Schootemeijer
et al. 2019), whereby αOV increases linearly from 0.1 at 1.66 M�
Claret & Torres (2016) to 0.3 at 20 M� Brott et al. (2011). Fur-
thermore, time smoothing in rotational mixing was turned off to
avoid unrealistically strong mixing.

Isochrones were generated through a series of linear interpo-
lations and were split up into two equivalent evolutionary phases
(EEPs). The first phase lasts until core-hydrogen depletion, and
the second phase lasts from core-hydrogen depletion until core-
helium depletion. To compute the parameters of a star in the
first EEP with initial mass Mi and initial critical velocity frac-
tion vi at time t, we first determined the time at which this star
would experience core-hydrogen exhaustion, TMS . Four models
were used for the interpolation: two models with initial masses
M1 and initial critical velocity fractions v1,a and v1,b, and simi-
larly, two models with initial masses M2 and initial critical veloc-
ity fractions v2,a and v2,b. The models were selected such that
M1 < Mi < M2 and v1,a < vi < v1,b and similarly for v2,a, v2,b. For
M1 and M2, we interpolated the lifetime when initial vrot/vcrit = vi
from these models, as shown in Fig. B.1a. The hydrogen-burning
lifetime was then computed as an interpolation in mass between
the values of M1 and M2, as depicted in Fig. B.1 b. For this step,
the most accurate results are obtained when the logarithm of
the hydrogen-burning lifetime is interpolated against the loga-
rithm of initial mass. Using the interpolated lifetime, Ti, of this
star with initial mass Mi and initial critical velocity fraction vi,
we defined its fractional lifetime as t/Ti. This fractional lifetime
is the value at which all further interpolations were carried out.
Next, a given quantity (for the purposes of making isochrones,
the quantities of interest are effective temperature and luminos-
ity), Q, was interpolated at a fractional lifetime of t/Ti for the
four selected models, as in B.1 c. The penultimate step was to
calculate the quantities QM1 , QM2 , which represent the values of
Q of a star with mass M1, M2, initial critical velocity fraction
vi, and fractional lifetime t/Ti by interpolating across the initial
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critical velocity fraction like in Fig. B.1 d. Finally, an interpo-
lation in initial mass between the quantities QM1 and QM2 was
made to produce the value of the chosen parameter for a star of
given mass, initial rotation rate, and age.

To generate the second EEP, the same procedure was used,
but only with a different fractional lifetime, namely the frac-
tional helium-burning lifetime, t/THe, such that at core-hydrogen
exhaustion t/THe = 0 and at core helium exhaustion t/THe = 1.

Absolute magnitudes in Hubble Space Telescope filters were
computed by interpolating tables of synthetic stellar spectra pro-
vided by the MIST project of Choi et al. (2016). Apparent mag-
nitudes were then calculated as

mF814W = MF814W + AF814W + µ, (B.2)
mF336W = MF336W + AF336W + µ, (B.3)

with µ being the distance modulus, and absorption coefficients
AF814W = 2.04E(B − V) and AF336W = 5.16E(B − V) (Milone
et al. 2018).
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Fig. B.1. Schematic representation of the interpolation procedure
employed to produce isochrones. See text for a thorough explanation.
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ABSTRACT

Context. The surface properties of rotating stars can vary from pole to equator, resulting in anisotropic stellar winds which are not
included in the currently available evolutionary models.
Aims. We developed a formalism to describe the mass and angular momentum loss of rotating stars which takes into account both the
varying surface properties and distortion due to rotation.
Methods. Adopting the mass-loss recipe for non-rotating stars, we assigned to each point on the surface of a rotating star an equivalent
non-rotating star, for which the surface mass flux is given by the recipe. The global mass-loss and angular momentum loss rates are
then given by integrating over the deformed stellar surface as appropriate. Evolutionary models were computed and our prescription
is compared to the currently used simple mass-loss enhancement recipes for rotating stars.
Results. We find that mass-loss rates are largely insensitive to rotation for models not affected by the bi-stability jump. For those
affected by the bi-stability jump, the increase in mass-loss rates with respect to time is smoothed. As our prescription considers the
variation of physical conditions over the stellar surface, the region affected by the bi-stability jump is able to grow gradually instead
of the whole star suddenly being affected.
Conclusions. We have provided an easy to implement and flexible, yet physically meaningful prescription for calculating mass
and angular momentum loss rates of rotating stars in a one-dimensional stellar evolution code which compares favourably to more
physically comprehensive models

Key words. stars: evolution – stars: massive – stars: mass-loss – stars: winds, outflows – stars: rotation

1. Introduction

All massive stars suffer from the effects of stellar winds.
For O-type stars, the winds can be so strong that a signifi-
cant portion of the star evaporates and the evolutionary path-
way is altered dramatically, for example forming a Wolf-Rayet
star (Maeder & Meynet 1987; de Koter et al. 1997). In contrast,
lower-mass stars typically lose only a negligible fraction of their
mass to winds. However even a non-magnetic wind carries angu-
lar momentum away from a star, and a star’s spin evolution can
even be affected by weak winds (Langer 1998).

In the simplest sense, the density and velocity structure
and thus also the mass-loss rate of a radiation-driven wind is
determined by the opposing effects of gravity and radiative
acceleration. Gravity serves to bind material to the stellar sur-
face, while radiation, through both continuum and line opaci-
ties, provides a force to overcome gravity (Castor et al. 1975;
Pauldrach et al. 1986). Rotation directly affects both the gravi-
tational field strength and the radiation field (von Zeipel 1924),
with both varying over the stellar surface, in turn resulting in an
anisotropic wind (Poe & Friend 1986; Cranmer & Owocki 1995;
Curé & Rial 2004).

? The implementation of our scheme in the stellar evolution code
MESA is available online: https://zenodo.org/record/7437006

For an anisotropic wind, attention needs to be paid to angu-
lar momentum loss since mass lost at the equator carries a
larger specific angular momentum than mass lost near the poles,
especially so for stars that are significantly deformed from
sphericity. Owing to internal structural changes, stars born with
moderate rotation may evolve to become extremely fast rotators
(Hastings et al. 2020b), so the effects of rotation on stellar winds
have the potential to be relevant to a large portion of stars.

For a number of decades, massive star modelling efforts
(Heger et al. 2000; Brott et al. 2011; Paxton et al. 2013) have
described the effects of rotation on mass loss by increasing the
mass-loss rate of an equivalent non-rotating star by a factor that
depends on the rotation rate (Friend & Abbott 1986). Such a for-
mulation is lacking due to two issues. Firstly, it is assumed that,
independent of the wind recipe used, rotation always increases
mass-loss rates by the same relative amount. This is not a fair
assumption because two of the major effects of rotation on the
surface of a star are to weaken the gravitational field and to
reduce the surface-averaged effective temperature (von Zeipel
1924). These two effects generally, though not always, serve to
counteract each other, with winds being enhanced by weaker
gravities but diminished by lower effective temperatures. It is
unclear which effect dominates. Both the dependence of the
mass-loss rate on temperature and the assumed temperature pro-
file across the stellar surface (gravity darkening law) will govern
whether rotation enhances or reduces mass loss, meaning that the

Open Access article, published by EDP Sciences, under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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enhancement ought to be model dependant (cf. Müller & Vink
2014).

Secondly, some of the mathematical functions used to pro-
vide the mass-loss enhancement diverge as the star approaches
the critical velocity. While this behaviour is used in stellar evo-
lution calculations merely to prevent models from exceeding
critical rotation (Heger et al. 2000; Petrovic et al. 2005), it is
unphysical not least because it is usually1 only material at the
equator which achieves the critical rotation velocity, and strictly
the equator covers an infinitesimally small surface, while gravity
does manage to keep the star bound over the rest of the surface.

Angular momentum loss from massive stars plays a role in
several active research topics such as the study of Be stars (Curé
2004; Curé et al. 2005; Ekström et al. 2008; Hastings et al.
2020b); the occurrence of chemically homogeneous evolu-
tion, relevant to double black-hole mergers (Marchant et al.
2016) and gamma-ray burst progenitors (Yoon et al. 2006;
Aguilera-Dena et al. 2020); wind-driven orbital evolution in
massive binary stars (MacLeod & Loeb 2020; Sen et al. 2022);
and of course the rotation rates of stars in general. Improved
modelling of the winds of rotating stars would be ben-
eficial to the advancement our understanding of stellar
physics.

Various studies concerning winds from rotating massive stars
have been performed (e.g., Poe & Friend 1986; Poe et al. 1989;
Owocki et al. 1994; Cranmer & Owocki 1995; Pelupessy et al.
2000; Petrenz & Puls 2000; Curé et al. 2012; Müller & Vink
2014; Gagnier et al. 2019b), although the results of which have
not been adopted for use in stellar evolution codes. Our aim is to
provide a simple and easily implementable scheme that improves
upon the popular rotationally enhanced mass-loss schemes. We
applied our scheme to the one-dimensional stellar evolution code
MESA and provide the files necessary to compute models using
it2.

The structure of this paper is as follows. Section 2 details the
derivation of our stellar wind prescription. In Sect. 3 we com-
pare the results of our new wind model to the commonly used
rotationally enhanced mass-loss prescription. A brief discussion
of uncertainties is given in Sect. 4. Section 6 hosts a compari-
son of our results to more sophisticated approaches. Lastly, our
conclusions are put forward in Sect. 7.

2. Method

2.1. Anisotropic wind model

Our basic philosophy is to apply a one-dimensional wind recipe
to every point on the surface of a rotating star. For every point
on the stellar surface, the given wind recipe uses the local phys-
ical conditions to provide a surface mass-flux, which when inte-
grated results in global mass and angular momentum loss rates.
We shall now determine the surface properties of a rotating
star.

2.1.1. Surface properties of a rotating star

A rotating star with mass M, polar radius Rp, equatorial radius
Re, luminosity L is assumed to be rotating rigidly with angular
velocity Ω. In reasonable agreement with detailed stellar models
(Maeder 2009), we assume that the polar radius is not affected
1 In the case of a uniform surface opacity (e.g., electron scattering
opacity) and a near-Eddington luminosity, material becomes unbound
over the whole surface of the star (Maeder & Meynet 2000).
2 https://zenodo.org/record/7437006

by rotation. The contribution of radiative acceleration to the
total gravity shall be ignored, as we focus primarily on stars with
luminosities below the Eddington luminosity. The critical veloc-
ity, or break-up velocity is then the Keplerian angular velocity,
at which the gravitational force matches the centrifugal force at
the equator and reads

ΩKep =

√
GM
R3

e
(1)

and the fraction of Keplerian angular velocity is denoted as

ω =
Ω

ΩKep
. (2)

Recent two-dimensional models of rotating stars suggest that
the rotation velocity at which material becomes unbound from
the stellar surface is very close to the Keplerian velocity
(Gagnier et al. 2019a). However, these models only cover two
separate values of the stellar mass (15 and 40 M�) at one point in
their evolution. Therefore we cannot exclude that for very lumi-
nous stars, radiation might play a significant role in unbinding
material from the surface and thus reducing the critical rotation
velocity. This issue is discussed further in Sect. 2.2.

We note that several different working definitions of the
critical velocity velocity exist (see discussion in Sect. 2.3.1 of
Rivinius et al. 2013 and their Eqs. (3) and (4)). Our choice is
made to be consistent with the stellar evolution code MESA
(Paxton et al. 2019).

In the co-rotating frame of a rotating star, the centrifugal
force is perpendicular to the rotation axis, which causes the
effective surface gravity to to become latitude-dependant. Fol-
lowing from the varying surface gravity, effective temperature
also varies across the surface (von Zeipel 1924). Also effected
is the star’s shape, evidenced by a bulging equator. These three
effects shall now be quantified in order.

As massive stars are centrally condensed, the use of the
Roche potential is justified (Collins 1965; Rieutord 2016). We
define the effective surface gravity as the sum of self-gravitation
and centrifugal forces which is

geff(θ) =

(
− GM

r(θ)2 sin(θ) + Ω2r(θ)sin(θ)
)

x − GM
r(θ)2 cos(θ)z, (3)

where x and z are the Cartesian unit vectors, perpendicular and
parallel to the rotation axis respectively. The radial co-ordinate is
designated r and θ the co-latitude. The magnitude of the surface
gravity is then found to be

|geff(θ)| =

GM
R2

p

 δ−2
[
δ4

(
r(θ)
Rp

)−4

+ ω4δ−2
(

r(θ)
Rp

)2

sin2(θ) − 2ω2sin2(θ)δ
(

r(θ)
Rp

)−1 ] 1
2

, (4)

where δ is the ratio of equatorial and polar radii, δ =
Re
Rp

. Because
we assume that every point on the surface can be treated as an
equivalent non-rotating star (i.e., we wish to reduce the two-
dimensional problem of a rotating star to one dimension), and
that the flux vector is nearly perfectly aligned with the gravity
vector in a rotating star (Espinosa Lara & Rieutord 2011), the
magnitude of the gravity vector is the quantity of interest, not
the gravitational field strength in the radial direction.
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The local effective temperature is defined using the local
flux, F(θ), and the Stefan-Boltzmann constant, σ as

Teff(θ)4 = |F(θ)|/σ. (5)

The effective temperature profile is given by the model of
Espinosa Lara & Rieutord (2011), which assumes a Roche
potential and that the flux at the surface of a star is well approx-
imated by

F(θ) = − f (r, θ)geff, (6)

which requires the energy flux to be anti-parallel to the effec-
tive gravity. This condition is fulfilled in stars with convective
envelopes and is also valid to within a very fine tolerance in stars
with radiative envelopes (Espinosa Lara & Rieutord 2011). The
function f (r, θ) is found by demanding that no heat is generated
in the envelope (i.e., ∇F = 0) and reads

f (r, θ) =
L

4πGM
tan2ϑ

tan2θ
, (7)

where ϑ is the solution to

cosϑ + ln tan
ϑ

2
=

1
3
ω2

(
r

Re

)3

cos3θ + cosθ + ln tan
θ

2
. (8)

Alternative gravity darkening laws are available (Slettebak
1949; Lucy 1967; Lovekin et al. 2006; Lipatov & Brandt 2020).
We note that the gravity darkening model of Espinosa Lara
& Rieutord (2011) predicts that the equatorial flux of a critically
rotating star is zero, which might be unphysical.

Lastly, the radial profile can be determined from the Roche
equipotential surface (Appendix A) to be

r(ω, θ)
Rp

= (2 + ω2)

√
2 + ω2

3ω2sin2(θ)
cos


1
3

arccos


3

2 + ω2

√
3ω2sin2(θ)

2 + ω2

 +
π

3

 .

(9)

2.1.2. Mass and angular momentum flux

To quantify the wind over the stellar surface, we shall use the
mass-loss rate per unit surface area, or mass-flux, ṁ(θ), which is
related to the total mass-loss rate, Ṁ via

Ṁ =

∫
ṁ(θ)dS , (10)

where dS represents the infinitesimal surface element. Knowl-
edge of the star’s shape allows us to compute the above integral
as (cf. Gagnier et al. 2019b)

Ṁ = 2π
∫

ṁ(θ)r2(θ)

√

1 +
1

r2(θ)

(
∂r
∂θ

)2

sinθdθ, (11)

where r(θ) is given by Eq. (9).
The local angular momentum flux is defined as

˙̀(θ) = ṁΩr2(θ)sin2θ (12)

and the global angular momentum loss rate is found by integrat-
ing again over the stellar surface as

L̇ = 2π
∫

˙̀(θ)r2(θ)

√

1 +
1

r2(θ)

(
∂r
∂θ

)2

sinθdθ. (13)

2.1.3. Determining surface mass flux

Calculating the surface mass flux of a rotating massive star
requires not only knowledge of the general mechanics of
radiation-driven winds but also of several rotation specific phe-
nomena and their interplay in driving a wind. As of yet, gen-
eral mass-loss recipes exist only for non-rotating stars, and even
those differ significantly depending on methods and assump-
tions. It is felt that although the use of a non-rotating wind recipe
cannot capture the fine details of physical processes in rotating
stars, their use in describing rotating star winds is still beneficial
and above all represents an improvement over the almost exclu-
sively used rotationally enhanced mass-loss scheme.

Using the effective surface gravity profile, effective temper-
ature profile and surface shape of a rotating star, we may assign
an equivalent non-rotating star to each co-latitude of the rotating
star, for which the mass-loss rate is given by a chosen recipe.
This equivalent non-rotating star is defined to have the same
radius, effective temperature and surface gravity as a given lati-
tude on the rotating star. The surface mass-flux is then, in general

ṁ(θ) =
Ṁ

(|geff(θ)|,Teff(θ), r(θ), . . .
)

4πr(θ)2 , (14)

where Ṁ is the function provided by the non-rotating wind
recipe. The only requirement for the recipe is that it is a func-
tion of, or can be manipulated to be a function of, at least the
effective surface gravity, effective temperature and radius.

For the calculations in this work, we shall use the mass-loss
recipe of Vink et al. (2001), although in principle any recipe can
be used. Here the mass-loss rate is a function of the stellar mass,
effective temperature, luminosity and metallicity, Z. For our pur-
poses, we first need to modify the input parameters of the recipe.

The mass and luminosity of a non-rotating star can be
described using the effective surface gravity and effective tem-
perature, provided the radius is known. This means that at each
latitude of a rotating star, an equivalent non-rotating star would
have a different mass (following from the radius and surface
gravity of the rotating star) and a different luminosity (follow-
ing from the effective temperature and radius). To account for
this, the mass-dependence must be expressed instead in terms
of the surface gravity and radius. As luminosity is determined
by the Stefan-Boltzmann law, an effective luminosity for each
colatitude on a rotating star can be defined as

Leff(θ) = 4πσr(θ)2Teff(θ)4. (15)

This equivalent luminosity represents the luminosity that a non-
rotating star, with equal surface properties of a given colatitude,
would have. It is therefore this quantity that must be used in place
of the luminosity in the mass-loss recipe, which becomes

ṁ(θ) =

Ṁ
(
|geff(θ)|r(θ)2

G ,Teff(θ), Leff(θ),Z
)

4πr(θ)2 . (16)

2.2. Critical rotation velocity

For a star, there exists a critical (or break-up) rotation veloc-
ity at which material becomes unbound from the stellar surface.
Although a simple concept, there are several nuances which shall
be discussed here. In this work we assume that the critical veloc-
ity is attained when the centrifugal and gravitational forces bal-
ance, however in general this is likely only an approximation.

In massive stars the force from radiation itself contributes
to the force balance, and thus has been proposed to reduce
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the critical velocity (Langer 1997). The acceleration produced
by radiation is proportional to the flux and opacity, which are
both effected by rotation. As first argued by Glatzel (1998),
when a luminous star rotates very quickly, gravity darkening
causes the equatorial flux to weaken strongly, suggesting that
the appropriate limit is the Keplerian one. Although analysis
by Maeder & Meynet (2000) determined that below a thresh-
old luminosity (around 60% of the Eddington luminosity), the
radiation force indeed plays no role in unbinding material from
the surface, the issue is still not clear cut, as discussed in the
following.

Gravity darkening is traditionally described by Von Zeipel’s
Law, which states that effective temperature is proportional
to effective gravity to the power of β, with β = 0.25.
Interferometric observations of rapidly rotating stars have
demonstrated that gravity darkening is not as strong as
predicted by Von Zeipel’s Law, with lower β values for
faster rotators (Monnier et al. 2007; Zhao et al. 2009; Che et al.
2011; Domiciano de Souza et al. 2014). These observations are
generally consistent with two-dimensional numerical mod-
els (Espinosa Lara & Rieutord 2013) and analytic gravity
darkening models (Espinosa Lara & Rieutord 2011), but one
star, β Cassiopeiae, appears to exhibit much weaker grav-
ity darkening than expected (Che et al. 2011), perhaps expos-
ing weaknesses in our understanding of gravity darkening.
Weaker gravity darkening would result in a stronger radia-
tive force at the equator, hence helping to reduce the critical
velocity.

The surface opacity of a rotating star is also uncertain.
Maeder & Meynet (2000) assumed that the region with the high-
est opacity would be the equator, as this is the coldest part of the
surface. However, the centrifugal force also causes a decrease
in the matter density at the equator, consequently decreasing
the opacity. Two-dimensional numerical models of stars on the
zero-age-main-sequence suggest that the effect of decreasing
density dominates, thus a fast rotating star is predicted to have
a lower equatorial opacity than an equivalent non-rotating star
(Gagnier et al. 2019a), meaning that radiative acceleration is
unable to contribute to the force balance. However there may
be some exceptions. Firstly stars may suffer the effects of opac-
ity bumps caused by recombination of certain species (notably
hydrogen, helium and iron; Iglesias & Rogers 1996), that could
drastically alter the opacity profile over the surface of the star.
Secondly in very hot stars, where the opacity is dominated by
electron scattering, the surface opacity is largely independent
of temperature and thus spatially uniform. Such a case would
need careful study to determine whether the break-up velocity is
affected.

Classical Be stars are fast rotators with a decretion disc,
which are believed to be typically rotating at approximately
70% of the Keplerian velocity (Porter 1996; Rivinius et al. 2013;
Zorec et al. 2016; Dufton et al. 2022), and in some cases even
lower (Huang et al. 2010; Zorec et al. 2016). It may be reason-
ably supposed that an outflowing disc will affect the structure of
its host star, such that the surface flux and opacities may be dif-
ferent when a disc is present, thus altering the break-up velocity.
There is evidence to suggest that the threshold rotation rate for
the Be phenomenon, assumed to be the true break-up velocity,
varies with effective temperature (Cranmer 2005; Huang et al.
2010), with hotter Be stars rotating more slowly than their cool
counterparts. It is well understood that hotter stars are closer to
the Eddington limit, which may suggest that indeed in the hot-
ter Be stars, radiative acceleration does play a role in unbinding
material.

2.3. Numerical method

In order to investigate the effect of our prescription on the evo-
lution of both mass and angular momentum loss rates of rotat-
ing stars, we employ the one-dimensional detailed stellar evolu-
tion code MESA (Paxton et al. 2019), version 12115. The files
required to compute models presented in this work are avail-
able online3. The adopted physics is largely identical, except
for the stellar winds, to that of Brott et al. (2011) and imple-
mented in MESA as by Schootemeijer et al. (2019). The models
include internal angular momentum transport achieved by mag-
netic torques (Spruit 2002) which enforce near solid-body rota-
tion during most of the main-sequence evolution.

We run two sets of models, one using the rotationally
enhanced mass-loss scheme as it is usually implemented in
MESA (named the standard scheme), where the mass-loss rates
are first calculated using the recipe of Vink et al. (2001) and then
following Friend & Abbott (1986)4 increased by a factor of
1 −Ω

√
R3

e

GM(1 − Γ)



−0.43

. (17)

The second set uses mass-loss rates set by the method out-
lined in Sect. 2.1 and is named the local scheme. Both sets
rely on the wind mass-loss recipe of Vink et al. (2001). This
wind recipe includes the bi-stability jump effect (first found
by Pauldrach & Puls 1990), where mass-loss rates are theo-
rised to increase dramatically during the transition to temper-
atures cooler than approximately 22 kK owing to the recom-
bination of Fe IV in the atmosphere (Vink et al. 1999). The
impact of the bi-stability jump on mass-loss rates is not certain,
with Björklund et al. (2023) noting that ‘the drastic Ṁ increase
found in earlier models in this region might simply be an arte-
fact of not being dynamically consistent around the sonic point,
and not allowing properly for the feedback between radiative
and velocity acceleration’. The quantitative behaviour of mod-
els near the jump is also contested (Markova & Puls 2008; Vink
2018; Krtička et al. 2021). We stress that our method is not
confined to a particular mass-loss recipe and that several oth-
ers could be used, for example those of Kudritzki et al. (1989),
Sundqvist et al. (2019), Björklund et al. (2023).

For the standard scheme, stellar winds are assumed to be
isotropic with the angular momentum loss L̇, given by

L̇ = jsurfṀ, (18)

where jsurf is the specific angular momentum of the distorted
surface and Ṁ the global mass-loss rate (Paxton et al. 2019).
The local scheme computes angular momentum loss according
to Eqs. (12) and (13), taking into account both the anisotropic
wind and surface deformation caused by rotation.

We compute models with a chemical mixture representing
the Large Magellanic Cloud as in Brott et al. (2011). Two initial
masses of 10 M� and 20 M� are chosen to straddle the bi-stability
jump. We run models with an initial equatorial rotation velocity
of 300 km s−1 until core hydrogen depletion, defined as a central
hydrogen mass fraction of 1×10−4. The chosen rotation velocity
represents the typical value for early B-stars found in the Large
Magellanic Cloud (Dufton et al. 2013) and corresponds to an ini-
tial critical rotation fraction of around 0.45 for both masses.

It is also useful to assess numerical models with varying
rotation rates at a fixed point in their evolution. To this end

3 https://zenodo.org/record/7437006
4 See Lamers & Cassinelli (1999) for a thorough description.
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Fig. 1. Mass-loss rate per unit surface area as a function of colatitude, θ, for 10 M� (left panel) and 20 M� models (right panel) at various rotation
rates. All models have burnt 3% by mass of their initial hydrogen (i.e., Xc = 0.7169). Critical velocity fraction, ω, is depicted in the legend.

we run models with very small timesteps until the model has
burnt 3% by mass of its initial supply of hydrogen in the core
(Xc = 0.7169). This is approximately the earliest point at which
the model finds itself in thermal and nuclear equilibrium and
hence is a good point in the star’s evolution to investigate. We
shall term the point when Xc = 0.7169 the zero-age-main-
sequence.

Our models are numerically stable until initial critical veloc-
ity fractions, ω, of around 0.65, so to investigate stars with faster
rotation, an extrapolation is performed. The local wind scheme
requires as inputs the stellar mass, rotation rate, polar radius and
luminosity.

The polar radius is assumed to be invariant to rotation, so
this is known from a non-rotating model. For the luminosity,
we extrapolate from the slower rotating models as described
in Appendix B up to ω = 0.9. Using the four named quanti-
ties, the effective gravity and effective temperature profiles can
be calculated (as outlined in Sect. 2.1.1), and resultingly the
surface mass-flux. Thus we may investigate the behaviour of
our scheme for very fast rotating stars on the zero-age-main-
sequence despite not having stellar models at these rotations.
Stars born with moderate rotation may evolve to rotate at high
critical velocity fractions owing to internal structural changes
(Hastings et al. 2020b), so it is important to check the behaviour
of our scheme at near critical rotations.

3. Results

3.1. Mass loss on the zero-age-main-sequence

Figure 1 shows the surface mass flux as a function of colatitude
for 10 M� and 20 M� models rotating at various rates. All mod-
els displayed have a central hydrogen mass fraction of 0.7169,
equating to 97% of the initial hydrogen mass fraction. It is seen
that for slow rotation, mass flux is stronger at the poles and
weaker at the equator. This occurs because rotation results in a
hotter pole, relative to the non-rotating case, and a cooler equa-
tor, and stellar winds are very sensitive to effective temperature
changes.

For faster rotating 10 M� models, mass-flux experiences a
jump at colatitudes between 60 and 80◦ caused by the bi-stability
jump. Moving from pole to equator across the stellar surface,
effective gravity and hence effective temperature decrease. At

some point, the effective temperature subceeds the ‘jump tem-
perature’ at which Fe IV recombines to Fe III causing a sud-
den, dramatic increase in the mass flux, as evidenced in the left
panel of Fig. 1. The 20 M� model does not undergo the same
phenomenon as here the effective temperature always exceeds
the jump temperature.

The global mass-loss rate depends on both the surface mass-
flux and the stellar surface area. For the wind recipe of Vink et al.
(2001) used in this work, provided the ionisation equilibrium
does not change significantly, faster rotation is seen to cause
a decreasing surface mass-flux at the equator. Also rotation
increases the surface area of the equatorial region due to the
equatorial bulge. These two effects can offset one another, caus-
ing the global mass-loss rate to be roughly independent of rota-
tion, as exemplified by models shown in Fig. 2. We note that
because of the relatively small area covered by the polar region,
the polar surface mass-flux does not contribute significantly to
the global mass-loss rate.

For the 10 M� model in the local scheme, mass loss
decreases slightly with faster rotation, until the bi-stability jump
comes into effect at ω ≈ 0.5 and drives mass-loss rate up. In con-
trast, the 20 M� model displays almost no change in mass-loss
rates untilω ≈ 0.3 and then a small increase thereafter, due to the
effect of the growing surface area of the equator dominating over
the diminished equatorial surface mass-flux. We note that, except
for models affected by the bi-stability jump, our local scheme
produces slightly weaker winds than the standard scheme. Our
models show that excluding the effects of the bistability jump,
mass-loss rates of a rotating star are not predicted to be signifi-
cantly different to that of an equivalent non-rotating star.

At very high initial rotation rates, our estimates of the mass-
loss rate from extrapolation of the luminosity show that for the
20 M� model, the increase in mass-loss rate is modest, 10% at
most. Whereas the cooler 10 M� model displays mass-loss rate
enhancement of a factor 9 at ω = 0.9. We are thus confident that
our scheme behaves reasonably at near-critical velocities.

3.2. Evolutionary models

Our evolutionary models are presented in Fig. 3 where panels a
and b show the evolution of global mass-loss rates. In the stan-
dard scheme the bi-stability jump is implemented as a sharp
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Fig. 2. Upper panels: global mass-loss rates as a function of critical velocity fraction, ω, for 10 M� (left panel) and 20 M� models (right panel).
Predictions of the local scheme, where surface mass flux is determined by Eq. (16) and the global mass-loss rate given by Eq. (11), are given in
red. The standard scheme, where the mass loss rates are increased by Eq. (17) is depicted in black. All models have burnt 3% by mass of their
initial hydrogen (i.e., Xc = 0.7169). Dotted lines represent mass-loss rates calculated from extrapolation (see Sect. 2.3). Lower panels: ratios of
rotating star mass-loss to non-rotating star mass loss, Ṁ(ω)/Ṁ(ω = 0), for each combination of mass-loss model and initial mass as given in each
panel.

jump, however in the local scheme the jump is more gradual,
owing to the fact that as the star cools, the region of the surface
affected by the jump grows, causing the mass-loss to also grad-
ually increase.

Panels c and d of Fig. 3 show the normalised specific angular
momentum loss of our evolutionary models, given as

L̇
2
3ṀΩR2

eq
. (19)

This is a unitless quantity that describes the strength of angular
momentum loss independently of the rotation rate and mass-loss
rate. A spherical star with an isotropic wind (i.e., a slowly rotat-
ing star) has a normalised specific angular momentum loss of 1.
Values larger than unity imply that the star is losing more angu-
lar momentum per unit mass than the spherically symmetric case
and that spin-down will occur more rapidly. This quantity is sen-
sitive to both the anisotropy of the wind and the deformation
of the star. We see that away from the bi-stability jump tem-
peratures, models using the local scheme suffer lower angular
momentum losses than the standard scheme. This reduced nor-
malised specific angular momentum loss means that stars may be

able to maintain faster rotation rates. The opposite is true when
mass-flux across the stellar surface is increased due to the bi-
stability jump, because the model loses large quantities of mass
from the equatorial regions.

Panels e and f of Fig. 3 show the equatorial velocities of
our models. Comparing the velocities near the end of the main-
sequence, we see that the local scheme displays larger rotational
velocities, due to the generally lower mass-loss and normalised
specific angular momentum losses as shown in the upper two
panels. The effect is greatest in the 20 M� model, with velocities
increased by roughly 10% compared to the standard scheme.

4. Uncertainties

When attempting to describe a two-dimensional phenomenon
with a one-dimensional model there are inevitably shortcomings.
Most stellar evolution codes compute the structure of a rotat-
ing star by applying certain corrections to the stellar structure
equations that are designed to produce the average properties
along an isobar (for a detailed description see Heger et al. 2000).
This approximation may break down under certain conditions,
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Fig. 3. Upper panels: evolution of global mass-loss rate as a function of time. The blue dashed line shows the mass-loss rate computed from a
non-rotating model. Central panels: evolution of normalised specific angular momentum loss, as given by Eq. (19) (see text for details). In the
limit of slow rotation this quantity is equal to unity, shown by the blue dashed line. Lower panels: evolution of the equatorial rotational velocity as
a function of time. The left panels show a 10 M� model, the right panels a 20 M� model. Predictions of the local scheme, where surface mass flux
is determined by Eq. (16) and the global mass-loss rate given by Eq. (11), are given in red. The standard scheme, where the mass loss rates are
increased by Eq. (17) is depicted in black. All rotating models have initial equatorial rotational velocities of 300 km s−1.

for example when the surface temperature at the equator is cool
enough for helium-I to form yet the pole it is not, the opacity
will vary greatly over the stellar surface causing different phys-
ical conditions at the equator and pole. In such a case, average
quantities will not capture this diversity and may lead to different
structures as computed by one and two-dimensional models.

A weakness of our wind scheme is that to determine the
local mass-flux, we use a mass-loss recipe that was calculated
for non-rotating stars. Such a recipe naturally ignores rotational

phenomena like non-spherical geometry and the effects of limb-
darkening. What is more, the ionisation of the wind is expected
to be sensitive to radiation from various latitudes on the stellar
surface (Petrenz & Puls 2000), which could effect the mass-loss
rates.

A fundamental assumption of our scheme is that the wind
is launched from the stellar surface and moves parallel to the
photon flux (which is assumed to correspond to the direction
of the effective gravity). In reality, a wind is continually accel-
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erated until it reaches the terminal wind velocity and during
this acceleration a wind particle may be influenced by photons
streaming at an oblique angle to the stellar surface. This would
introduce a non-radial line force (particularly in combination
with a polar-angle dependent velocity field), which may alter the
wind structure and angular momentum content (Owocki et al.
1996; Gayley & Owocki 2000). What is more, in our model the
effective gravity, and hence flux, have a non-radial direction,
while most one-dimensional mass-loss recipes assume a purely
radial flux.

When running models at large critical velocity fractions, cau-
tion must be exercised, as one may be extrapolating from the
non-rotating wind recipe. For any given wind recipe, there are
bounds in which the input parameters are valid and it is entirely
possible that under extreme rotation the local surface conditions
fall outside of the prescribed bounds. Should this occur, a second
suitable wind recipe could be used to give the local mass flux for
the effected regions, for example a cool star wind recipe may be
appropriate for describing the equatorial wind.

5. Applicability of the local mass-loss scheme

The pre-requisites for the mass-loss scheme presented here
are that the star’s shape needs to be well described by
the Roche potential and the gravity darkening law of
Espinosa Lara & Rieutord (2011) must be valid. This is in gen-
eral true for both convective and radiative stars that do not
have near-Eddington luminosities and are rotating sub-critically
(Espinosa Lara & Rieutord 2011), however there are further
cases where these conditions are not met and other special cases
which will be discussed here.

For very luminous stars, the radiative acceleration may facil-
itate the unbinding of material from the stellar surface at lower
rotation velocities than the Keplerian velocity. As this effect is
ignored in our formalism, our scheme is not appropriate for very
luminous objects. In light of the findings of Maeder & Meynet
(2000), we would conservatively advise the limit of applicability
to be 60% of the Eddington luminosity. Improved gravity dark-
ening laws and a more detailed account of the stellar surface
opacity could possibly allow for applying our scheme also at
higher Eddington factors, but this still needs to be investigated
(see Sect. 2.2).

Furthermore, luminous stars may suffer the effects of infla-
tion whereby radiation pressure “inflates” the star, producing a
very tenuous, extended envelope (Ishii et al. 1999; Sanyal et al.
2015). If the radiation pressure deviates from spherical sym-
metry, then the strength of inflation will vary according to lati-
tude, suggesting that the star’s shape is not well described by the
Roche potential. Our mass-loss scheme is therefore not applica-
ble to inflated stellar models. Inflation is expected to occur at
masses above 30 M� for stars with galactic metallicity, but for
much higher masses at lower metallicities (Sanyal et al. 2017).

A star may suffer the effects of additional forces which can
alter the surface effective gravity beyond the Roche potential.
Examples include radial pulsations, accelerations from rapid
expansion or contraction and a close binary companion. Such
cases would need to be dealt with separately, although our
scheme could be extended to them.

While our scheme may be applied to rapid rotators, once a
star reaches critical velocity, evolutionary models demand that
the star lose enough angular momentum to maintain sub-critical
rotation. It is not entirely clear how this may happen, there are
several possibilities. The star may undergo a “mechanical mass-
loss episode”, losing the required angular momentum through

increased mass loss at the equator only (Granada et al. 2013).
The other extreme is to lose angular momentum via an isotropic
wind, as is currently done in MESA models, but one may also
prescribe for mass to be lost from the surface in any configura-
tion. For at least some fast rotating stars in nature, a circumstellar
decretion disc forms that can efficiently drain angular momen-
tum from the star (Krtička et al. 2011). For lower-mass stars
(M / 10 M�), the required angular momentum loss rates, and
correspondingly required mass loss rates are low (Granada et al.
2013), hence the evolution of the star is largely insensitive to
the mechanics of angular momentum loss at the critical velocity.
This is not true for more massive stars, which can lose upwards
of 10% of their initial mass from rotating critically (cf. Table 1
of Granada et al. 2013), so how exactly angular momentum is
drained from a critical rotator becomes important. Therefore we
advise caution when stellar models achieve critical rotation.

A crucial aspect of our formulation is that it demands that
the wind is sensitive only to the local conditions of where on
the surface it was launched from. An example where this con-
dition is violated is the dust-driven winds of asymptotic giant
branch stars. Global pulsations may lead to dust formation in
the outer atmosphere, which is essential for the wind driving
(Winters et al. 2000).

6. Comparison to other studies

Several authors have investigated the problem of stellar winds
and rotation by directly taking into account rotation specific
physics. The prescription presented here is better described as
an adaptation of a wind model for non-rotating stars, so it is use-
ful to compare our results to previous studies.

It has been reported that radiation-driven winds are most
strongly affected by gravity darkening directly beneath the point
from which the wind was launched (Cranmer & Owocki 1995).
This suggests that the wind is only sensitive to the point form
which it is launched, justifying our use of a non-rotating wind
model as our basis. It is also encouraging as limb-darkening,
which is not accounted for in our prescription, is deemed unim-
portant (Cranmer & Owocki 1995).

Petrenz & Puls (2000) calculated wind models using the con-
cept of a mean irradiating atmosphere and found the winds to
have a prolate structure, with increased mass-flux at the pole.
Furthermore, for B-type stars, rotation is predicted to diminish
mass-loss rates, with models rotating at around 80% of critical
velocity displaying mass-loss rates a few percent lower than cor-
responding non-rotating models (cf. Table 4 of Petrenz & Puls
2000). Similarly, we predict a very weak rotation dependence on
mass-loss rates (away from the bi-stability jump), although our
models can show enhanced or reduced winds depending on the
stellar parameters. Müller & Vink (2014) also find that mass-loss
actually diminishes due to the effects of rotation, in contrast to
the rotationally enhanced wind schemes.

Pelupessy et al. (2000) focused on B[e] stars using models
including the bi-stability jump effect. They report that rotation,
in general, enhances mass-flux from the poles but hardly changes
that of the equator. The spatial variation in mass-flux predicted
by Pelupessy et al. (2000) shows a discontinuity owing to the
bi-stability jump, albeit not as steep as in our results (cf. Fig. 9
with our Fig. 1). Pelupessy et al. (2000) predict the winds of a
20 M� star to grow stronger with rotation, with rotation at 60%
of critical velocity boosting mass-loss by 16% compared to the
non-rotating case (cf. Table 3).

The works mentioned above computed only stationary mod-
els, however different stellar parameters were used in each case.
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Fig. 4. Comparison of the global mass-loss rates (left panel) and equatorial effective temperatures (right panel) predicted by this work and that
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normalised to the initial value. The panels in this figure are directly comparable to Figs. 13 and 14 of Gagnier et al. (2019a).

For example the 20 M� model of Petrenz & Puls (2000) had a
radius of 20 R�, while that of Pelupessy et al. (2000) was more
than twice as large, 47 R�. The fact that the resulting relation-
ships between rotation and mass-loss rates disagree is therefore
not surprising.

The work of Gagnier et al. (2019a) differs from this
study twofold. Firstly, the two-dimensional ESTER code
(Espinosa Lara & Rieutord 2013) was used to compute the stel-
lar structure, whereas here we rely on a one-dimensional code.
Secondly, the local mass-flux was calculated by calibrating the
one-dimensional CAK theory (Castor et al. 1975) to the wind
recipe of Vink et al. (2001). Given that models presented here
and in Gagnier et al. (2019a) are based on the same wind recipe
of Vink et al. (2001), a comparison between the two will high-
light differences in the underlying methods.

To compare our scheme to that of Gagnier et al. (2019a), a
15 M� model has been computed with solar metallicity as in
Brott et al. (2011) and initial critical angular velocity fraction,
ω = 0.5. Figure 4 compares the results of the two methods.
Firstly, we see that the equatorial effective temperatures pre-
dicted by both models agree to within around 2000 K, and to
within several hundred Kelvin during the early evolution. This
discrepancy can largely be credited to the differences of the
structures predicted by two and one-dimensional models and the
implementation of rotational mixing.

A disadvantage of the method of Gagnier et al. (2019a) is
that the required calibration of the surface mass-flux is sensi-
tive to the strength of surface gravity, meaning that properly, (as
stars evolve to lower surface gravities) a new calibration must be
made at every timestep (see Sect. 4.2 of Gagnier et al. 2019b).
However, as the calibration is onerous, it was only carried out
for models on the zero-age-main-sequence, meaning that “the
local mass-flux may be underestimated by a factor ∼1.7 at most”.
Our scheme does not suffer from this issue, which may explain
partly why our model predicts slightly higher mass-loss rates in
panel a of Fig. 4. Both models however show the same gen-
eral trend, with a gradual increase in mass-loss rates once the
equatorial effective temperature cools below 22–23 kK. The rel-
ative increase in mass-loss rates brought about by the bistabil-
ity jump is approximately the same in both models. The jump
temperature differs slightly in the two models because the jump

temperature is sensitive to the stellar luminosity (see Eq. (16) of
Gagnier et al. 2019a). Both models naturally have different lumi-
nosities owing to their different structures, as mentioned earlier.
We find it encouraging that our relatively simple scheme behaves
similarly to a two-dimensional, more advanced model.

7. Conclusions

We have presented a new and simple to implement prescrip-
tion for the mass and angular momentum loss rates of rotating
massive stars. This represents an improvement over the widely
used rotationally enhanced mass-loss schemes as we calculate
the two-dimensional mass-flux over the stellar surface and are
able to compute the angular momentum loss resulting from an
anisotropic wind originating from a distorted star. Our method
involves using a mass-loss recipe for non-rotating stars to deter-
mine the local mass-flux across the surface of a rotating star,
which is then integrated to give global mass and angular momen-
tum loss rates.

In general we notice that, away from the bi-stability jump
temperature, mass-loss rates are slightly diminished compared
to the rotationally enhanced mass-loss scheme. The local mass-
flux scheme has the effect of smoothing out the bi-stability
jump as the increase in mass-loss rate is implemented locally
on the star’s surface, not globally, also observed in the mod-
els of Gagnier et al. (2019a). Our models show that the pres-
ence of the bistability-jump causes a strong relationship between
rotation and mass-loss. If the bistability-jump does not in fact
operate in nature, as suggested by theoretical wind models
of Björklund et al. (2023), moderate and even fast rotation is
not predicted to strongly alter mass-loss compared to the non-
rotating case. We see evidence that the detailed relationship
between rotation and wind strength is complex, with mass-loss
rates being either decreased or increased depending on the sur-
face properties of the star.

Our aim to provide a scheme for one-dimensional stellar evo-
lution codes will of course mean that simplifications must be
made. In spite of our scheme’s shortcomings, comparisons with
similar, more physically comprehensive works deliver a broad
agreement in global mass-loss rates.
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Our methods are relevant to several areas of stellar astro-
physics where the evolution of angular momentum plays a deci-
sive role. For example, Be stars are known to be fast rotators, so
are expected to have strongly anisotropic winds and large dis-
tortions. Models such as those presented here may therefore be
used to investigate evolutionary properties of Be stars. Secondly,
the evolution of models along a chemically homogeneous path-
way can be interrupted by spin-down caused by stellar winds
(Yoon et al. 2006). The calculations presented here suggest that
angular momentum loss has been generally overestimated in
stellar models, suggesting that chemically homogeneous evolu-
tion (e.g., Hastings et al. 2020a) may be more common or easier
to maintain than previously thought. In the future, our wind pre-
scription may be implemented in the next grids of stellar evolu-
tion models in order to gain further insights into the physics of
rotating massive stars.
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Appendix A: Shapes of rotating stars

Here we derive the shape of the surface of a rotating star. We
assume that the star is well described as a point mass enclosed
by a massless envelope and that the polar radius in unaffected by
rotation. The surface of the star is then an equipotential given by
the Roche potential and reads

GM
r(θ)

+
1
2

Ω2r(θ)2sin2(θ) = constant, (A.1)

with M representing the stellar mass, Ω the angular velocity
(which is assumed to be constant across both the surface and
through the interior of the star), r(θ) the radial co-ordinate and θ
the co-latitude. We parametrise the strength of rotation with the
Keplerian angular velocity, defined using the equatorial radius
Re as

Ω2
Kep =

GM
R3

e
. (A.2)

We let

ω = Ω/ΩKep. (A.3)

It is important to stress that the derivation that follows is only
valid for the above parametrisation of rotation.

Combining Eqns. A.1, A.2 and A.3 gives

1 +
1
2
ω2 r3

R3
e

sin2(θ) =
r

Re
(1 +

ω2

2
), (A.4)

which after defining

r̃ = r/Re, (A.5)

further simplifies to

r̃3 − 2 + ω2

ω2sin2(θ)
r̃ +

2
ω2sin2(θ)

= 0. (A.6)

Eq. A.6 is a cubic in the form x3 + px + q = 0 (known as a
depressed cubic) and has the general solution

xk = 2

√−p
3

cos


1
3

arccos


3q
2p

√
−3
p

 −
2πk
3

 (A.7)

for k = 0, 1, 2 corresponding to the 3 cubic roots (Zwillinger
1996).

Here we have p = − 2+ω2

ω2sin2(θ)
and q = 2

ω2 sin2(θ) giving

r̃k = 2

√
2 + ω2

3ω2sin2(θ)
cos


1
3

arccos

−
3

2 + ω2

√
3ω2sin2(θ)

2 + ω2

 −
2πk
3

 .

(A.8)

The periodicity of the cosine function means that if y =
cos(x) then −y = cos(x + nπ) where n is an integer so that
arccos(−y) = x + nπ and x = arccos(y) − nπ. Thus Eq. A.8
becomes

r̃k = 2

√
2 + ω2

3ω2sin2(θ)
cos


1
3

arccos


3

2 + ω2

√
3ω2sin2(θ)

2 + ω2

 −
2πk
3
− nπ

 .

(A.9)

To be physical, the solution must be independent of n, which is
only achieved when k = 1. Choosing n = −1 results in

r̃k=1 = 2

√
2 + ω2

3ω2sin2(θ)
cos


1
3

arccos
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 .

(A.10)

From Eqn. A.4 one can deduce the ratio of equatorial to polar
radii, Re

Rp
as

Re

Rp
= 1 +

1
2
ω2. (A.11)

The final solution is arrived at by combining Eqns. A.10 and
A.11 and reads

r(ω, θ)
Rp

= (2 + ω2)

√
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3ω2sin2(θ)
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(A.12)

As expected, the expression above gives the equatorial radius
at critical rotation to be 1.5 times the polar radius ( r(ω=1,θ=π/2)

Rp
=

1.5). We note that Eq. A.12 differs from Equation 26 used by
Cranmer & Owocki (1995) owing to the use of different defi-
nitions of the critical velocity (Cranmer & Owocki (1995) use
Ω2

crit ∝ M/(1.5Rp)3).

Appendix B: Surface properties of fast rotators
close to the zero-age-main-sequence

Our numerical models are unable to compute the structure of a
rotating star with initial rotation exceeding around 70% of the
critical velocity. However the wind properties of very fast rotat-
ing stars on the zero-age-main-sequence may be determined via
extrapolation. The wind scheme presented in this paper requires
knowledge of the effective gravity and effective temperature pro-
file of a star. To calculate these profiles, only the polar radius,
luminosity, mass and rotation rate are required.

To calculate the luminosity of fast rotators on the zero-age-
main-sequence, we extrapolate linearly from our models with
initial critical fractions between 0.4 and 0.6. We extrapolate the
luminosity normalised to the value of the non-rotating model
against the initial fraction of critical velocity, where all values
are defined at the point when the central hydrogen mass fraction
decreases by 3% from its initial value (this we term the zero-
age-main-sequence, as it is the earliest point in which the models
find themselves in equilibrium). This extrapolation is shown in
Fig. B.1 for 10 and 20M� models. We find that rotation rate and
luminosity are inversely proportional. This effect is rather weak,
with luminosity decreasing by approximately 6% at 60% of crit-
ical rotation. The extrapolations suggest that at up to 90% of the
critical velocity, the luminosity is reduced by no more than 10%
compared to the non-rotating case.

In line with the assumptions of the Roche potential, the polar
radius is not affected by rotation, so this value may be assumed
from a non-rotating MESA model, depicted graphically by the
horizontal dashed yellow line in Fig. B.1. Indeed, as evidenced
by Fig. B.1 the numerical models predict that to within a few
percent, the polar radius remains unchanged by rotation.

The results of our extrapolations compare favourably to
the computed stellar structures of Ekström et al. (2008). One-
dimensional models of a 20M� star predict that the luminos-
ity decreases by around 8% over the course of being spun up
from stationary to critical rotation (Ekström et al. 2008, Fig. 5).

A60, page 11 of 12



Hastings, B., et al.: A&A 672, A60 (2023)

0.0 0.2 0.4 0.6 0.8

0.92

0.94

0.96

0.98

1.00

Q
i(

)/Q
i(

=
0)

M = 10M
Xc= 0.7169

Qi = L
Qi = Rp

0.0 0.2 0.4 0.6 0.8

M = 20M
Xc= 0.7169

Fig. B.1. Variation of luminosity (black line), L, and polar radius (yellow line), Rp, normalised to the values of a non-rotating star as a function of
critical velocity fraction, ω. The left panel shows models with masses 10M� and the right panel 20M�. All models have burnt 3% by mass of their
initial hydrogen (i.e. Xc = 0.7169). Each cross represents a value computed by a MESA model. Dashed lines show extrapolated values.

While the polar radius is judged to shrink very slightly with
increasing rotation, but this is at most a 2% effect (Ekström et al.

2008, Fig. 2), thus justifying the assumption of the Roche
potential.
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